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ON REGULARITY OF DYNAMIC VALUE FUNCTION
RELATED TO THE UTILITY MAXIMIZATION PROBLEM

M. MANIA AND R. TEVZADZE

Abstract. We study the regularity properties of both the dy-
namic value function and the optimal solution to the utility
maximization problem for utility functions defined on the whole
real line. These properties are needed to show that the value
function satisfies the corresponding backward stochastic par-
tial differential equation. In particular, in the case of complete
markets we give conditions on the utility function when this
equation admits a solution.
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1. INTRODUCTION

We consider a financial market model, where the dynamics of asset prices
is described by the continuous semimartingale S defined on the complete
probability space (£, F, P) with continuous filtration F' = (F;,t € [0,7]),
where F = Fr and T < co. We work in discounted terms, i.e. the bond is
assumed to be a constant.

Denote by M€ a set of probability measures @) equivalent to P on Frp
such that S is a local martingale under Q.
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Throughout the paper, we assume that the filtration F' is continuous (i.e.
all F-local martingales are continuous) and

ME £ . (1)

The continuity of F' and the existence of an equivalent martingale measure
imply that the structure condition is satisfied, i.e. S admits the decompo-
sition
t t
Sy = M, +/)\S d(M),, /A§d<M>S < oo
0 0
for all ¢ P—a.s., where M is a continuous local martingale and )\ is a pre-
dictable process.
Let U = U(z) : R — R be a utility function taking finite values at all
points of real line R such that U is continuously differentiable, increasing,
strictly concave and satisfies the Inada conditions

U'() = xl;rr;o Ux) =0, U'(—x)= IEIPOO U'(z) = . (2)

We also assume that U satisfies the condition of reasonable asymptotic
elasticity (see [6] and [13]), i.e.

) U'(x) .. LU (z)
tmsup ey < b Hmint =7
We consider the utility maximization problem, i.e. the problem of finding
a trading strategy (m, ¢ € [0,T]) such that the expected utility of terminal
wealth X 77" becomes maximal. The wealth process, determined by a self-
financing trading strategy 7 and initial capital z, is defined as a stochastic
integral

> 1. (3)

¢
Xf’”:x—i—/ﬂudSu, 0<t<T.

0
The value function V associated to the problem is given by

well,

v = s el (o [ maas.)] 0
0

where 11, is a class of admissible strategies (to be specified later).

For the utility function U, we denote by U its convex conjugate
U(y) = sup(U(x) — zy), y>0. (5)
The problem dual to (4) is
V(y)= inf E[UyZ2)], y >0, 6
(y) ok [U(yZ7)l, v (6)
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where ZtQ = dQ¢/dP; is the density process of the measure @Q € M€ relative
to the basic measure P.

Let us introduce the dynamic value function of the problem (4) defined
as

melly

Vi —esmnb(0(es [mas)n). @

and the value function of the dual problem is

~ ~ Z?
V(t,y) = essinf E U( —) £,
(t.y) ess Int [ thQ / t]

Our goal is to study the properties of the dynamic value function V (¢, x)
and the optimal wealth process X;(x). It is well known (see e.g., [10]) that
for any x € R the process (V(¢,z),t € [0,T]) is a supermartingale admitting
an RCLL (right-continuous with left limits) modification.

Therefore, using the Galchouk-Kunita-Watanabe (GKW) decomposi-
tion, the value function is represented as

Vt,x) =V (0,z2) — A(t,x) + /1/1(5,33) dM; + L(t, x),
0

where for any x € R the process A(t, x) is increasing and L(t,z) is a local
martingale, orthogonal to M.

Let us consider the following assumptions:

a) V(t,x) is two-times continuously differentiable at z P-a.s. for any
t € 0,17,

b) for any x € R, the process V(t,z) is a special semimartingale with
bounded variation part, absolutely continuous with respect to (M), i.e.

t

At z) = /a(s,as)d(M)s,
0
for some real-valued function a(s,z) which is predictable and (M) is inte-
grable for any x € R,
¢) for any = € R, the process V'(¢,z) is a special semimartingale with
the decomposition
t

¢
V'(t,z) =V'(0,x) — /a'(s,x) d{(M)s + /@[/(sm) dM, + L' (t,z),
0 0
where V', o', ¢’ and L’ are partial derivatives at = of V, a, v and L,
respectively.

We shall say that (V(¢,z),¢ € [0,T]) is a regular family of semimartin-
gales if for V the conditions a), b) and c) are satisfied.
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We shall consider also the conditions
d) the conditional optimization problem (7) admits a solution, i.e., for
any t € [0,7] and = € R there exists a strategy n (¢, z) such that

V(t,x)=E(U(z + /Wu(t,x)dSuHFt), (8)

e) for each s € [t,T], the function (X,(t,z) =z + [, mu(t,2)dS,, s > 1)
is continuous at (t,x) P— a.s.
It was shown in [8, 9, 10] that if the value function satisfies the conditions

a)—e), then it solves the following backward stochastic partial differential
equation (BSPDE)

/ "(s,x V' (s, x))?
V(t,x):V(O,x)+%/(<P( : );?i l‘)/( O gy o+
0

t

+ /(p(s,z) dMs + L(t,x), V(T,z)=U(x). (9)
0

Our aim is to study the conditions on the basic objects (on the asset price
model and on the objective function U) which will guaranty that the value
function V (¢, x) is a regular family of semimartingales and the conditions
d) and e) are also satisfied, in order to show that the solution of equation
(9) exists. In Theorem 1 below we provide such type conditions in the case
of complete markets.

Condition d) is satisfied if following [13] we assume that

d’) For each y > 0, the dual value function V is finite and the minimizer
Q*(y) € M* (called the minimax martingale measure) exists.

Let Zr(y) = ijC:)*(y), where ZtQ*(y) is a density process of the mini-
max martingale measure with respect to the measure P, i.e. Z;(y) is a
P-martingale with Zy(y) =y = V' ().

Let II, be the class of predictable S—integrable processes 7 such that
U(x + (m - S)r) € LY(P) and 7 - S is a martingale under the minimax
martingale measure Q*(y), where y = 1’8 (z) and the notation 7 - S stands
for the stochastic integral.

It was shown in [13] that under assumptions d’) and an assumption of
reasonable asymptotic elasticity (3) there exists the optimal strategy 7(z)
of the problem (4) in the class II,. Denote by X;(z) =z + fg o (2)dS,, the
optimal solution to (4).

It follows from [13] that Assumption d’) likewise implies the existence of
an optimal solution to the conditional optimization problem (7) (where the
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optimal strategy may depend on ¢, in general), i.e., for any ¢ € [0,T] there
exists a strategy m(t,z) € II, such that (8) is satisfied.
The following duality relation holds true almost surely (see e.g., [12])

U'(X7(z)) = Zr(y), or equivalently Xr(x) = ~U'(Zr(y)),  (10)

where X7 (z) =z + fOT mu(x)dS, and y = V'(z);

Similarly to [12], one can show that the value process V (¢, z) is differen-
tiable at  P—-a.s. for any ¢ € [0,T] (see Proposition A3 from [11]) and it
follows from [13] that

Vv’ <t,z+/t7ru(x) dSu> = Zi(y), te]l0,T], (11)
0

where y = V'(z). Hereafter we shall use these results without further
comments.

The main example, where all conditions a)—e) are satisfied is the case of
an exponential utility function

U(x) =—e7*

with a risk aversion parameter v € (0, 00). In this case U(y) = %(m% —-1)
and Assumption d’) is equivalent to the existence of @ € M*® with a finite
relative entropy EZ? In chg (see e.g. [1]).

In this case, the corresponding value function is of the form V(¢,z) =
—e” 7V, and

V, = essinf E(e Ui mdSu)| £, (12)

well,
is a special semimartingale. Therefore, it is evident that conditions a)—c) are
satisfied and the BSPDE (9) is transformed into a usual backward stochastic
differential equation (BSDE). In particular, Theorem 3.1 from [10] implies
that V (¢, 2) = —e~"*V;, where V; satisfies the BSDE
t N t
/EQ;LQMM%+/%ML+M,W:L (13)

Vs
0 0

1
Vt:V()+§

where L is a local martingale, strongly orthogonal to M, and the optimal
wealth process is expressed as
t

X, () :m+/$‘27v"d5u. (14)

0
The problem related with condition a) was studied in [5] for utility func-
tions defined on the positive real line for value functions at time 0 and in
[11] for dynamic value function V(¢,x) corresponding to utility functions
defined on the whole real line.
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The problems related with conditions b) and ¢) we connect with the
existence of the inverse flow X, !(z) of the optimal wealth. In [11], the
conditions are given where for any ¢ the optimal wealth is an increasing
function of z P-a.s. and an adapted inverse of X;(x) exists.

In Proposition 1 we derive a stochastic differential equation for the inverse
of the optimal wealth v;(x) = X; ! (x) and based on this result, we give in
Proposition 2 sufficient conditions when b) and c¢) are fulfilled.

Let »

Ri(z) = — Ro(z) = — (é, ((;f)) z€R. (15)

Assuming that the market is complete, we shall use one of the following
conditions:

rl) U is three-times differentiable, Ry (x) is bounded away from zero and
infinity and Ry (z) is bounded and Lipschitz continuous.

r2) U is four-times differentiable and the density Zr of the unique mar-
tingale measure is bounded.

As a corollary of Propositions 1-3 we get

Theorem 1. Assume that the market is complete and one of the condi-
tions rl) or2) is satisfied. Then conditions a)—e) are fulfilled and the value
function V (t,x) satisfies BSPDE (9).

In the paper [3] a new approach was developed, where the solution of the
problem (4) was reduced to the solvability of a system of Forward-Backward
equations which is also a heavy task. Note that they showed that in case of
complete markets this system admits a solution under the conditions similar
to condition rl).

In the work [4], the wealth inverse process and the duality relations are
used to derive some type of SPDE and SDFE for the progressive dynamic
utility, its derivative and Fenchel conjugate. From their results it follows
that there exists a whole class of the dynamic value functions satisfying
regularity conditions of the present paper.

2. THE MAIN RESULTS

It has been shown in [11] (Theorem 1.4) that if the filtration F' is con-
tinuous, condition d’) is satisfied and there are the constants co > ¢; > 0
such that

c1 < Ry(7) < e, (16)
then for any ¢ € [0,7] there exists a modification of the optimal wealth

process (X¢(x),z € R) almost all paths of which are strictly increasing and
absolutely continuous with respect to dx. Besides,

Xi(z) >0, lim Xi(z) = oo, lim Xi(z) = —c0 (17)
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P-as. for any t € [0,7] and the adapted inverse X, '(x) of the optimal
wealth process exists.

Under the stronger conditions we shall derive a Stochastic Differential
Equation (SDE) for the inverse process X; *(z).

For stochastic process & (x), by & (x) (or 0¢:(z)) we denote the deriv-
ative with respect to x, ‘5! denotes Dolean’s measure for (S), ie., the
measure d{S)dP on [0,T] x Q. If F(t,z) is a family of semimartingales,
then fOT F(ds,&s) denotes a generalized stochastic integral (see [7]), or sto-
chastic line integral by terminology from [2]. If F(t,z) = xGt, where Gy
is a semimartingale, then the generalized stochastic integral coincides with
the usual one denoted by fOT &sdGs, or (€ G)r.

Now we shall derive an SDE for the inverse of the optimal wealth ¢,(z) =
X, (x) of the form

dipy = o(1he)dSt + pe(e)d(S)t, o = , (18)
b __m(2) RN EHOMN
where 01(2) = — %75, (%) = = (X)) -

Proposition 1. Let X} (z), m)(z) exist %) —a.e. and are locally Lips-

chitz functions with respect to  p'S) —a.e. Then SDE (18), or equivalently

_ 7 () (Y1) () B lw
=X X T2 Xy O (19
ho=2 (20)

admits a unique mazimal solution coinciding with X; ' (x).

Proof. The SDE (18) admits a unique maximal solution up to time 7(x) <
T, where [¢;(;)—| = oo, if 7(x) < T (see [7]). Applying the Ito-Ventzel
formula for X;(¢:) = X (¢,41) (see [7] or [14]) and bearing in mind that
satisfies (19), we get

AX (0, 4) = X(dt, ) + X' (6, 00)d + 5 X (1, o))+

. / - ’ _7775(1/)15)
+a / X o). 9(0) ) = () + X400 - T asi
() (4 1 XJ ()7 (1)
M TS e o S
LX @A) o mm)
X T TR gy =0
Yo(x) = .

Hence X (t,v:(z)) = 2 on [0, 7(z)) . Since |X;(i) ()] < co,wehaver(z) =T
P-a.s. and ¢y (z) = X; ' (x). O
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Remark 1. Let m(x) = Hy(X¢(x)). Then

_ Hy(Xi(¥r)) H{( X (¥s)) He (Xt (1)) _
S 17 B R (/O R
1 X7 (o) HE (Xi(31))
-5 S ONE d(S):.

X)) _ (@)
= Pp(x), and —SEEess = T

Using equalities X;(v¢(z)) = 7, < (wt
we obtain the linear Partial SDE (hnear PSDE)

dipi(x) = —Hy ()i (x)dSy + Hy () Hy () (2)d(S): + %HE(»’U) ¢ (2)d(S):

or a PSDE in the divergence form

dy(w) = —Hy(2)9;(2)dS; + 5 (HF (2)¢1(x)) d(S):.

2 (

Let us define martingale random fields

M(t,z) = E[U(Xr(z)|F],
M(t,z) = E[U (X1 (2)|Fy).

Proposition 2. Let the conditions of Proposition 1 be satisfied.

a) If M(t,x) is two times continuously differentiable with respect to x,
then the finite variation part of V(t,x) = M(t, ¥ (x)) is absolutely contin-
uous with respect to (S).

b) If M(t,z) is two times continuously differentiable with respect to x,

then V' (t,ﬂ is a special semimartingale, and the finite variation part of
V/(t,x) = M(t,¢(x)) is absolutely continuous with respect to (S).

Proof. a) By the optimality principle, V (¢, X¢(z)) is a martingale, and since

V(T,z) = U(x), we find that V (¢, X;(z)) = E[U(Xr(x))|F] = M(t, z).
Therefore, by the duality relation (10),

M (t,z) = V'(t, X4 (2) Xi(2) = Zi(y) X{(2) (21)

is a martingale and let
M (t,z) =V'(z) + /h,«(a:)er + Li(z), L(z)LM
be the GKW decomposition of M’ (¢, z). From (19), we have

([ M m@)vw) == [ FetDas,. e
0 0
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Since V(t,z) = M(t, X; *(2)), by the Tto-Ventzel formula we get
t

t
V(t,z) )+ [ Mds,ps) + | M (s,1s)dips+
o1+ [

0

+;/M%a%mwn+</wuwwwmxwm%. (23)
0 0

In view of (19) and (22), one can verify that all finite variation members of
(23) are integrals with respect to (S).
b) By the duality relation (11), we have

M(t,z) = E[U'(X1(2))| ] = E[Zr(y)|FY] = Zi(y) = V'(t, Xe(2)), (24)
which (together with (21)) implies that M and M are related as

M (t,z) = M(t,z)X{(x) (25)

and V'(t,2) = M(t, X; *(x)). It follows from (24) that ﬂ/(t, x)=Z{(y)V"(x)

is a martingale and

<!Mhmmu»ww%

where M (t,2) = V"(2) + [J hy(2)dM, + Ly(z), L(z)LM is the GKW
decomposition of M (t,z). Therefore the Ito—Ventzel formula implies that
V'(t,x) = M(t, X; *(x)) is a special semimartingale, and similarly to a), one
can show that the finite variation part of V' (t,x) is absolutely continuous
with respect to (S). O

(n(2)

hy (Y (2 ))W

<S>T‘7 (26)

o\“

We provide the sufficient conditions which guarantee the existence of all
needed derivatives.
Hereafter we shall assume that the market is complete, i.e.,

dQ = ZrdP, where Zp=Ep(—\-M)
is the unique martingale measure.

Lemma 1. Let the market be complete and condition r1) be satisfied.
Then the optimal wealth X1 (x) is two-times differentiable and the derivatives
Xy (z), Xp(x) are bounded and Lipschitz continuous.

Proof. Since U(y) and U(z) are conjugate, U(y) is also three-times differ-
entiable and

AT p—— 6%m=—é%g;,yzvm» (27)
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Therefore the functions By (y) and Bs(y), where

Bi(y) =yU" (y) = 1/Ru(), Baly) =y*U" (y) = Ra(w)/Ri(x), (28)
are likewise bounded. This implies that the second and the third order

derivatives of U(yZr) are bounded, hence the function V(y) = EU (yZr) is
three-times differentiable and

V' (y) = BU" (yZr) 23
Since V(y) and V (z) are conjugate, V(x) is also three-times differentiable.
The duality relation (10) takes in this case the following form:

U(Xr(x) =yZr, Xr(x)=-U(yZr), y=V (). (29

This relation implies that the function Xr(x) is two-times differentiable for

allw € Q' = (Zp > 0) with P(Q') = 1, and differentiating the first equality
n (29), we have

U (Xr(x ))XT( )=V ( )Zr, (30)

"

U (Xr(@)(Xp(2))? + U (Xp(2)Xp(z) =V (@) Zr.  (31)
From (29) and (30), we obtain

1" ’

V (z) U (Xr(x))

X = ) T (X))

V// (z)

V(o) < ¢9. There-

By condition rl) and Proposition 1.2 from [11], ¢; < —

fore this implies that X/T( ) is bounded, in particular,

— <X < — 32
2 <X 2 2, (32)
where ¢; and ¢z are constants from (16).
Comparing equations (30) and (31), we have

Xi0) + Gy D (K@) = ). (3

Since EQ X, (z) = 1 and EQX,.(z) = 0, taking expectations with respect
to the measure ) in equation (33), we get

V(@) poU (Xr(@)

V) = Tt KT e

which together with (32) and condition r1) implies that - (( )) is bounded.

Therefore, it follows from (33) that X;.(x) is likewise bounded, hence
X/-(x) is Lipschitz continuous.
Since the product of bounded Lipschltz continuous functions are Lipschitz

"(2)
)

continuous, it follows from (34) that is Lipschitz continuous and (33)
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implies that X.(z) is likewise Lipschitz continuous, since all terms in (33)
are bounded and Lipschitz continuous. O

Lemma 2. Let the market be complete and condition r2) be satisfied.
Then the optimal wealth X1 (x) is three-times differentiable, X/-(x) is strictly

positive and the derivatives X (x), Xo(2) and X!/ (z) are uniformly bounded
on every compact [a,b] € R .

Proof. Since U(z) and U (y) are conjugate, condition r2) implies that U (y) is
also four times differentiable and the derivatives of U (yZr) are bounded for
any y € R, hence the function V(y) = EU (yZr) is four-times differentiable.

Then V(z) is likewise four-times differentiable, since V() is the inverse
of —V' (y). Therefore, the duality relation

Xr(z) = =U'(V'(x)Zr)
implies that the optimal wealth Xp(z) is three-times differentiable and the

derivatives X .(z), X () and X/ (x) are bounded on every compact [a, b] €
R. Therefore the derivatives X7, (z) and X;.(x) satisfy the local Lipschitz
condition.
Besides,
Xp(z) = =V"(2) 27U (V' (z) Z7)) > 0,
since V' (z) < 0 and U" (y) > 0. O

Corollary 1. The process (X (z), (t,z) € [0,T] X R) admits a contin-
wous modification.

Proof. Since X/'(x) is a Q—martingale, by the Doob inequality and the
mean value theorem we get

E9sup | X/ (21) — X7 (22)]* < c1 B9 X[ (1) — X (22)]* <
t<T

<cpler — x2|EQ sup | X¥ (axy + (1 — a)x2)|2 < colxy — 1:2\2
a€l0,1]

for some constants c;, co. By the Kolmogorov theorem, the map
R>z— X"(z) € C[0,T]

admits a continuous modification which implies the continuity of X}'(z)
with respect to the variables (¢,z), P-a.s. O

Proposition 3. Assume that the market is complete and one of the
conditions r1), or r2) is satisfied.

Then the optimal wealth X;(x), the optimal strategy m;(x) (1) -a.e.),
martingale flows M(t,x) and M(t,z) are two-times continuously differen-
tiable at x for all t, P—a.s. and the coefficients of equation (19) satisfy the
local Lipschitz condition.
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Proof. Let us first assume that condition rl) is satisfied. According to
Lemma 1, the optimal wealth Xr(x) is two-times differentiable and the
derivatives X/T(gc) and X;(m) are bounded and Lipschitz continuous.

To show the existence of 7'(z), we use the decomposition X/1.(x) =

1+ fOT 7T7(~w)dST with some predictable S-integrable integrand 7()(z) and
inequalities
7 2
B [ (x4 ) = 5(@) dlS) = B (X'(w +) = X'(a)r =
0
= EQ (Xh(z+e) — Xh(2)” < 2EQ Jmax [ X7(x +se)” <

< £2Const.

By the Kolmogorov theorem, (1) () is continuous with respect to z (5 -a.e.
Note that if instead of rl) the condition r2) is satisfied, then we shall
have that there exists a ;%) —a.e. continuous modification of () () on each
compact of R which will imply the existence of a continuous modification
on the whole real line.
Thus, by the stochastic Fubini’s Theorem, (see [14] )

T

To — 1 + /(’/TT(I’Q) - Wr(xl))dSr = XT(mg) - XT($1) =

0
TIQ

/XT dx—l'gfl'1+// (1) x)dxdS,

and consequently, 7, (x2)—m,(z1) f w(l) )dx p'S)—a.e. Hence 7T(1)(£L') =
7' (z) p%-a.e. and

:1+/T7T (35)
0

for all z P-a.s.
It follows from (35) and Fubini’s theorem that

t

Xi(ze) — Xi(21) =20 — 21 + /(m(xg) —7.(21))dS, =

—$2—$1+// d:cdS—/X

0 z
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for any xo > x1 P—a.s., and Lemma A3 from [11] implies that for each fixed ¢
there exists a modification of (X;(x), € R) which is absolutely continuous
!/

with respect to the Lebesgue measure dz. Since (X{(z),t € [0,7]) is a
@Q-martingale

| X (x2) = Xi(21)| < B X7 (x2) — Xpp(21)|/Fp) < Claz — 21| (36)

for any x9 > ;1 P—a.s., and Lemma 1 and Corollary 1 imply that there
exists Q' C Q, P(f) = 1, such that at each w € ' the inequality (36) is
fulfilled for all (¢, z).

Since EX/(x) = 0 and the market is complete, we have X/ (z) =

fOT 7T7(~2)($)dST for some predictable S-integrable integrand 7(?). Similarly,
one can show that 7(?)(z) is continuous at z u<5>-a.e., 7®(z) = 7" ()
p'S)-a.e. and, hence X! (z) admits the representation

t

Xi(@) = [ wl@ds,.
0

Similarly, we can show that one can choose a modification of X;(z) which
is two-times differentiable and such that X" (z) is Lipschitz continuous.

In the case where instead of r1) the condition r2) is fulfilled, X" (z) will
satisfy the local Lipschitz condition. Thus, in both cases (i.e., if condi-
tion rl) or r2) is satisfied), the coeflicients of equation (19) will be locally
Lipschitz continuous. (Il

Since the market is complete, M(t,z) = V'(x)Z; and it is evident that
M(t, z) is two-times continuously differentiable. Besides, equality (25) im-
plies that M(t, x) is also two-times continuously differentiable at .

Proof of Theorem 1. It is evident that the boundedness of Bi(y) and
Bs(y) (defined by (28)) implies that the dual value function V(t,y) =
E(U (yZZ—f) /F) is two-times continuously differentiable. Since

1 1 !/
V(¢ x) Ty Y Vi(z),
the value function V (¢, z) is also two-times continuously differentiable, hence
condition a) is fulfilled.

It follows from Proposition 3 that under the presence assumptions all
conditions of Propositions 1 and 2 are satisfied, therefore these propositions
imply that V(¢,x) satisfies conditions b) and c), hence V (¢, z) is a regular
family of semimartingales.

Let us show that the condition e) is also satisfied. By the optimality
principle (see [10]), for any t € [0,T], the process (V (s, Xs(t,x)),s > t)
is a martingale, where X,(t,z) = x + [ mu(t,2)dS, is the solution of the
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conditional optimization problem (9). This implies that P-a.s.
V(t,z) = E(V(s, Xs(t,x))/F). (37)
On the other hand, using again the optimality principle, we have
V(t, Xi(x)) = E(V (s, Xs(2))/ F),

and substituting in this equality the inverse of the optimal capital X;(z),
we get
V(t,z) = B(V (s, Xs (X, ' (2))/ F). (38)
Since for any ¢ the function (V(t,z),z € R) is strictly convex, comparing
(37) and (38) we obtain that P-a.s X,(t,z) = X,(X,; '(x)). By the continu-
ity at (t,z) of X; !(x) as a solution of SDE (19), we obtain that condition
e) is satisfied.
Thus, all the conditions of Theorem 3.1 from [10] are satisfied which
implies that V (¢, x) is a solution of the BSPDE (9). O
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