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Abstract. 1. Vekua'’s integral representations of holomorphic functions, whose
m-th derivative (m > 0) is Holder-continuous in a closed domain bounded by the
Lyapunov curve, are generalized for analytic functions whose m-th derivative is
representable by a Cauchy type integral whose density is from variable exponent
Lebesgue space LPO)(I;w) with power weight. An integration curve is taken
from a wide class of piecewise-smooth curves admitting cusp points for certain
p and w. This makes it possible to obtain analogues of I. Vekua’s results to
the Riemann—Hilbert—Poincaré problem under new general assumptions about
the desired and the given elements of the problem. It is established that the
solvability essentially depends on the geometry of a boundary, a weight function
w(t) and a function p(t).

1. Introduction

In many boundary value problems of function theory the boundary
conditions contain not only the sought function, but also its derivatives
up to certain order. Therefore it is useful to have formulas giving an



218 Generalization of I.Vekua’s integral representations

integral representation of this holomorphic function. One form of such
representations, quite convenient for applications, was proposed by 1. Vekua
([17], [18]). N. Muskhelishvili expounded them in his book, where they are
called I. Vekua’s integral representations (see [15, pp. 224-232]). This is L.
Vekua’s result.

Theorem (I. Vekua). Let D be a finite domain bounded by a simple
closed Lyapunov curve T' and ®(z) be a holomorphic function in DV | whose
derivative of order m is continuous in DY and the boundary belong to the
Hélder’s class H. Then, assuming that the origin is in DT, the function
® is representable for m =0 as

(1) B(z) = /F pt)dt g

t

and for m>1 as

2) @(z):/rw(t) (1—§)m_1ln (1-%) ds—l—/rgo(t)ds—kid,

where @(t) is a real function from the class H, and d is a real constant;
p(t) and d are defined uniquely with respect to ®(2).

Subsequently, B. Khvedelidze [5] gave a generalization of this theorem to
the case where a derivative of order m of the function ®(z) is representable
in DT by a Cauchy type integral with a density from the Lebesgue space
LP(T';w), where p > 1 and

n
1 1 p
w(t) = |||t—tk|“k, thel, ——<ap<—, p=—"—.
Pt P P’ p—1

In that case, ¢ belongs to LP(T';w). In [1] K. Aptsiauri generalized this
result to the case w(t) =1 for a wide subclass of piecewise-smooth curves.

I. Vekua used these representations for investigating quite a general
boundary value problem, namely, the Riemann—Hilbert—Poincaré problem.
An analogous investigation was carried out in [1] and [5].

In recent years, the attention of researchers has been attracted by
Lebesgue spaces with a variable exponent p(t) and the boundary value
problems where the boundary values of the sought functions belong to
these spaces (see, for instance, [3]-[4], [6]-[14]. Thus it is desirable to have
representations (1)—(2) of holomorphic functions ® with boundary values
having this property and for as wide as possible classes of curves I', functions
p(t) and weights w(t).
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In this paper, we consider the question whether integrals of form (1)—
(2) can be used to present holomorphic functions whose m-th derivative
is representable by a Cauchy type integral with a density from Lp(')(I‘;w),
where I' is a piecewise-smooth curve. Relations are found between the
values of the function p(¢) at the angular points of the curve ', the values
of these angles and the power exponents of weight functions, which provide
the required representation.

Of the function p(t) it is only required that it satisfies the Log-Holder’s
condition which we frequently encounter in the literature. For the weight

function w(t) it is assumed that a; € (—m, m) , Pt = p(’;()tzl .
The latter condition is necessary and sufficient for a singular operator with
the Cauchy kernel to be continuous in the space LP()(T;w) (see [13], [10])
without which we can hardly do in our consideration. As a result, the range
of domains in which representations (1)—(2) are valid has become much
wider. This has been achieved thanks to the well studied Riemann-Hilbert
problem in the considered classes. For this we had to extend the results
obtained in [7], [8] for bounded domains to the case of unbounded domains.
Also note that in [1], [5], [17]-[18] only the existence of ¢ and d such that
(1), (2) holds is proved. Our approach enables us to indicate a more concrete
construction of the function ¢ by means of the prescribed function ®(z).

The representations obtained are used in investigating the Riemann-—
Hilbert—Poincaré problem under more general assumptions than in [1] and
[5].

The statements we make in connection with this problem are seemingly
analogous to the results in [1], [5], [17], [18], but, in fact, the relations
between the values essentially depend on the geometry of the boundary T,
multipliers |t —tx|** from a weight function w(t), discontinuity points of the
principal coefficient from the boundary condition, as well as on the values
of a function p(t) at the angular points of T' and at points t.

The results of the present paper were announced in [9].

2. Main definitions, the notation and auxiliary statements

19. Let t = t(s), 0 < s <, be an equation of a simple rectifiable curve T
with respect to an arc abscissa. Let, further, p(t) be a positive measurable
function on I', and w(t) be a measurable, a.e. finite and nonzero function.
We denote by LP()(T;w) the set of measurable functions f on I' for which
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I1fll Leer (i) < 00, Where

f(t(s))w(t(s))
)

l p(t(s))
(3)  Ifllror oy =inf 4 A >0 / ds< 1%,
0

It is assumed that LPO)(T;1) = LPCI(T).
If

inf p(t) =p- > 1, supp(t) =p; < oo,
tel ter

then LP()(T';w) is a Banach space with norm defined by (3).

20, Definition 1. We say that a measurable function p on I' belongs
to the class P(T') if p_ > 1 and, moreover, there exist positive constants
A and ¢ such that

A

(4) Ip(t1) — p(t2)] < Tt — 6]

for arbitrary t; and t2 on I'. The set of functions p for which p_ > 1 and
equality (4) is fulfilled for € = 0 is denoted by P(I'). It is obvious that
PIT) CcPI).

30. We say that I' is a curve of the class C}(Aq,..., Aiv1,...,0;) if T
is a simple closed piecewise-smooth curve with angular points Ay, k = 1,1,
at which the values of angles with respect to the domain D whose boundary
is I' are equal to mwyg. If, additionally, I' is a piecewise-Lyapunov curve,
then we say that I' is a curve of the class CBL(Al, oA,y I
DTt and D~ are simply connected domains with the common boundary T’
and T' is a curve of the class C}ﬁ (A1,...,A;;v1, ..., 1), then T is a curve
of the class C7,_ (A1,..., A A1, ..., ), where v, + A\, =2, k=1,i.

49, Definition 2. Let D be a simply connected domain bounded by
a simple rectifiable curve I', and the functions p and w be such that
LPO)(T;w) € L(T'). We denote

_ 1 [ f@)adt

2 fp t—2

KP(Tw) = {cp L B(2) , 2€D, fe L”(')(F;w)}-

We denote by WP)(T') the set of weight functions w for which the
operator

Tr: f—=Trf, (Irf)) = w(t)/r 1 f(T)t dr, terT,

w(T) T—

is continuous in LPO)(T).
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If w € WPCI(T), then every function ® from the class K%(')(F;w) has
angular boundary values ®*(¢) for almost all ¢ and ®* € LPC)(T;w).
If T is a Carleson curve and p € P(T"), then the function

= 1 1
5 wt) =TT 1= te]™, ——— <ap < —\,
5) =TIr-u 5
belongs to WP()(T") [13], [10]. For the case of constant p we refer to [2].

Definition 3. If m > 0 is an integer number, then we denote by
K%("%(F;w) the set of functions ® holomorphic in D for which ®(™(z) €
K%(')(F;w). It is assumed that ®()(z) = ®(z) and thus ijj(’g(I‘;w) =
K%(')(F;w).

59. The problem of representation of holomorphic functions in terms
of new assumptions reduces to the investigation of the Riemann—Hilbert
problem in the class Kg(;)(F;w). In [7] and [8], this problem is solved in
the class K %(')(F;w) when D is a bounded domain with the boundary T.
The case of an unbounded domain can be easily investigated by reducing it
to the considered one.

In this subsection we recall the results from [7] and [8], and in Subsection
6° extend them to the case of an unbounded domain.

Let: I. I" be a curve of the class C}ﬁ(Al, A, oo, 0<y <2
k=1,4, p¢ ﬁ(F); a, b, ¢ be real functions, a and b being piecewise-
continuous and ¢ € LPO)(T;w), where w is the weight function given by
equality (5) or II. " be a curve of the class ClD’f(Al, A, ),
0<vy, <2, k=1,i, pe P('); a and b be piecewise-Holder functions on
I' and ¢ € LPO(T;w).

Let us consider the Riemann—Hilbert problem — Find a function ® €
K pD(;)(F; w) for which the equality

(6) Re [(a(t) 4 ib(t)) D" (t)] = c(t)

is valid a.e. on I'.

We denote by By, k = 1,\, the discontinuity points of the function
G(t) = —[a(t) — ib(t)][a(t) + ib(t)] "' and assume that inf |G ()] > 0 and
G(By,)/G(B;) = exp(2miuy,).

Let z = z(w) be the conformal mapping of the circle U = {w : |w| < 1}
with boundary v = {7 : |7| = 1} on D" and w = w(z) be the inverse
mapping.
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We assume
T={m: m=wltr)}, A={ar: ap=w(Ar)}, B={br: b =w(By)}.

Let us numerate the points of the set T'U AU B as follows:

wy =T =a1 =by,...,w, =T, = a, = by,
Wp41 = Tpu+1 = Qui1s - -5 Wpdr = Tptr = Quir,
Wytr+1 = Tptr41 = pt s+ oy Wobr g = Tptrq = Dptgs

(7)) Wyutr4g+1 = Quir41 = bputqtis- s Wytrtqtp = Qutrtp = Oputqtps
Wptr+q+p+1l = Tptr+q+1s - s Wutr+q+p+M = Tutr+q+ M)
Wptr+q+p+M+1 = Qptrtp+ls -« o Wotrtgtp+M+n = Gutrtptn,
WytrtgtptMtn+1 = Optqipt1s -+ Wotrtgtpt Mtnts = Dptprgts-

We set ¢(7) = p(z(7)) and write

(8) B
Oékl/lﬁ-g(l;u—’“k)4—uk7 k=T1,p,
i+ gy k=ntLu+r,
ag + Ug—r, k=p+r+1p+7+q,

o = %+Uk7m k=p+r+q+Lpu+r+q+p,
Ok—p, k=pu+r+q+p+Lu+r+q+p+ M,
% ' k=p+r+q+p+M+1, u+r+q+p+M+n,
Uk—r—M—n, k=upu+r+qg+p+M+n+1, py+r+q+p+M+n+s.

For a real number x we set « = [z]+ {x}, where [z] is an integer number
and 0 <{z} < 1.
Assume that

1 = - .
9) {5k}7ém7 k=17, j=p+r+q+p+M+n+s,
and let
) if {01} < 7,
(10) Vi = [k] 1 {k} 6(1111;6)
[0k] +1 if {0k} > Tlwn) ?
and

Qw) = T (w — wi)

k=1
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Furthermore, assuming that the point z = 0 belongs to D, we write (see
[15, p. 147])

we A
re(w) = M » wl <1, r(w) = Hrk(w),

T b w1 1
Ry (1) = rif (T)[r; (7)] 7! = exp(2i arg(r — by)),

A
Gi(1) = G(=(1)) H Ri(7), s =indGi(r), Gi(r) = Gi(r)r ™,

k=1
X B Cexp{ﬁ W}, |w] < 1,
1(’LU) - 1 In Gy (7)dr
Cw™ exp 2 f’y T—w ’ |’LU| > 1)

X(w) = Xy (wyr(w), C = exp <—§) o= o Oﬂqmdﬂ

q(r) = arg [-7 " arg G1(7)] .
We denote by 34 the order of the rational function (Q(z) at infinity and

assume that s = s(u, G,w, D7) = 3¢ + 2 .
Then, by assumptions I (or IT) and (9) we have

Proposition 1 ([7], [8]). If s < —1, then for problem (6) to be solvable
in the class Kg(jr)(f‘;w) it is necessary and sufficient that the conditions

wh(tw'(t) 0T 5
/XJr )_’_Zb(t))dt—o, kE=0,|x -2,

be fulfilled, and their fulfillment implies that the problem has a unique
solution

P(2) = Yw(z)) = % (Q(w(2)) + Qe (w(2))) ,

where
O(w) = X(w)Q()] g [ HEILEIENESEEN g 21
and

Q. (w) =@, ] # 1.

If > —1, then problem (6) is certainly solvable and all its solutions are
given by the equality

®(2) = Qw(2)) + X (w(2))[Q(w(2))] " Pulw(2)),
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where P_1(w) = 0, while for >0
P, (w) = ho + hqw + - - - h,w™

is an arbitrary polynomial whose coefficients hy satisfy the relation

J
(11) Ek :Ah%*kv k:()v%; A= (_1)%0 Hwk.
k=1

Remark 1. If we search for a solution ®(z) of problem (6) with the
condition ®(0) = 0, then, as readily follows by the reasoning of [7], the
above proposition remains valid when ¢ in it is replaced by > — 1. Thus
for s < 0 the solvability conditions have the form

c®)Qw(t))wk ()w'(t) I
/1“X+(w(t))[a(t)+ib(t)] #=0, k=0ld-1,

and their fulfillment implies that there exists a unique solution ®(z) =

Q(w(z)).

When s > 0, the problem is solvable and all solutions are given by the
equality

®(2) = Qw(2)) + X (w(2)[Q(w(2))] " Pr—1(w(2)).

Remark 2. The investigation of problem (6) reduces to that of the
Riemann problem

G 3 2CE) ) = ib(r)
(12) VD =GnyTn + XH(r) ' G a(r) +ib(r)

in the class
K70 (y;0)

— {\I} U= 2%”/ %—i—const, wéy, YE Lﬁ(-)(fy;w), 0] :p(z(T))}

with the additional condition W(w) = W¥,(w), where ¥,(w) = ¥ (),
w| # 1.

The function Y(w) = X(w)@Q(w) constructed in [7] (and in [8]) is a
canonical function for G(7). The order s of the function Y (w) at infinity
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is the index of the Riemann problem (12) (or, which is the same, the index
of the singular operator K¢ = ¢ — (G — 1)(—¢ + Sy4) in LPO) (45 w)
(see [11])). Problem (6) is solvable if and only if problem (12), too, is
solvable. Note that when » > 0, the homogeneous problem (12) has a
general solution depending on s arbitrary complex constants, while the
homogeneous problem (6) has a general solution depending on s arbitrary
real constants (distinguished by relation (11)).

6°. Let I' be a curve of the class C},_(A1,..., Ajve,...,1), D E ﬁ(F)
and the Riemann—Hilbert problem be considered in the class K pD(',) (T w).
This time the boundary condition is written in the form

(13) Re [(a(t) + ib(t)) P~ (t)] = c(t).

We assume that the point z = 0 does not lie in D ~. By transforming
¢ =1 the domain D~ becomes a finite domain which we denote by Dy .
The function ®(z) transforms to the function F(¢) = @(%) Also F(0) = 0.

It is obvious that the boundary I'y of the domain Dy is a curve of the class
C})T(A%,...,A%;/\l,...,/\i), Me=2—-1p, k=1,1.

It is easy to verify that p'(n) = p(%) belongs to P(I'1). The weight
function w(t) transforms to the function

W' =11
k=1

and therefore conditions (5) are fulfilled for w?(n).
The boundary condition (13) transforms to the condition

Re [F*(n)(a'(n) +ib'(n))] = c1(n),

(14) a*(n) :a(%), i) :b<%)’ ) :C<%>'

It can be easily verified that F' € Kgf)(Fl;wl). Thus we should solve
1

ag

1 1
no 7k

= [ == I In—m!** ~ [ In—mel®*, me=— €Ty,
o 1 k=1 b

problem (14) in the class Kglf')(Fl;wl) using the additional condition
1

F(0) = 0. If we require that 0 < A; < 2 (which is equivalent to the

requirement 0 < v, < 2, k = 1,i), then all the conditions required of

Iy, p', w! in Subsection 5% will be fulfilled. If F(¢) is a solution of this

problem, then ®(z) = F(1) will be a solution of problem (13) of the class

K%(',) (T';w). Thus we are to find a solution F'(¢) of problem (14) of the class

1
Kg;')(lﬁ;wl), where T'y is a curve of the class CET(ALN e, A%;)\l, A,

A =2 — v, k=1,4, with the condition F(0) = 0.
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Let ¢ = ((w) be a conformal mapping of the circle U onto Df‘ with
the condition ¢(0) =0, and w = ¥(¢) be its inverse mapping. Besides, we
denote

1

G'(n) = —[a' () —ab'(m)] [a' () +ib' ()], £(r) =p'(C(7)) =p <C—

For the domain Df we define the numbers w,i, 51 and ~y} by analogy with
(7), (8) and (10). The numbers J; are obtained from formulas (8) in which
vy, is replaced by Ay (i.e., by 2 — vy ), while when defining the numbers ~},
£(7) is understood as p(ﬁ) Define the function X!(w) and Q'(w) in
accordance with the points wj . Assume s~ = 3¢} + s .

Now, applying the result from Remark 1 of Subsection 5°, we obtain

Proposition 2. If I' is a curve of the class C},_ (A1, ..., Aisv1, ..., 15),
0 < < 2, k = 1,i, and problem (13) is considered in the class
KPD(;)(F;(JJ), then, assuming that >~ < 0, for the problem to be solvable
it is necessary and sufficient that the conditions

(M@ (P () ¥* () (n)
r, X1(¥(n))(at(n) +ib*(n))

is fulfilled, and when they are fulfilled, the problem has a unique solution

w w-a(s ()36 E) ()

where Q,(w) =Q(2), |w| #1 and

(15) dn:Oa k:07|%7|_1a

) o 201 (1)@ ()
o) = XHQ N 5 | Sty e

When s~ > 0, the problem is unconditionally solvable and all solutions are
given by the equality

s (o) 2 () e ()] e (o))

where for the polynomial P, _(w) = hg + hiw + -+ + h,.—_qw* ! we
have

dr, |w|# 1.

J
(17) he=Ah,— 1, k=0 —1, A=(=1)* Hw;.
k=1
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If we reject the condition ®(co) = 0, then, assuming that »~ < —1, for
problem (13) to be solvable in the class I?g(;)(F;w), where I?g(;)(F;w) =
{®: & = &g+ const, ®y € KPD(;)(F;(JJ)}, it is necessary and sufficient
that conditions (15) are fulfilled, where k = 0, ]3| — 2, and when they are
fulfilled, there exists a unique solution given by equality (16).

When s~ > —1, the problem is unconditionally solvable and the solution
is given by the equality

a2 ox () BN ™ ()

where, we recall, 1 = 9(¢) is a conformal mapping of Di onto the unit
circle U; P_i(w) = 0, while when >~ > 0, conditions (11) are fulfilled for
P, (w).

3. 1. Vekua’s Integral Representation of Holomorphic
Functions from the Class KPD(QW(F;LU)

19, In this subsection we will prove

Theorem 1. Let

(i) T be a curve of the class C}ﬁ(Al,...,Ai;ul,...,l/i), 0
k=T and p € P(T) or T € CLY(Ar,..., Aisvi,... 1), O
k=1,i and p € P(T);

(il) w be a power function of form (5);

(iii) the point z =0 lie in DV ; 2z = z(w) be a conformal mapping of the
circle U onto the domain D~ = CD'; z(0) = co and w = w(z) be its
inverse mapping. Let ar = w(Ay), k=1,1, 7o = w(tx), k =1,n, and the
points of the set {a1,...,a;} U{7,..., 7} be numbered so that

v < 2,
v < 2,

INIA

Wy =a1 =T1y...,Wy = ay = Ty,
(18) Wyt1 = Qut1s - -+ Wptp = Gputp,
Wptp+1 = Tp+ly -+ o Wptp+M = Tpu+M
and
Ak + gy Tk =1, k=T A =2-u,
(19) 0k =1 foy + vk — L, k=p+1,u+p,

Qk—p, k=p+p+1l,p+p+ M,

where £(1) = p(z(1)), || =1;
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(iv) ® € K21 (Tjw).
If
1

B} A k=T jentiopmptpt M, ) =
{ 16}7é g/(wk)v ] n+t—p=p+p+ M, (T)

then there exist a real function o € LPC)(T;w) and a real constant d such
that

(20) @(Z):/F‘P(t) Ly

t

for m=0,

21)  B(2) :/Fw) (1— f)m_lm (1— %) ds+/rap(t) ds + id

for m>1.

The function ¢ and the constant d are defined in a unique manner.
Before proceeding to the proof, we would like to note the particular cases
of the theorem. Representations (20) and (21) are valid in the following
cases: B
I. a) T is a smooth curve and p € P(T') or T is a Lyapunov curve and
p € P(I);
b) w is a weight function of form (5).
II. a) T is a curve of the class C'(Ay,..., A;;v1,...,14) and p € 75(I‘) or
I is a curve of the class CF(Ayq, ..., Aj;vi,...,1) and p € P(T) (in both
cases 0 < v, <2, k=1,i);
b) w(t) =1;

—1
C) {p(kAk) + v — 1} =+ —p’(}4k) .

Proof of Theorem 1. Since (20), (21) imply that d = Im®(0), we
can assume that d = 0. Let us prove the validity of equalities (20)
and (21). Having these representations for d = 0, from the equality
®(z) = [®(z) — iImP(0)] + ¢ Im P(0) we will obtain the representations
in the general case with d = Im ®(0).

Let m = 0 and representation (20) hold. If ¢ = ¢(s) is the equation of
the curve I with respect to the arc abscissa, then ds = (t/)~!dt = t'dt (see
[15, p. 225]). Therefore (20) can be rewritten in the form

(22) B(z) = — /F 2mitt o(t) )

= omi t—2
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Since ® € KPD(;)(I‘;w) and w € WPO(T), we have ® € E'(DT) [11,
Theorem 3.3]. Therefore

1 ST (t)dt
O(2)= — | =22 ot e LPO(T: w).
(2) 27 /F t—z < (T5w)

Combined with (22), this implies that

% T t—2z

1 Ot (t) — 2mit t/p(t) gt — 0, z€ D,
" |N(z), zeD.

Since I is a piecewise-smooth curve, and ®* and ¢ belong to Lp(')(I‘;w),

we have N(z) € E}(D7)N K%(',)(F; w). Therefore from the latter equality
it follows that

(23) O (t) — 2mitt'p(t) = N~ (t).

Let us divide both parts of equality (23) by ¢ and separate the real parts.
We obtain

(1)
tt tt

(24) Re , tel.
We have come to the Riemann—Hilbert problem with regard to the function
N which we must solve in the class K g(;)(I‘;w).

For m > 1, from representation (21) we obtain

)t dt
25 oM (z) = (=)™ —1!/@(7.
(25) () = (1ymm =) [ 20T
By the assumption of the theorem, (™) e K %(;) (T;w). This function, as
mentioned above, belongs to E1(D*). By this fact and (25) we obtain

1 eM#) = 2mi(=1)™(m — DI F(t) g 10 z € D,
27t Jp t—z N(z), ze€ D™,
where N € Kg(;) (T;w). From (25) we obtain
(26) ®M) () — 27i(—=1)™ (m — D) p(t) = N~ (¢).

Therefore for m > 1 we have

N—(t o (¢
(27) Re (l = Re (_) .
tl—m t/ tl—m t
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For m = 0 equality (27) coincides with (24).

If we solve problem (27) in the class K g(;)(f‘;w), then, using equalities
(23) and (26), we can define the function .

We will first show that representations (20) and (21) are unique. Both
cases are treated in the same manner. Let, for instance,

2z
t

oz/iiﬂdym¢ 2 e D+
r‘l

For z = 0 we have [¢(t)ds +id = 0. Hence it follows that d = 0. Let
r

“1(2 ds into a series with
t

us prove that ¢(t) = 0. Expanding the integral [ +
r

respect to z in the neighborhood of zero, we obtain

/go(t)t_kds:o, k=0,1,...,

T

ie.
/w@ﬁﬁwza k=0,-1,-2....
T

By the Golubev—Privalov theorem, for the external domain [16, p. 202]

we obtain o(t)t/ = m~(t), where m(z) € E'(D~). Further, absolutely

in the same manner as in [1] we establish that limD Immg(z) = 0,
z5t,ze€D—

z
where mo(z) = [ m~(z)dz, z0 € D™, and therefore mq(z) = const, i.e.,
20

m~(z) =my(z) = 0. Hence we conclude that ¢(t) = 0.
Let us apply the results from Subsections 5 and 6° of the preceding
section to problem (27).

In that case, I'y is a curve of the class Céf (A%, ceey A%; 2—v1,...,2— Vi)
a(t) +ib(t) = tl_lmp, c(t) = Re fl(il(ti') . Therefore
Gl — a0 =) e bR (TR
a(t) +1ib(t)  (a(t) +ib(t))>  |(t1-m)?|
This function possesses discontinuity at the points A, & = 1,i. But

then the function G'(n) = G (%) is discontinuous at the points B} =

A%c € I';. It is not difficult to verify that 3¢ = indGi(r) = 2m and
GY(B}-)/G(B}+) = exp[-2i(1 — vx)n] = exp[2i(vy — 1)7]. Therefore
U = u,l€ =, — 1.

Furthermore, all discontinuity points of G(¢) coincide with the angular
points of I';. By assumption, on I' there exist p angular points coinciding

3



V. Kokilashvili, V. Paatashvili 231

with some points t; from the weight w; accordingly, on I'; there exist p
angular points coinciding with some points 7, = i from the weight w!.
Furthermore, there are p = ¢ — 1 angular points not appearing among the
singular points of the weight w. Finally, in the weight w (in the weight
wt) there are M multipliers of the form (t — ;)% ((7 — 7%)®*) in which
the points ¢ (75 ) do not coincide with angular points. Let us assume that
¢ = ((w) is a conformal mapping of U onto D}, ¢(0) =0 and w = (()
is its inverse mapping. The function z = ﬁ = z(w) gives the conformal
mapping of U onto D~ ; let w =w(z) (=1(L)) be the inverse mapping.
We have

ar =¢ <Aik) =w(Ag), T=( (%) = w(tk).

These points have been numbered according to (18). Then equalities (8)
take form (19). Using these numbers, we define numbers ~; by means

J
of equalities (10). Then »3 = > 4%, j = v + i — p and the index »~ of
k=1

J
problem (13) is calculated by the equality s~ = 3(T';m; p;w) = 2m+ > k.
k=1
If e~ < —1, then the conditions of solvability of problem (27) in the class
1
K%(;) (T'; w) (or, which is the same, of problem (14) in the class K;f)(lﬁ; wh)
1
with the condition F(0) = 0) take the form
Re[@(™) (L) (a' () + b (1))]
Yy —— Q" (¥(n)¥* (0’ (n) dn = 0,
r, X (@) (al(n) + b (n))
E=0,|>"]-1.

(28) Ip =

Hence we obtain

1 [ ML) (al () +ib () + (L) (al (n) —ib'(n)) .
Ie=35 /Fl X (b)) (aX(n) + ibL(n)) Q' (w(m)w* (mw' (n) dn
=1Ip1+ 12,
where
1 [ ()R (v(n) )
Iy = §/F X 00 T )y’ (1) dn,
1 2ME)RIWM) () — b )
ha =3 ), a0 0
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The function Wn(¢) = @ ()X ()] Q ()W (Ov'(C) is
holomorphic in Df” and belongs to E°(D f) for some § > 0. Indeed,
oM ¢ EYD{), ' € EYD{), W) < 1. Furthermore X'(w) =
XHw)r(w) and Q'(w) is a rational function with zeros and poles on 7,

r(w) is a power function, while X} € (| E®(D{). Hence it follows that
B>0

Q(W(C))[X ' (%(¢))]! and thereby W,,(¢), too, belongs to E°(D}), § > 0.
Moreover, since I' is a piecewise-smooth curve without zero angles (since
0 < 2 — v, < 2), the construction of the functions X' and @' implies that
the function

() = &) (%) Q ()X ()] () (m)

belongs to L(T'1) (see [7, Theorem 2] and [8]). Thus, according to Smirnov’s
theorem, ¥ € EY(D7) and therefore I 1 = 0.
Let us write I 2 in the form

12y <><a1<<<r>>—z'bl<<<f>>> ey
I’“‘z/ XU al((n) Fibiem) |

But

al(¢(r)) —ib'(¢(r)) _ XT(7)
al(¢(r)) +ib'(¢(r)) X' (r)’

and therefore

P(m) Y7
Ino = %/ —(C( ))Q ( )Ql(T)Tk dr.
2l

X1=(7)

The function ®(™) (ﬁ) is holomorphic in the unit circle U and there-
fore
®(m) (ﬁ) is a boundary value, on =, of a holomorphic function M~
in U= = C\ U (see [15, p. 143]). It is easy to verify that the functions
M~ (w)[XH(w)]71QY(w)w*, k = 0,|3| — 1, belong to E*(U~). By virtue
of this fact we have

L [ M- (N)Q(T) 4 T
- dr = k= —1.
I 2 = 5 / X () ™ dr =0, 0, |5

Thereby I, = 0 and thus conditions (28) sufficient for problem (27) to be
solvable are fulfilled. The solution is given by equality (16).
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When 3~ > 0, problem (13) is solvable in Kg(;)(I‘;w) and the solution
is given by the equality
(29)

a2 ) () N (e (2)

29, Let us indicate how to define the function ¢ when the solution
of problem (27) is known. When the solution N is unique, ¢ is defined
immediately from equalities (23) and (26). We will consider the case where
»~ > 0. By differentiation with respect to z, from (21) we find

nl [ 2mi(—=1)™(m — 1)itl-m7 ~ "

—1)" = t)ydt = Q™ B Jw® (2)]).
(1) | T el @+ X ()
Setting here 2 =0, n =10,1,...,3~ — 1, we obtain a system with respect
to the unknowns hg,hy...., h,.—_1,00,%1,--.,P,—_1, Wwhere

(—1)F+1k! / 2mi(—1)"(m — 1)t —m¢/
= t dt-
Pk o . | o(t)

Thus we have 23~ complex unknowns and s~ equations. To these
equations we add s~ equations more: hy = Ah,—__ 1, k = 0,20~ — 1
(see (17)). As a result we obtain a linear system of 23~ equations with
respect to 22z~ unknowns. As has been proved above, there exists a unique
desired solution ¢. Therefore the obtained system is uniquely solvable.
Substituting the numbers hy, ..., h,—_; found from this solution into (29)
we find N(z) and then from (26) we define .

4. The Riemann—Hilbert—Poincaré Problem in the Class

KD (T5w)

1°. I. Vekua applied the representations (1), (2) to the investigation of
the Riemann—Hilbert—Poincaré problem

m

> <ak(t0)‘1’(k)(t0)+/FHk(to,t)q’(k)(t) ds)] = f(to),

k=0

(30) Re

where ag, Hy, f are the given functions of Holder’s class, I' is a Lyapunov
curve bounding the finite domain DT, and the sought function ® has a
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continuous derivative of order m in D+ and with boundary values from
H ([17], [18]). In [5] this problem is considered when a(t) are continuous
and &™) (z) is representable by a Cauchy type integral with a density from
LP(T;w), where p > 1 and w is a power function. For w = 1, the problem
is investigated for a wide subset of piecewise-smooth curves ([1]).

Here we assume that for p, I' and w the conditions of Theorem 1 are
fulfilled. We want to solve problem (30) in the class K pD(;)_m(F; w), therefore
it is assumed that f € LP()(T;w). Since ™) ¢ Kg(jr)(I‘;w) c EY(D),
the functions @@ (z) = ®(2), ®'(2),..., 2"V (2) are continuous in D+
and absolutely continuous on I' with respect to the arc abscissa (see, for
instance, [16, p. 208]). Thus it is natural to assume that in condition
(30) the coefficients ax(t), k = 0,m — 1, belong to LPO)(I';w). As to
the coefficient a,,(t), we should assume that it is bounded. However this is
not enough. Following [17], [18], [15], we reduce the problem to a singular
integral equation in the class LP()(T;w), which is investigated in various
conditions depending on the assumptions made for p, I' and w ([4], [11]).
It is assumed for simplicity that a,,(t) is piecewise-continuous on I' and
inf |anm, ()] > 0.

So, let I' be a curve of the class Ch, (A1,..., A1, 1), 0 <y, <2,
w be the power function (5), the coefficients ag,as,...,am—1 belong to
LPO(T;w), p € P(D), am € C(By, ..., By) (ie. an, is piecewise-continuous
on I' with discontinuity points Ek), and the operators

Hk@Z/Hk(to,t)sﬁ(t) dt, toel,
r

be compact in LPO)(T;w).
It is required to find a function ¢ € Kg&{m(f‘;w) for which equality
(30) holds a.e. on T'. Note that the compactness of the operators Hy is

provided, for instance, by the fulfillment of the conditions
A

[S (th t)])\ ’

where A, X € [0,1), are constants and s(tg,t) is the length of the smallest

of two arcs connecting the points ¢y and ¢ on I' (see [12]).
Following [15, p. 233] this problem will sometimes be called Problem V.

|Hk(t0,t)| < k=0,m,

29, Since under the above assumptions the conditions of Theorem 1 are
fulfilled, the sought solution @ is representable by equality (20) for m =0
and by equality (21) for m > 1.

Assuming first that m > 1, we calculate the derivatives of the function ®
given by equality (21) and substitute them into (30). Thus we obtain (see
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[15, pp. 234-235]) that the function ¢ satisfies the condition

(81) Ny = Alto)plto) + /F N(to, t)plt) ds = f(to) — do(to).

where

(32)
A(to) = Re [(=1)™(m — D)lmity ™ tham(to)] ,

o(to) = Re [iao(to)—i—i/rho(to,t) ds],

N(to,t) = > Refai(to)Ni(to, t1) Ni(t1, ) dsi]
=0

+ Re [(—1)m( — )ik, (to, )tl—my} 7
m—1 . B
No(to,t) = (1 = %0) In <1 — 7) +1, Nplto,t) = %
m—1—1
Ni(to,t) = (-1)! (m—1) tl (m—1) (1 B t_o)

x [ In 1—t—0 —k;—k---—kL , I=1,m-1.
t m—1 m—1

It is evident that

where

(33) N = A(to)p(to) + 210) /F olt)de

(34) Bl(to) =

(—1)™(m — 1) [tl—m%am(to) e mtoam(to)}

Ty :/mZRe {al (to)Ni(to, ) /Hl (to,t1)Ni(t1, )dsl] o(t) ds

N~

+/Re [(=1)™(m — 1)!miHpy, (to, )t =™ | o(t) ds.
r

Moreover, (32) implies that the function A(tyg) can be written in the form

1

(385)  Alto) = 5 (~1)"(m — Dli [t} " pam (o) —%Tmtgam(to)} :
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By virtue of our assumptions about I', the coefficients ag(to), ..., am—1(to)
and operators Hj, and using the above-mentioned result from [12] it is not
difficult to establish that the operator T is compact in LP()(I';w).

3°. When m = 0, the boundary condition (30) takes the form

Re |:a0(t0)¢'(t0) +AHO(tO’t)@(t) d81| = f(to).

Applying representation (20) we come to equation (31), where A(t), o(t),
N(to,t) being calculated by the formulas given for them in preceding
subsection, where we should take m = 0, (—1)"(m — 1)! = 1 and
No(to,t) = t(t —to)~ ! (see [7, pp. 235-236]).

49, Let us calculate the index of the operator N or, which is the same,
of the operator N (given by equality (33)). This is equivalent to the
calculation of the index of the problem

A(t) — B(t)

(36) Ut(t) = A0 T B0 U~ (t), P(oo)= const

in the class KO (T;w) (see Remark 2 from Subsection 5° of Section 2).
From (34) and (35) we obtain

AWM =B T am(h)
CO= 0T8O~ ATan)

Denote by By, k= 1, \, the discontinuity points of this function and let
brx = w(By). Among the points By there are all points Ay, k= 1,1.
Put

ot _os) am(t)
tm—l F am(t

i0(s)

=€

~

and write equality (36) in the form
W () = exp {i(9(s) + 0(s))} (1),

The function G(t) = G(t(s)) = exp{i(¥(s) +6(s))} is piecewise-continuous.
Let

G(Br—)/G(Br+) = exp(2miug).

For problem (36) the index s (see Remark 2 from 5% of Section 2), which
depends on T', p, w and the numbers uy, is defined in the class KP()(T;w).
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59. The operator
(V'g)(6) = A)g(t) + [ Nlto.tha(s0) dso

considered in the space Lp/(')(I‘;w’l) is the conjugate operator to N (see
(31)).

Let for a pair of operators N and N’ the Noether theorems hold (see,
for instance, [4], [11]). We can assume that the conditions of Theorem 11
from [11] are fulfilled. From this theorem it follows particulary the following
statement.

Let w = exp {% Spgp} , where ¢ is a real piecewise-constant function,

T, (t)
)

Go(t) = G(t) exp(iep(t)) ( G(t)

and By, k= 1, X, are all discontinuity points of this function and G(Bg,po—) %
[G(Bk#p—i—)]*l = exp(2m’)\k), A = >\k,1 + i)\k’g, k=1, Ny .

If {Mp1} # m, k = 1,n,, then the operator N is Noetherian in
LPO)(T;w) and ind N = ind Gy, (t) = ».

Theorem 2. Let the conditions of Subsection 1° be fulfilled. Then for

Problem V to be solvable in the class Kg(;)m(F;w) it is necessary and

sufficient that for some real d the function f(to) = f(to) — do(to) should
satisfy the conditions

/f(tO)gk(SO) dso =0, k=1,n/,
T

where gi,...,gn are linearly independent solutions from the class
L”l(')(F;w_l) of the equation N'g =0, where N’ is the adjoint operator to
the operator N .

In order that Problem V has a solution, for any right-hand part of f it
is necessary and sufficient that n’ =0 or n’ =1 and in the latter case the
solution g of the equation N'g = 0 must satisfy the condition

(9,0) = /FQ(tO)U(to)dSo £ 0.

In both cases the homogeneous problem has » + 1 linearly independent
solutions (where » > —1).

If these conditions are misobserved, then: if (gr, o) =0 for any k = 1,7/,
then the homogeneous problem has s + n' linearly independent solutions,
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and if among the numbers (g, o) there is at least one nonzero number, then
it has »+n' + 1 solutions.

If o(t) = 0, then problem (30) is solvable for any right-hand part of
f(to) if and only if n’ = 0; in that case the homogeneous problem has »+ 1
linearly independent solutions.

We omit the proof of this theorem because it is analogous to that of the
respective I. Vekua’s theorem ([18], see also [15, pp. 238-240]).

6°. If we assume

(37) W (2) :/g(t)Q*(t,z) ds, zeD-,
ol
where
*(to, 2) Z {ak (to)Ni(to, 2) /Hk(to,t)Nk(t,z) ds},
—0 T

then the equation N'g =0 can be written in the form
(38) Re ¥~ (tp) = 0.

It can be easily verified that ¥(z) belongs to I?pDIE')(F;wfl). Thus the
function ¥ defined by equality (37) is a solution of the class K gg')(F;w_l)
of problem (38). In order to apply Proposition 1 given above to the case in
which p(t) is replaced by p/(t) and w(t) by [w(t)]~!, we have to calculate
the index s = 3¢ + 7 of problem (38). Since for the considered Riemann—
Hilbert problem a(t) + ib(t) = 1, we have 35 = 0. As to s, it is equal to
the order at the point z = oo of the rational function

w) = H(w — wg) "k
k=1

Here the numbers 7 are defined from relations (10) in which the function
£(t) is replaced by the function ¢'(¢) and the numbers «j by the numbers
(—ag). The number s is calculated by the equality
'(Ax) 2p' (Ax)

= N{Ay, :p/(A b= A — 2D
0 = N{Ak : p'( k)<Vk}+N{k k 1—Oékp/(Ak)<Vk<1_Oékp/(Ak) )
where N(E) stands for the number of elements of the set F [7, Subsect.
7).

Problem (38) has s¢ + 1 linearly independent solutions. We denote them
by Uo(2),T1(2),..., U, (2).
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Let
(39) Q(to, z) = Q*(to, 2) — Uo(2) — -+ — U, (2)
and

(40) Q(to, 2) = Q(to, z) — i Im Q(tg, 00).

Then from the definitions of the functions Q*, Wy,..., ¥, it follows that
for an arbitrary solution g of the equation N’g = 0 there holds the equality

(41) /g(t)Q(t, z)ds=0 Vze D .
r

By analogy with [15, p. 242] we call the function Q(tg, z) a kernel.
Now, following I. Vekua ([18], see also [15, pp. 242-243]), condition (41)
can be replaced by an equivalent condition

/ o(t)w; (t) ds = 0,
I

where w;(t) (j = 0,1,...) can be understood as any of the following
systems of functions:

(B1) wj(t) = Qt,2), 2z €D,

where zg, 21,... is an arbitrary sequence having a limit point in D~ ;
d7Q(t, 2)

(B) o= |02

where zy is an arbitrary fixed point in D~ ;
(33) wj(t):Xj(t)ﬂ j:Oa172a"'a

where Xg(t) = Re [ao(to) + fHo(to,t)ds}, Xplto) = Ly, v = t*,
T
k=12,...,

Lip = Z{ (to) ) (to) + /H (to,t) w%)ds}.

If k¥’ is a maximal number of linearly independent real functions g;(t)
orthogonal to the kernel (¢, z) or to all elements of the sequence {w;(t)},
then %’ is called the defect of the kernel or of the sequence {w;(t)}. In
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the considered case, k' coincides with n’ which is the number of linearly
independent solutions in Lp'(')(f‘; w™1) of the equation N’g = 0. Hence the
obtained results can be formulated as follows:

For Problem V to have a solution for any right-hand part of f(t) it is
necessary and sufficient that the defect of the sequence {w;(t)} (or of the
kernel Q(t, z) ) be equal to 0 or 1. Note that in the latter case the function
g(t), which is orthogonal to all elements of the sequence {w;(t)}, must not
be orthogonal to the function o(t).

5. Some Particular Cases

1°. Poincaré Problem. We will consider this problem formulated as
follows. Find, in the domain D7, a harmonic function u from the set

epD(jr)J(F;w) = {u :u=Re®, ®¢€ KPD(;)J(F;w)} )

for which a.e. on I' we have

(42) () DL 4 B(s) T2+ (s = f(s).

Here a(s), B(s), v(s), f(s) are the real functions given on I', s is an
arc abscissa, g—z is normal derivative. It is assumed that p € P(I'),
I' e CYAy,...,Asvn,..,v), 0 < vy < 2, k= 1,i; a and 8 belong
to Holder’s class, while v and f belong to LP()(T';w).

Let

a(t) = —a(s)sind(s) + B(s) cosI(s), b(t) = a(s)cos?(s) + B(s)sind(s),

where 9(s) is the angle formed between the tangent to I at the point #(s)
and the axis of abscissa. Then condition (42) takes the form

a(t) 2% 1 b(1) g—; CA(s(t)u = f(t), teT

which can be rewritten as

Re([(a(to) +ib(to))®’ (to) + Y (to)®(t0)] = f(to), to €T
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Using representation (21), for m = 1 we obtain the equality
N = Re [~mil(alto) + ib(to))] ¢(to)
+ / Re ['y(to)lne (1 - t—0> _ alto) +ib(to) o(t)ds = f(to)-
r

4 t—to

Let us assume that (a? + b?) > 0 (or, which is the same, o? + 5% > 0).
This time we have

t' a(—sind — icost) + B(cos ¥ — isind)

7 a(—sind +icosV) + B(cos ¥ + isin )

' —ait’ + Bt V(B -ai)  a+pi

T it + Bt T U(B+aei) a—fBi
Assume that
(43) n= o larg(a(t) + i8]y

where [f]r denotes an increment of the function f(t) when the point ¢
performs one-time movement along the curve I'. In that case the index of
the operator N (see (31)) is calculated by the equality s = s + 3¢1, where
1 = 2n and

() =N A acg Uit v (a0}

a0 )
+N{tk = A 1+ app(Ax) SPRS T arp(Ag)

(recall that Ay are the angular points of I' and «j are power exponents
from weight (5)). The kernel Q(to, z) is given by equalities (39)—(40), where

(L(to) + Zb(to)

Q*(t5,2) = to — 2

+(to)Ine (1 _ t—o) .

z
Besides, in our case o(tg) = 0 and therefore by virtue of the above results
we come to an analogue of I. Vekua’s theorem ([18], see also [15, p. 245]).

Theorem 3. For the Poincaré problem to have a solution in the class
6%(2 (T;w) for any right-hand part of f(t) it is necessary and sufficient
that the equation

N'g= Re{ it} [a(to) + zb(to)]} g(to)
{ (to) 1ne< %)—FW}Q(?ﬁ)dSzO
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would not have nonzero solutions in the class Lp'(')(f‘;wfl),

When this condition is fulfilled, the problem has »+1 linearly independent
solutions, where »x = 2n+ 3 (n is calculated by equality (43) and s by
equality (44)).

20, Neumann Problem in the Class eljj(;r) (I;w). The Neumann

problem

(45) Lpy

for the Laplace equation is a particular case of the Poincaré problem. It
reduces to the problem

Re [ity®' (to)] = f(to)

considered in the class epD(jr)_l(I‘;w).
The boundary value problem (38) reduces to the problem

Ut (t) =W (t), W¥(c0)= const,
whose conjugate problem is
Fr(t)=F~(t), FeK'OT;w™).
Assuming that p'(Ag) # v holds for all k, the latter problem has
#(p';w™t) solutions, where
elp'sw™) = N { A An g i) p/(A0) < i

p'(Ax) 2p'(Ay) }
— A, PR _ APk)
—H\/{tk AR agp'(Ag) SURS T arp'(Ax)

(see [7]). Thus »(p’;w=!) + 1 conditions must be fulfilled in order that
problem (45) be solvable.
When w = 1, this number of conditions is equal to s(p’;1), where

#(p';1) =N {Ax: p'(Ag) < vi}.

In that case for the Neumann problem we have 3(p’;1) + 1 solvability
conditions. Assuming that (9) holds and the solvability conditions are
fulfilled, a general solution of problem (45) contains s(p; 1) real constants,
where

x(p;1) = N{Ar: p(Ar) <wi}.
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