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1. Statement of problem and formulation of main results

On the interval [a, b], we consider the differential system

dU1 A
a p1(O)|ua|™ sgnuy + qi(t, uy, uz),
duz i (11)
a0 p2(t)|ur]™? sgnuy + q2(t, ug, up)
subjected to one of the following boundary conditions,
ap b
/ 11 (5) dots (5) = ya(ut, 1), /b 11(5) dats (5) = yaty, ) (12)
a 0
and
ag b
/ ui(s) dory (s) = y1(uq, up), /b U (s) dara (s) = ya(uq, up). (1.3)
a 0

In the case, where A1 = A, = 1, problems (1.1), (1.2) and (1.1), (1.3) as well as their particular cases are studied in detail
(see, e.g.,[1-18] and the references therein). As for the case, where system (1.1) is half-linear, i.e., if

)\,] > O, )\,] # 1, )\,])\2 = 1, (14)
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as far as we know there is still a broad field for further investigation (Fredholm type results for a particular case of (1.1)
can be found, e.g., in [19-21]; comparison theorems and their applications are obtained in [22-24]; for some results closely
related to those given below see also [25,26]). In this paper, we try to fill this gap in a certain sense. For problems (1.1),
(1.2)and (1.1), (1.3) we prove Fredholm type theorems (see Section 1.1), which allow one to derive new efficient solvability
criteria in Sections 1.2 and 1.3.

The following notation is used throughout the paper: N and R denote the sets of all natural and real numbers, respectively,
R4 = [0, 4o0[. For any x € R, we put

1 1
]+ = - (Ix[ + %), [X]- = = (Ix] —x).
2 2
C stands for the Banach space of continuous functions u: [a, b] — R endowed with the norm
lulle = max{[u(t)| : a <t < b}.

Moreover, we denote

—1-A

142

oy = 2 gin T for . > 0 (15)
T 1+A

A A

( [ hes) ds) ( 12 h(s) ds)
A A

(fat h(s) ds) + (ftb h(s) ds)

if h: [a, b] — R, is a Lebesgue integrable function which is not equal to zero on a set of positive measure.

In what follows we assume that p;: [a, b)] — R (i = 1, 2) are Lebesgue integrable functions and g;: [a, b] x R?> —
R (i = 1, 2) are functions integrable in the first argument and continuous in the last two arguments. As for the boundary
conditions, a < ag < b,a < by < b,a;:[a,ap] — R and a5:[bg, b)] — R are functions of bounded variation, and
y;: C X € — R (i = 1, 2) are continuous functionals.

A pair (u1, uy) of functions u4, uy: [a, b] — Ris said to be a solution to system (1.1), if the functions u4, u, are absolutely
continuous and satisfy both equations in (1.1) almost everywhere on [a, b]. A solution (uq, u) to system (1.1) verifying
boundary conditions (1.2) (respectively, (1.3)) is called a solution to problem (1.1), (1.2) (respectively, (1.1), (1.3)).

For every o > 0 and almostall ¢ € [a, b], we put

and

nCh, M) (t) == fora<t<b, A >0, (1.6)

2
q(t,0) = ZmaX{lqs_k(t,xl,Xz)l Hlxd < 0™, ksl < Q} (1.7)
k=1

and

2
7@ =Y sup{lntur ul : luslle < o, Iuzlle < 0},
k=1

5 (1.8)
7@ =Y sup{lys-stur, w)| < fuille < 0™, Jus-ille < e}.
k=1
Problems (1.1), (1.2) and (1.1), (1.3) will be investigated under the assumptions
b x *
S, .
lim / TG0 4o im 1@ _g (1.9)
0>+ Jq 0 o—~>+00 0
and
b * *
s, .
lim / 760450 1im 1@ _o, (1.10)
o—>+oo J, 1] 0—+o00 0
respectively. For example, in view of (1.4), for the validity of relations (1.9) it is sufficient that the inequalities
e 3 x0) = (14 bl paoB) (k=1,2) (1.11)

and

it u)| < 7 (14 lE + el $ ) (=1.2)



1. Kiguradze, J. Sremr / Nonlinear Analysis 74 (2011) 6537-6552 6539

are satisfied on the sets [a, b] x R? and € x G, respectively, where r is a positive constant and ¢ is a positive number small
enough. As for the validity of relations (1.10), it sufficient to assume that, together with (1.11), the inequalities

it w)l < (14 e + usille ™) (=1.2)
hold.

1.1. Fredholm type theorems

For any & € [0, 1], we consider the half-linear differential system

du1 M up X
a up1(t)|uz|*! sgnuy, a up2(t)|ug|* sgnuy (1.1,)
together with the homogeneous boundary conditions
ap b
/ u(s) da(s) =0, / uy(s) day(s) =0 (1.29)
a bo
and
ap b
/ uy(s) day(s) =0, / uz(s) da(s) = 0. (1.3)
a bo

Theorem 1.1. Let

)\,] > 1, )\,1)\.2 = 1, (1]2)
o1, ap be non-decreasing functions satisfying the inequalities
a1(ap) > a1(a),  aa(b) > aa(bo), (1.13)
bo
ap < b, f pi(s)ds # 0, (1.14)
ag

and there exist o € {—1, 1} such that
opi(t) >0 forae.t € |a,b]. (1.15)

Moreover, let for every u €10, 1] problem (1.1,), (1.20) have only the trivial solution and conditions (1.9) hold. Then
problem (1.1), (1.2) possesses at least one solution.

Remark 1.1. The assumption in Theorem 1.1 that problem (1.1,), (1.2¢) has only the trivial solution for every n €]0, 1]

cannot be weakened to i €]0, 1[. Indeed, let A; > 0,A; = 1/A1,p1(t) = —1,pa(t) = (%)p,ql(t,xl,xz) — 0, and
q2(t, X1, X2) = 1, where
2
T[p:(p—])l/P'_nn, p=1+x,. (1.16)
psin 7

Moreover, let y4(vq, v2) =0k = 1,2),a < ag < by < b, and

_J0 fors=a, __J0 fors e [bo, bl,
i (s) = {1 fors €la, ap], a(s) = {1 fors = b. (1.17)
Then problem (1.1), (1.2) has the form
p
dU1 M dU2 Tp A
— = — ) - = 17
i [uz|*! sgnuy i P [uq|*? sgnuq +

u(a) =0, uy(b) = 0.

It follows from [27, Section 1] that problem (1.1,), (1.29) has only the trivial solution for every u €]0, 1[. However,
[27, Theorem 2.1(b)] yields that problem (1.1), (1.2) has no solution.

Theorem 1.2. Let conditions (1.4) and (1.13) be satisfied. Moreover, let for every u €]0, 1] problem (1.1,,), (1.3¢) have only the
trivial solution and conditions (1.10) hold. Then problem (1.1), (1.3) possesses at least one solution.
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Remark 1.2. The assumption in Theorem 1.2 that problem (1.1,), (1.3¢) has only the trivial solution for every n €]0, 1]
p

cannot be weakened to i €]0, 1[. Indeed, let A1 > 0, A, = 1/A1,p1(t) = —1,pa(t) = ,q1(t,x1,%) = 0, and

7p
2(b—a)
q2(t, X1, x) = 1, where the numbers m, and p are defined by formulas (1.16). Moreover, let yx(v1, v2) = 0(k = 1,2),a <
ap < bg < b, and the functions a1, o, are given by relations (1.17). Then problem (1.1), (1.3) has the form

P
du; N duy TTp »
— = —|up|** sgnuy, — === lm|*?sgnu; +1,
i lua|™" sgnuy ” 20— a) lur|** sgnuy

u(a) =0, up(b) = 0.

Itis not difficult to deduce from discussion presented in [27, Section 1] that problem (1.1,,),(1.3¢) has only the trivial solution
for every u €]0, 1[. However, as follows from [27, Theorem 2.1(b)], problem (1.1), (1.3) has no solution.

1.2. Solvability conditions for problem (1.1), (1.2)
In this section, we present new efficient conditions guaranteeing the solvability of problem (1.1), (1.2).

Theorem 1.3. Let conditions (1.9), (1.12)-(1.14) be satisfied and the functions o, a; be non-decreasing. Moreover, let there
exist numbers o € {—1, 1} and pg > 0 such that

opi(t) >0, opa2(t) > —polp1(t)| forae.t € [a,b], (1.18)

and

b 14Xy
P0</ Ip1(5)|d5) <2200y, (1.19)

where the function € is defined by relation (1.5). Then problem (1.1), (1.2) has at least one solution.

Remark 1.3. The example constructed in Remark 1.1 also shows that the strict inequality (1.19) in Theorem 1.3 cannot be
replaced by the non-strict one.

Theorem 1.4. Let conditions (1.9), (1.12)-(1.14) be satisfied and the functions o, a; be non-decreasing. Moreover, let there
exist a number o € {—1, 1} such that along with (1.15) the inequality

b
/ n(p1l, A2)()[opa(s)]- ds < 1 (1.20)

holds, where the operator 1 is defined by relation (1.6). Then problem (1.1), (1.2) has at least one solution.

As an example of non-local boundary conditions (1.2) we consider the multi-point conditions

mq m
> Budti (@) = yi(ur, ua), Batr(bi) = ya (s, up), (1.21)
k=1 k=1

wherea <a; < --- < ap, < dg,bg < by <--- < by, <b,and By are positive numbers (k=1,...,m;, i =1,2).

Theorems 1.3 and 1.4 immediately yield

Corollary 1.1. Let conditions (1.9), (1.12) and (1.14) be satisfied and there exist numbers ¢ € {—1,1} and po > 0
(respectively, a number o € {—1, 1}) such that inequalities (1.18) and (1.19) (respectively, (1.15) and (1.20)) hold. Then
problem (1.1), (1.21) possesses at least one solution.

1.3. Solvability conditions for problem (1.1), (1.3)

In this section we present new efficient conditions guaranteeing the solvability of problem (1.1), (1.3).
Put

ai(s) = a1(ap) forag <s <b, ay(s) = az(bo) fora <s < by, (1.22)
and

8i(s) = max{|a;(s) — (@), |ei(b) — ei(s)|} fora <s=<b, i=1,2. (1.23)
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Theorem 1.5. Let conditions (1.4) and (1.10) be satisfied,
a1(ap) —aq(a) =1, az(b) — aa(bo) = 1, (1.24)

and

b b M
/51(S)Ip1(5)ld5</ 52(5)|P2(5)|d5> <1 (1.25)

Then problem (1.1), (1.3) has at least one solution.

Theorem 1.6. Let the functions o1, a» be non-decreasing,
ap < bo, ai(agp) > a1(a), aa(b) > az(bo), (1.26)
and conditions (1.4) and (1.10) hold. If, moreover, for each o € {—1, 1} one of the inequalities

M

b b
/ [opl(S)]+< / [opz@)]_ds) ds < 1 (127)

b S A2
f [op2<s>]_< / [om(smds) ds < 1 (128)

is fulfilled, then problem (1.1), (1.3) possesses at least one solution.

and

Theorem 1.7. Let the functions a1, o, be non-decreasing and conditions (1.4), (1.10) and (1.26) hold. Moreover, let there exist
numbers o € {—1, 1} and pg > 0 such that inequalities (1.18) are satisfied and

b 144
Po (/ Ip1(s)] dS) < L(x2), (1.29)

where the function € is defined by formula (1.5). Then problem (1.1), (1.3) has at least one solution.

Remark 1.4. The example constructed in Remark 1.2 also shows that the strict inequality (1.29) in Theorem 1.7 cannot be
replaced by the non-strict one.

At last we consider the case, where boundary conditions (1.3) have the form

Zﬂikui(tik) =yi(u,up) (i=1,2) (1.30)

k=1

in which ty € [a,b]and By € R(k = 1,...,m;, i = 1,2). The following statements follow immediately from
Theorems 1.5-1.7.

Corollary 1.2. Let

m;
Z,Bikzl fori=1,2

k=1

b b M
30/ |p1(s)|ds</ |p2(s)|ds> <1,

where

my my M
8o = (Z |ﬂ1k|) (Z |ﬂ2k|> :
k=1 k=1

If, moreover, conditions (1.4) and (1.10) be satisfied, then problem (1.1), (1.30) possesses at least one solution.

and
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Corollary 1.3. Leta < t;j <ty <b(=1,....my,k=1,...,m), Bu >0(k=1,...,m, i =1,2), and conditions (1.4)
and (1.10) be satisfied. Moreover, let either for each o € {—1, 1} one of inequalities (1.27) and (1.28) be fulfilled, or there exist
numbers 0 € {—1, 1} and py > 0 such that inequalities (1.18) and (1.29) hold. Then problem (1.1), (1.30) has at least one
solution.

2. Auxiliary statements

In this section we establish auxiliary statements that will be used in the proofs of the main results. For the sake of clarity
we divide lemmas into the following five subsections.

2.1. Lemmas on properties of solutions to a certain first-order differential inequality

Let h:[a,b] — R, be a Lebesgue integrable functions, which is not equal to zero on a set of positive measure,
uy: [a, b] — R be an essentially bounded measurable function, and A be a positive parameter.
Consider the differential inequality

|y (6)] < h(t)Jua ()| (2.1)

A function uq: [a, b] — R is said to be a solution to inequality (2.1), if it is absolutely continuous and satisfies inequality
(2.1) almost everywhere on [a, b].

Lemma 2.1. Let ty € [a, b] and uy be a solution to differential inequality (2.1) satisfying the condition

uy(t) = 0. (2.2)
Then
t A2 t
lup ()2 < f h(s) ds / h(s)|uy(s)|" ™1 ds| for t € [a, b] (2.3)
fo to
and
b b 1+1p b
£(X) / h(s)lul(s)ll“zdss( / h(s)ds) f h(s)|uz(s)|"**1 ds, (2.4)

where A, = 1/ and the function ¢ is defined by formula (1.5).

To prove this lemma we need the following result that belongs to A. Levin.

Lemma 2.2 (A. Levin, [28]). ' Let A > 0, ¢ > 0, X, € [0, c], and u: [0, c] — R be an absolutely continuous function such that

u(xo) =0, / C [u' ()] dx < 4-o00. (2.5)
0

Then

m)/c lu(x)|" dx < CW/C [u' (x)] dx, (2.6)
0 0

where the function ¢ is defined by relation (1.5).
Proof of Lemma 2.1. In view of condition (2.2), it follows from inequality (2.1) that

145y

lup (£)|72 < / h(s)|uz(s)|*! ds fort € [a, b]. (2.7)

to

On the other hand, by using the Holder inequality, we obtain

t Ay #
/ hW(s)(h(s)luz(s)P“l) 2 4

to

f h(s)ds
to

fort € [a, b] which, together with (2.7), results in desired estimate (2.3).

t
/ h(s) s (s) [ ds

to

Ay 1
T+4 T+i;
=

/ h(s)|ua(s)| "1 ds

to

T see also [29, Theorem 256].
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It remains to show the validity of inequality (2.4). Let ¢ > 0 be arbitrary but fixed. We put

X = / (¢ + h(s)) ds, u(x) = uq(t) fort € [a, b], (2.8)

and

to b
Xo = / (¢ + h(s)) ds, c= / (¢ + h(s)) ds.

Then the function u: [0, c] — R is absolutely continuous. Moreover, by virtue of assumptions (1.4), (2.1) and (2.2), the

relation
1+X,
l-‘r)\.z h(t)
< t A < t 1+Aq
< (g+h(t)|u2()| < lua ()|

uy(6)
&+ h(t)

[ (o2 =

holds for a.e. x € [0, c], u(xg) = 0, and

c b
' (X)) dx < / (¢ + h(s))luz(s)] ™1 ds < +o0. (2.9)
0 a

Consequently, condition (2.5) with A = A, is satisfied and thus Lemma 2.2 yields that relation (2.6) holds. Hence, in view of
(2.1),(2.8) and (2.9), it follows from (2.6) that

b b
mz)/ (g + h(9))lu1(s)] "2 ds < (/ (¢ + h(s)) ds)

Letting ¢ — 0 in the last inequality gives desired estimate (2.4). O

1+1,

b
/ (g + h(s)) |ua(s)| "4 ds.

Lemma 2.3. Let a < t; < t; < b and uy be a solution to differential inequality (2.1) such that

uy(ty) = uq(tz) = 0. (2.10)
Then
[5)
lur ()2 < n(h, Az)(t)/ h(s)|uy(s)|"**1 ds fort € [ty, 1] (2.11)
t
and
ty ty 142, t
21“2z(,\2)/ h(s)|u;(s)|"T*2 ds < (/ h(s) ds) / h(s)|uz(s)| 1 ds, (2.12)
t1 t1 t

where Ay = 1/), the function £ and the operator n are defined by formulas (1.5) and (1.6), respectively.

Proof. In view of equalities (2.10), it follows from Lemma 2.1 that

|U1(t)|1+kz < ( h(S) ds h(s)|u2(s)|1+’\1 ds

( h(s) ds) h(s)|u2(s)|1“1 ds fort e [ty, t]

and

A2
ty t
|u1(t)|1+)~2 < (/ h(s) ds) / h(S)|u2(s)|l+)‘1 ds
t t

b A2 ty
< (f h(s)ds) / h(s)|ux(s)|"*1ds fort € [ty, t].
t t

Consequently, we have

I

A2 A2

¢ A2 b ¢
luy (8)]2 < (/ h(s)ds) (/ h(s)ds) /h(s)|u2(s)|1“1 ds fort € [ty, t]
a t t
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and

t *2 ¢ A2 b b2y
(/ h(s)ds) |u1(t)|1“25</ h(s)ds) (/ h(s)ds) / h(s)|ua(s)|"*1ds fort € [ty, to].
a a t t

Summing the last two inequalities results in

¢ *2 b 2
[(/ h(s)ds) +(/ h(s)ds) }m](t)ﬂ“z
t *2 b b2
5(/ h(s)ds) (/ h(s)ds) / h(s)|ux(s)|" 1 ds fort € [ty, t]
a t 5]

which, in view of notation (1.6), guarantees the validity of estimate (2.11).
It remains to show that inequality (2.12) also holds. Indeed, let ty € [t;, to] be such that

to ty ‘l ty
/ h(s)ds = / h(s)ds = = / h(s) ds.
t1 to 2 5]

Then, by virtue of equalities (2.10), it follows from Lemma 2.1 that

1+Ap

to to
( / h(s) ds) / h(s)|uy(s)|"™*1 ds
tq t1

14+1

ty to
= o (/ h(s)ds) / h©lu ()] ds

t 1+Ap t
( / h(s) ds) f h(s)|uy(s)|"™*1 ds
to to

14+Ap

ty ty
=211A2 (/ h(s)ds) / h(s) ()| ds,

fo

IA

to
E(Kz)/ h(s)uy (s)]"*2 ds
5]

and

IA

)
E(Xz)/ h(s)uy (s)]"*2 ds
to

whose summing we obtain desired estimate (2.12). O

2.2. Lemmas on properties of solutions to system (1.1,,)
Throughout this section we assume that u €]0, 1] and that condition (1.4) holds.

Lemma 2.4. Let ty € [a, b]. Then system (1.1,,) has only the trivial solution satisfying the initial conditions

ui(t) =0 (i=1,2).

Proof. Let (uy, uy) be a solution to problem (1.1,,), (2.13). Put

u(t) == max{|u1(s)| :0<(s—ty)sgn(t —tg) < |t — t0|} fort € [a, b]

t
/ Ip2(s)| ds
to

Then, by virtue of conditions (1.4) and (2.13), we get from (1.1,,) the relation

t
f [p1(s)]
to

t
/ p(s)u(s) ds

to

and
A

p(t) = |p1(t)| fora.e.t € [a, b].

A1

u(t) < ds

/ Ip2(&)| Jur(§)™ dé
to

< fort € [a, b].

(2.13)
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By using the Gronwall-Bellman lemma we get from the last inequalities that u(t) = 0. Consequently, we have u;(t) = 0
and u(t) = f P2()lur ()2 ds = 0. D

Lemma 2.5. Let a < t; < t; < band (uy, up) be a solution to system (1.1,,) such that
ui(t)uz(tz) = ug(t)uz(ty). (2.14)
Then

ty [5)
/ P1(©®)|uz(s)1ds = —/ p2(9)[ua ()2 ds. (2.15)

t f
Proof. By direct calculation we get

5] t)
M/lMWW@W“$=/‘%®m®m

5]

= u(t2)uz(t) — uq(tuz(ty) —/ uy (s)uy(s) ds

f

5}
= —u/ p2(9)[ur(s)|'*2ds. O
5]

Lemma 2.6. Let a < t; < t; < band (uy, uz) be a nontrivial solution to system (1.1,,) such that
u(t) =0 (i=1,2). (2.16)
Then

)

)
/ IP1(9)] [ua(s)|"**1ds > 0 and / Ip2(9)] [ur(s)|"**2 ds > 0. (2.17)

tq f
Proof. Assume that, on the contrary, at least one of inequalities (2.17) is violated. Then, by virtue the integral representations
t
u(t) = p / p1(9)[uz(s)[* sgnuy(s)ds fort € [ty, t,]

5]

and
[5)
up(t) = —M/ p2(9)|ui(s)|*? sgnuy(s)ds fort € [t, b,
t

itis clear that u;(t) = O and u,(t) = Ofort € [t;, t;]. Consequently, Lemma 2.4 guarantees that u;(t) = Oand u,(t) =0
on [a, b], which contradicts the assumption of the lemma. O

2.3. Lemma on the unique solvability of problem (1.1,,), (1.2¢)

Lemma 2.7. Let conditions (1.4), (1.13) and (1.14) be satisfied and the functions o1, o, be non-decreasing. Moreover, let
there exist numbers ¢ € {—1,1} and pg > O (respectively, a number ¢ € {—1, 1}) such that inequalities (1.18) and
(1.19) (respectively, (1.15) and (1.20)) hold. Then, for every n €10, 1], problem (1.1,,), (1.2¢) has only the trivial solution.

Proof. Assume that, on the contrary, (u1, uy) is a nontrivial solution to problem (1.1,,), (1.2¢) with some p €]0, 1]. Since the
functions o1, o are non-decreasing and satisfy inequalities (1.13)and (1.14), there exist t; € [a, ag] and t, € [bg, b], t; < t3,
such that equalities (2.10) are fulfilled. The integration of the first equation in (1.1, ) from t; to t; results in

5}
/pmmmmwmm@mzo
5]
which, together with assumptions (1.14) and (1.15), guarantees that there is a point ty € [t1, t;] such that

Uz(to) =0. (218)
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Clearly, ty > t; because, in the contrary case, we obtain a contradiction with the assertion of Lemma 2.4. Therefore, in view
of (2.10) and (2.18), Lemma 2.6 yields

) to
/ Ip1(s)] lua ()] ds Z/ Ip1(s)] Ju2(s)|' 1 ds > 0. (2.19)
tq 5]
On the other hand, it follows from Lemma 2.3 with h(t) = |p;(t)| that
14Xy
ty ty t
2]“26@2)/ Ip1(s)] lus (s)|"*2 ds < (/ Ip1(5)|d5) / IP1($)] [u2(s)]"1 ds (2.20)
5] f f
and
[5)
|mmﬁhsmmuwm/|m®WﬂW“msmneM@L (2.21)
f

where the function £ and the operator 7 are defined by formulas (1.5) and (1.6), respectively. By using inequalities (1.18)
and (2.20) (respectively, (1.15) and (2.21)) and Lemma 2.5 we get

t 0
/ Ip1(s)] [ua(s)[" 41 ds = / (—Upz(S))|u1(S)|1+A2 ds

5] f

)
sm/|m@W@me

f

b o
Po 2 142
< T72000) (/a Ip1(s)] dS) /r] Ip1($)| [uz(s)] ™" ds

) ty
(mmmwm/ mmwmm”“m=f(ﬂwwmmmﬁh¢

f f

5}
s/[wmnWﬂwW¢

b ty
ffﬂwwMWMm®]$f|m@mww%¢)

f

which, in view of (2.19), contradicts assumption (1.19) (respectively, (1.20)). O

2.4. Lemmas on the unique solvability of problem (1.1,,), (1.3)

Lemma 2.8. Let conditions (1.4), (1.24) and (1.25) be satisfied, where the functions §1, 8, are defined by formulas (1.22) and
(1.23). Then, for every u €]0, 1], problem (1.1,,), (1.3¢) has only the trivial solution.

Proof. Let (u;, uy) be a solution to problem (1.1,,), (1.39) with some p €]0, 1]. Then, in view of (1.22) and (1.24), equalities

b
/ ui(s) dei(s) =0,  ai(b) —ei(@) =1 (i=1,2)

are satisfied. Therefore, u; and u, admit the integral representations

b
u](t)=M/ g1(t, $)p1(s)|uz(s)* sgnuy(s)ds fort € [a, b],
a (2.22)

b
Uy (t) = M/ 8 (t, $)p2(9)|u1(s)*2 sgnuy(s)ds fort € [a, b],

where

oi(s) —ai(a) fors <t, .
&(t.9) = {ai(s) —a(b) fors>¢ (=12

Moreover, in view of (1.23), we have

lgi(t,s)| < 6i(s) fora<s, t<b, i=1,2. (2.23)
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Put
0i = |luille fori=1,2.
Then, by virtue of (1.4) and (2.23), it follows from equalities (2.22) that

b b
01 < 0} / 51(9)Ip1(s)|ds, 02 < 0} f 8,(5)|pa(s)| ds,
a a

whence we get

b b
01 §Q1/ 51(S)|P1(S)|ds</ 5z(S)Ipz(S)IdS>

Consequently, in view of inequality (1.25), we obtain o; = 0and o, = 0,i.e,u;(t) =0({ =1,2). O

A1

Lemma 2.9. Let the functions a1, o be non-decreasing and conditions (1.4) and (1.26) hold. If, moreover, for eacho € {—1, 1}
one of inequalities (1.27) and (1.28) is satisfied then, for every p €]0, 1], problem (1.1,,), (1.3¢) has only the trivial solution.

Proof. Assume that, on the contrary, (u;, uy) is a nontrivial solution to problem (1.1,), (1.3¢) with some p €]0, 1]. Since
the functions o1, ap are non-decreasing and satisfy inequalities (1.26), there exist t; € [a, ap] and t, € [bg, b] such that

u(t) =0 (i=1,2). (2.24)
Clearly, Lemma 2.4 yields

t1 < ty, u(ty) #0, ui(t) # 0.
Therefore, we can assume without loss of generality that

u(t) >0 fort; <t <ty, ouy(t) >0 fort; <t <ty, (2.25)

whereo € {—1, 1}.
By using relations (2.24) and (2.25), from (1.1,,) we get the inequalities

t
0 <u(0) < / [P ®)]slus @) ds forty <t <t
A (2.26)
0 <ouy(t) < / [op2(s)]-|ui(s)|*?ds fort; <t < t,.
t

Let
o0i = max{|u;(t)| : t € [t1, ]} fori=1,2.

Clearly, o1 > O and g, > O.
If inequality (1.27) holds then, in view of relations (1.4), it follows from inequalities (2.26) the contradiction

ty ty M ty ty i
01 < / [op1(9)]+ (/ [op2(&)]-u1(§)[*2 df;‘) ds < 91[ [op1(s)]+ (/ [op2(§)]- dé) ds < 01.
1 s t1 s

If inequality (1.28) is satisfied then, by virtue of relations (1.4), from inequalities (2.26) we get

t s *2 t s A2
0s < / [apz(S)]_< / 0Py (E)] [ ()] dé) ds < 0 f [opz(S)]_( f [opl(smds) ds < o2,
f

5] f f

which is a contradiction. The contradictions obtained prove the lemma. O

Lemma 2.10. Let the functions a1, oy be non-decreasing and conditions (1.4) and (1.26) hold. Moreover, let there exist numbers
o € {—1,1} and py > 0 such that inequalities (1.18) and (1.29) are satisfied, where the function £ is defined by formula (1.5).
Then, for every u €]0, 1], problem (1.1,,), (1.3¢) has only the trivial solution.

Proof. Assume that, on the contrary, (u;, uy) is a nontrivial solution to problem (1.1,), (1.3¢) with some p €]0, 1]. Since
the functions a1, o are non-decreasing and satisfy inequalities (1.26), there exist t; € [a, ag] and t, € [bg, b] such that
equalities (2.24) hold. Clearly, t; < t; because, in the contrary case, we obtain a contradiction to the assertion of Lemma 2.4.
Therefore, Lemma 2.6 yields

t
/ [p1(s)| Juz(s)|"t*1 ds > 0. (2.27)

f
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On the other hand, it follows from Lemmas 2.5 and 2.1 with h(t) = |p;(t)| that equality (2.15) holds and

t ty 1432 ty
5()»2)/ p1(9)] |t ()]"+"2 ds < (/ Ip1(s)| dS) / p1(8)] [ua(s)| "1 ds, (2.28)
tq 5] t

where the function £ is defined by formula (1.5). By using relations (1.18), (2.15) and (2.28) we get

)

/1W®Wﬂwm“=f(wm®mmWW¢§mfmwmmwmws

5] 5] f

b 1+4; b
géj)?z) (/ |P1(S)|d$> / Ip1(5)| |z ()1 ds,

which, in view of (2.27), contradicts assumption (1.29). The contradiction obtained proves the lemma. O

2.5. Lemmas on the solvability of problems (1.1), (1.2) and (1.1), (1.3)

Along with problems (1.1), (1.2) and (1.1), (1.3) we consider the problems

dU1 A
el (1—-9$8)ouy + S[pl(t)luZl Tsgnu, + Ch(t, urg, uZ)],
(2.29)
duy A
a = (S[p2(t)|u1| sgnu; + CI2(t, uy, uz)],
agp b
/ u1(s) dori (s) = 8y (ug, un), / u1(s) daz(s) = 8y2(ur, uy) (2.30)
a bo
with o € R and
du
Tl = S[pl(t)|u2|)“ sgnu; + adi (ta Uy, u2):|s
t (2.31)
dUQ A2
& :5[p2(t)|u1| sgn Uy +q2(t, U1,U2)],
ag b
/m@m@=mwmx fwwmmzmwm) (2.32)
a bo

depending on a parameter § €]0, 1[.

Lemma 2.11. Let ay < by, the functions «q, o, be non-decreasing and satisfy inequalities (1.13). Moreover, let there exist
numbers o € {—1, 1} and o > O such that, for any § €]0, 1[, every solution (uq, u) to problem (2.29), (2.30) admits the
estimate

luille + lluzlle < o. (2.33)
Then problem (1.1), (1.2) has at least one solution.

Proof. According to [30, Corollary 2], in order to prove the lemma it is sufficient to show that, for every o € {—1, 1}, the
system

dU1 dUQ

— =0y, 2 _0 (2.34)
de de
has only the trivial solution satisfying boundary conditions (1.2g).

Indeed, let (uq, uy) be a solution to problem (2.34), (1.2¢) with some ¢ € {—1, 1}. Since the functions &, &y are non-

decreasing and satisfy inequalities (1.13), there exist t; € [a, ag] and t, € [bg, b] such that t; < t, and equalities (2.10) are
fulfilled. The integration of the first equation in (2.34) from ¢ to t; results in

)
0/ up(s)ds =0,
t

which guarantees that there is a point ty € [t1, t;] such that u;(ty) = 0. Consequently, (2.34) yields u,(t) = 0and u(t) =0
aswell. O

Lemma 2.12. Let inequalities (1.13) hold and there exist a number ¢ > 0 such that, for any § €]0, 1, every solution (uy, u) to
problem (2.31), (2.32) admits estimate (2.33). Then problem (1.1), (1.3) has at least one solution.
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Proof. The validity of the lemma follows immediately from the above-mentioned [30, Corollary 2] because it is clear that,

in view of inequalities (1.13), the system
dU1 . duz _

de O de
has only the trivial solution satisfying boundary conditions (1.35). O

3. Proofs of main results

Proof of Theorem 1.1. Assume that, on the contrary, there is no solution to problem (1.1), (1.2). Then, according to
Lemma 2.11, there exist sequences (u1n)n+:°‘1°, (u2n)n+j§’ of functions absolutely continuous on [a, b] and a sequence (8,1);“;"1J of
numbers from the interval ]0, 1[ such that the relations

ap b
/ 3n(s) dars (5) = 8ay1 (tins Uzn), f Un(s) dara(5) = 8aya(tins Uzn),
a bo
i (6) = (1= 8,)0 () + 8ap1 (0)tizn(6) " 580 U (6) + 8001 (£, n(0), Uz (1)) for ace. € € [, b,
Uy (£) = 8nP2 (D) |u1n (D12 sgnugn(t) + 8nGa(t, U1 (t), Uzn(t)) forae.t € [a, b],

and

lumlle + lluzlls' > n (3.1)

are satisfied for every n € N. Put

on = llunlle + luzll’ forn e N (32)
and
Up(t Upp (E
2@ =" 0 = Z”A(z) fort € [a,b], n € N. (33)
n On

Then, for any n € N, we have

Izinlle + llznlle’ = 1, (3.4)
ag 8n b 6n
| 20 den© = Sy, [ 206 dans) = 2t ) (35)
a @n bg n
/ Z2n(t) M (Sn
21, () = (1 = 8n)0 == + 8np1(O)122n (O™ sgN 220 () + on q1(t, urn(t), uzn(t)) forae.t € [a, b], (3.6)
On n
and
8n
2, (1) = 8,2 (1) |21 (0)|*2 sgn 215 (1) + —5 02 (t, uin(t), uze(t)) forae.t € [a, bl. (3.7)
On
By using relations (1.7), (1.12) and (3.2), we obtain
Sn Sn
— |1 (t, win(0), uzn ()| < = q*(t, 0n) forae.t €la,b], neN (3.8)
On On
and
8n Sn A
— |g2(t, u1n(0), uzn(®))| < ;4 (t,o;?) forae.telab], neN. (3.9)
On n
Therefore, in view of (1.12), (3.1), (3.2), (3.4), (3.8) and (3.9), the equalities (3.6) and (3.7) yield
t t %
q* (&, on)
1Zin(t) =z ()| = [ A+ [p1(E)DdE+ | ———— d§ fora<s<t<b neN (3.10)
N S n

and

t - A
|z2n(t)—z2n(s>|sf |pz(5)|ds+/ "(Z;i’")ds fora<s<t<b neN. (3.11)
N N

n
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Since we suppose that fab @ ds — 0as o — +o9, it follows from (3.1), (3.2), and [31, Corollary 1V.8.11] that, for any
& > 0, there exists w > 0 such that

* £ )‘2
S’
/Q(S7Qn)ds<€’ /Q(Qn)ds<8
E E

on or’

forevery E C [a, b], mesE < w, and all n € N. Consequently, relations (3.4), (3.10) and (3.11) guarantee that the sequences
(zln):j? and (zan ,L"‘f are uniformly bounded and equicontinuous. We can thus assume without loss of generality that there
existzy,z, € € and u € [0, 1] such that

lim 8, =pu (3.12)
n—+00
and
lim ||zin — z1]le =0, lim ||zzn — 22]le = 0. (3.13)
n—-+oo n——+o0o

The integration of (3.6) and (3.7) from a to t implies

(1—-68)0 [*

t
zZin(t) = zin(@) + ———— | zan(s)ds + 3n/ P1(5)1220 ()" sgn 23 (5) ds
@n a a

8 t
+ —"/ q1(s, u1n(s), uzn(s)) ds fort € [a,b], n € N (3.14)
On Ja
and

t
Zo(t) = zpn(a) + 6y / P2(5)|Z12(5) "2 sgn 214 (s) ds

t

é
+ T"Z G2(S, u1n(s), Uzn(s)) ds fort € [a,b], n € N. (3.15)
On

a

=

Observe that, in view of (3.4), the relation
—a
—v fort € [a,b], ne N

1—56, t
/ Zon(s) ds
a On

-y

n
holds. Therefore, by virtue of (1.9), (1.12), (3.1), (3.2), (3.8), (3.9), (3.12) and (3.13), we get from equalities (3.14) and (3.15)
that

t
z1(t) = z1(a) +u/ p1(s)|z2(s)|* sgnzy(s) ds fort € [a, b]
and
t
2(t) = z2(a) + / p2(s)|z1(s)*? sgnzi(s)ds fort € [a, b].

Consequently, the functions z; and z; are absolutely continuous and (z1, z) is a solution to system (1.1,,).
On the other hand, by using relations (1.8), (1.12) and (3.2), we obtain

8 b
Q—" |Vic(n, uzn)| < Q—"yo*(gn) forneN, k=1,2 (3.16)
n

n

and thus, in view of (1.9), (3.1), (3.2) and (3.13), it follows from (3.4) and (3.5) that
lzille + lzalle’ = (3.17)

and

ap b
/ z1(s) da1(s) = 0, / z1(s) day(s) = 0. (3.18)
a bo

Thus we have shown that (z1, z,) is a nontrivial solution to problem (1.1,), (1.2). On the other hand, according to one of
the conditions of the theorem, problem (1.1,), (1.2¢) has only the trivial solution for every u €]0, 1]. Therefore it is clear
that u = 0.
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Now, for any n € N, we choose a, € [a, ag] and b, € [bg, b] such that

Z1n(an)| = min{|zi(©)] : t € [a, ao]},

. (3.19)
|21n(bn)| = min{|z1,(t)| : t € [bo, b]}
and we find ¢, € [a,, b,] with the property
|Zon(cn)| = min{|zan(t)] : t € [an, byl}. (3.20)
Clearly, we can assume without loss of generality that
lim ¢, = ¢, (3.21)
n—-+4o00

where cg € [a, b].
Since the functions o1, a; are non-decreasing and satisfy inequalities (1.13), by virtue of relations (3.16), it follows from
equalities (3.5) that

Zim(an)| < O % fornen (3.22)
~ ai(ag) —aq(a)  on
and
8 *
|z1n(by)| < . 7o (n) forn € N. (3.23)

az(b) —aa(bo)  on
The integration of equality (3.6) from a, to b, implies

1—38, [bn n
oZin(by) — 0Zin(@n) = —=5 / Z3n(s) ds + 8, f o D1(5)|Zan(5)|™" 58N 230 (5) ds
On an an
Sno
On

Therefore, by using (1.15), (3.8), (3.20), (3.22) and (3.23), we get

bn
+ / q1(s, u1n(s), uza(s)) ds forn € N.
an

bo bn
|Zan(ca) M1 / Ip1(s)|ds < |zan(ca) | / opi(s)ds
a an

0
1 1 viom 1 /b .
< + + — q°(s,on)ds forn e N.
(al(a()) — @) | aa(b) —Olz(bo)> on o), IO

Consequently, by virtue of (1.9), (1.14), (3.1), (3.2), (3.13) and (3.21), letting n — +o0 in the last inequality gives
V) (Co) =0. (324)

On the other hand, since the function z; satisfies (3.18) and the function &/ is non-decreasing with the property (1.13),
there exists tg € [a, ag] such that

z1(tp) = 0. (3.25)
As we have proved above, (z1, z) is a solution to the system
dz; dz,
dr o dr

and thus, in view of (3.24) and (3.25), we obtain z;(t) = 0 and z,(t) = 0, which contradicts equality (3.17). O

Proof of Theorem 1.2. Assume that, on the contrary, there is no solution to problem (1.1), (1.3). Then, according to
Lemma 2.12, there exist sequences (um)n““j?, (uZn)nJ’ij’ of functions absolutely continuous on [a, b] and a sequence (8,1):;"1’ of
numbers from the interval ]0, 1[ such that the relations

agp b
/ Ui (s) dai(s) = 81 (Uin, Uan), / Uzn(S) daz () = 8y (Uin, Uan),
a bo
U (8) = 8ap1(0) |uzn ()™ sgnUzn(t) + 84q1 (¢, U1 (1), Uza(t)) forae.t € [a, b],
Uy (8) = 8P2(0)|u1n (D)2 sgnuin(t) + 8uqa(t, U1 (t), uza(t)) forae.t € [a, bl,
and

s
lutnlle + lluznlle’ = n
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are satisfied for every n € N. Define numbers g, (n € N) by formula (3.2) and functions zy,, z2, (n € N) by equalities (3.3).
Following similar steps as in the proof of Theorem 1.1 we construct a nontrivial solution to problem (1.1,), (1.3¢), where
i € [0, 1]. Consequently, according to one of the assumptions of the theorem, we have ;& = 0, which is a contradiction
because, in view of inequalities (1.13), it clear that problem (1.1y), (1.3¢) has only the trivial solution. O

Proof of Theorem 1.3-1.7. Theorems 1.3 and 1.4 follow from Theorem 1.1 and Lemma 2.7. Theorem 1.5 follows from
Theorem 1.2 and Lemma 2.8. Theorem 1.6 (respectively, Theorem 1.7) follow from Theorem 1.2 and Lemma 2.9 (respectively,
Lemma 2.10). O
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