Proc. A. Razmadze Math. Inst. 167(2015), 99-106

J. M. Casas, E. KHMALADZE AND N. PACHECO REGO

NON-ABELIAN HOMOLOGY OF HOM-LIE ALGEBRAS
AND APPLICATIONS

INTRODUCTION

A Hom-Lie algebra is a triple (L, [—, —], &), where « is a linear self-map,
in which the skew-symmetric bracket satisfies an a-twisted version of the
Jacobi identity, called the Hom-Jacobi identity. When « is the identity
map, the Hom-Jacobi identity reduces to the usual Jacobi identity, and
L is a Lie algebra. Hom-Lie algebras were introduced in [4] to construct
deformations of the Witt algebra, which is the Lie algebra of derivations on
the Laurent polynomial algebra C[z*]. Since the introduction, there have
been several works dealing generalizations of known theories from Lie to
Hom-Lie algebras (see [1], [6]-[12]).

In this paper we introduce the zero and first non-abelian homology of
Hom-Lie algebras generalizing the zero and first non-abelian homology of Lie
algebras developed in [3, 5], as well as the low dimensional homology of Hom-
Lie algebras given in [10, 12]. We use the non-abelian homology of Hom-
Lie algebras in the description of a relationship between cyclic and Milnor
cyclic homologies of Hom-associative algebras satisfying certain additional
condition.

Throughout this paper we fix a ground field K. Vector spaces are con-
sidered over K and linear maps are K-linear maps. We write ® (resp. A)
for the tensor product ®x (resp. exterion product Ag).

1. PRELIMINARIES ON HOM-LIE ALGEBRAS

We start by reviewing some notions and terminology.

Definition 1.1. A Hom-Lie algebra (L, 1) is a non-associative algebra
L together with a linear map «ay, : L — L satisfying

[z,y] = —ly,z], (skew-symmetry)
[ar(2), [y, 2]] + [an(2), [z,9]] + [@r(y), [2,2]] =0 (Hom-Jacobi identity)
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for all x,y, z € L, where [—, —] denotes the product in L.

In this paper we deal only with (the so called multiplicative) Hom-Lie
algebras (L, ar) such that ay[z,y] = [an(z), an(y)], z,y € L.

It is clear that any Lie algebra L can be considered as a Hom-Lie algebra
(L,idy). Moreover, any Hom-associative algebra [7] becomes a Hom-Lie
algebra (see Section 4 below).

A homorphism of Hom-Lie algebras f : (L,ar) — (L', ar/) is an algebra
homomorphism f : L — L’ such that foa; = aj: o f.

Definition 1.2. A Hom-Lie subalgebra (H,apy) of (L,ayr) is a vector
subspace H of L closed under the product, together with the endomorphism
ag : H— H = ar|g. In such a case we write ag, for ay.

A Hom-Lie subalgebra (H, ay,|) of (L,ayr) is said to be an ideal if [x,y] €
H foranyz € H,y € L.

Let (H,ay) and (K, ar) be ideals of a Hom-Lie algebra (L, ar). The
commutator of (H, ay)) and (K, ayr), denoted by ([H, K], ay,), is the Hom-
Lie subalgebra of (L, ay,) spanned by all [h, k], h € H, k € K.

Definition 1.3. Let (L,ar), (M,ap) be Hom-Lie algebras. A Hom-
action of (L,«ayr) on (M, ap) is a linear map L M — M, x @ m — *m
satisfying, for all z,y € L and m, m’ € M, the following equalities:

vl apy (m) = @2 @) (Ym) — «r W) (Tp),
O m,m’] = ['m, ang (m')] + [aar (m), “m/],
an (®m) = 2@ ap(m).

For example, if (L, ay,) is a Hom-subalgebra of a Hom-Lie algebra (K, a ¢ )
and (H,apy) is an ideal of (K, ak), then there is a Hom-action of (L, «y)
on (H,apy) given by the product in K.

Remark 1.4. If (M, ap) is an abelian Hom-Lie algebra (i. e. [m,m’]=0
for all m,m’ € M) enriched with a Hom-action of (L, «y), then (M, aps) is
nothing else but a Hom-module over (L, ar) (see [10]).

2. NoN-ABELIAN TENSOR ProbpuUCT OF HOM-LIE ALGEBRAS

In this section we introduce a Hom-Lie algebra version of the non-abelian
tensor product of Lie algebras [2], and study its properties.

Definition 2.1. Let (M,ays) and (NV,an) be Hom-Lie algebras with
Hom-actions on each other. The Hom-actions are said to be compatible if,
for all m,m’ € M and n,n’ € N,

/I m

U = m/ P m] and "™’ = [0/ ™ n).

Let (M, apr) and (N, an) be Hom-Lie algebras acting on each other com-
patibly. Consider the Hom-vector space (M ® N, aprgn), where aprgn (me®
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n) = ay(m) ® ay(n). Denote by D(M, N) subspace of M ® N generated
by all elements of the form

[m,m'] @ an(n) — ay(m) @™ n+ ay(m') @ ™n,

ay(m) ® [n,n'] = "'m @ ay(n) +"m @ ay(n),
Tm® mn)
"m® m’n/ + n/m/ ® ™n,
[nm7 n’m/] ®aN(m”n") + [n’m/’ n”m//]@OLN(mn) + [n”m//’ nm] ®OZN(m/’I’L/),
for m,m’,m"” € M and n,n’,n" € N.

Proposition 2.2. The quotient vector space (M@ N)/D(M, N) with the
product

men,m @n]=-"me™n (1)

and the endomorphism (M ® N)/D(M,N) — (M & N)/D(M,N) induced
by anen, is a Hom-Lie algebra.
Proof. 1t is clear that apgn preserves the elements of D(M,N) and the
product given by (1). This product is compatible with the defining relations
of (M ® N)/D(M,N) and can be extended to any elements. Since the

actions are compatible, direct calculations show that the skew-symmetry
and Hom-Jacobi identity are satisfied. (I

Definition 2.3. The above described Hom-Lie algebra structure on (M ®
N)/D(M, N) is called the non-abelian tensor product of Hom-Lie algebras
(M,ap) and (N,ay). It will be denoted by (M X N,ayxy) and the
equivalence class of m ® n will be denoted by m X n.

Remark 2.4. If apy = idps and ooy = idy then M X N is the non-abelian
tensor product of Lie algebras developed in [2] (see also [5]).

The Hom-Lie tensor product is symmetric in the sense of the following
isomorphism of Hom-Lie algebras
(MR N,aygy) — (NR M, aygy), mEn—nXm.

Sometimes the non-abelian tensor product of Hom-Lie algebras can be
described as the tensor product of vector spaces.

Proposition 2.5. If the Hom-Lie algebras (M,an) and (N,ay) act
trivially on each other and both oy, an are epimorphisms, then there is an
isomorphism of abelian Hom-Lie algebras

(MR N, aymn) ~ (M*™ @ N ayegyas),

where M = M /[M,M], N®* = N /[N, N] and apravgnav is induced by apy
and ap.
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Proof. Since the Hom-actions are trivial, (1) enables us to see that (M X
N, aymy) is abelian. Further, since s, ay are epimorphisms, the vector
space M K N is the quotient of M ® N by the relations [m,m'] @ n =0 =
m ® [n,n']. The later is isomorphic to M © N, O

The Hom-Lie tensor product is functorial in the following sense: if
f:(M,apn) — (M aps)and g : (N,an) — (N, ans) are homomorphisms
of Hom-Lie algebras together with compatible Hom-actions of (M, )
(resp. (M',apr) ) and (N, an) (resp. (N’,ans)) on each other such that
f, g preserve these Hom-actions, i.e. f("m) = 9" f(m), g("™n) = " g(n)
for m € M, n € N, then there is a homomorphism

fRg: (MEN,apay) - (M BN appmns), (m8n) - [(m) B g(n).

Proposition 2.6. Let 0— (M, aMl)i> (Ma, ang,) 2 (Ms, apg,) —0 be a
short exact sequence of Hom-Lie algebras. Let (N, an) be a Hom-Lie algebra
together with compatible Hom-actions of (N, an) and (M;, ) (i =1,2,3)

on each other and f, g preserve these Hom-actions. Then there is an exact
sequence of Hom-Lie algebras

Xid Xid
(Ml &N, OéMlgN) f‘)N (Mg ®N7QM2|Z|N) g*)N (Mg &N, O‘Mg@N) — 0.

Proof. Clearly g¥idy is an epimorphism and Im(f Kidy) C Ker(gXidy).
Now Im(f K idy) is generated by elements of the form f(m;) K ny with
my1 € My, nq1 € N. It is an ideal in (M2 X N, app,mpy) since

[f(m1) ®ng,me Bng) = —f("my) K™ ng € Im(f Ridy)
for any generator my X ng € My X N. Thus, g Xidy yields a factorization
&: ((Mg XN)/Im(fX idN),aMng) — (M3 KN, ap,zN)-
In fact this is an isomorphism of Hom-Lie algebras with the inverse
¢ (M3s® N, appry) = (M RN)/Im(f Kidy), @a,rN)
given by £’(m3Xn) = mg X n, where ma € My such that g(ms) = ms. The
remaining details are straightforward. O
3. ZERO AND FIRST NON-ABELIAN HOMOLOGIES.

In this section we extend the zero and first non-abelian homology of Lie
algebras [5] to Hom-Lie algebras. The following lemma will be needed.

Lemma 3.1. Let (M, ap) and (N,ay) be Hom-Lie algebras with com-
patible actions on each other.
(a) There is a Hom-action of (M,apn) on (M XN, aymn) given by

m/(m Kn)=[m',m|Ray(n)+ ay(m)X m'

And the induced Hom-action of Tm(v)) on Ker(v) is trivial.



103

(b) There is a homomorphisms of Hom-Lie algebras
Vv: (MR N ayry) = (M,an), Yu(mEn)=-"m
satisfying the following equalities
G (m B ) = [ans (), (m B )],
$(m¥n) (/! K n') = [apymy (m R n),m Kn'].

Proof. Everything can be readily checked thanks to the compatibility con-
ditions and the relation (1). O

Definition 3.2. Let (M,ays) and (N,ay) be Hom-Lie algebras with
compatible actions on each other. We define the zero and first non-abelian
homology of (M, ays) with coefficients in (N, ay) by setting

Hy (M, N) = Cokeryp, HY(M,N)=Kerq.

Remark 3.3. (a) If apr = idy and any = idy, then ¢ is a Lie crossed
module [2] and H§(M,N), H§(M,N) are zero and first non-abelian ho-
mologies of the Lie algebra M with coefficients in N [5], respectively.

(b) If (N, ay) is a Hom-module over (M, apy) together with the trivial
Hom-action of (N, an) on (M, apr), then H§ (M, N) and H (M, N) coincide
with the zero and first Chevalley-Eilenberg homologies of Hom-Lie algebras
(see [10, 12]), respectively.

Theorem 3.4. Let 0 — (Ny,an,) ER (Na,an,) & (N3, an,) — 0 be
a short exact sequence of Hom-Lie algebras. Let (M, ap;) be a Hom-Lie
algebra together with compatible Hom-actions of (M,apr) and (N, an;)
(i =1,2,3) on each other and f, g preserve these Hom-actions. Then there
is a siz-term exact non-abelian homology sequence
HY (M, Ny) =>HY (M, No) — HS (M, N3) —
= HG(M, N1) = HG (M, N2) — HG (M, N3) — 0.

Proof. This is a consequence of Proposition 2.6 and Snake Lemma. O
4. ApPPLICATION IN CycLIC HOMOLOGY OF HOM-ASSOCIATIVE
ALGEBRAS
In this section we assume that K is a field of characteristic 0.

Definition 4.1. A Hom-associative algebra (see e.g. [7]) is a pair (A, a4)
consisting of a vector space A and a linear map a4 : A — A, together with
a linear map (multiplication) A ® A — A, a ® b — ab, such that, for all
a,b,c€ A,

aa(a)(be) = (ab)aa(c), aa(ab) =aa(a)aa(b).
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The Hom version of the classical cyclic bicomplex is constructed in [10]
and the cyclic homology of a Hom-associative algebra is defined as the ho-
mology of its total complex. A reformulation of this cyclic homology via
Connes’s complex for Hom-associative algebras is also given in [10, Propo-
sition 4.7]. Tt follows that, given a Hom-associative algebra (A, a4), the
first cyclic homology HC{(A) is the kernel of the homomorphism of vector
spaces

P:ARA/J(Aa) = [AA], a®bw— ab— ba,

where [A, A] is the subspace of A generated by the elements ab — ba, and
J(A, ) is the subspace of A ® A generated by the elements

a®b+b®a and ab® aa(c) — aala) ®be+ ca® as(h).

Any Hom-associative algebra (A, a4) is endowed with a Hom-Lie algebra
structure by the induced product [a,b] = ab — ba and the endomorphism
a4. Moreover, there is a Hom-Lie algebra structure on (L*(A),@4) =
A® A/J(A,a) given by the product

[a®b,a’ @] = [a,b] ® [a', ]
and the endomorphism @4 induced by 4.

Definition 4.2. We say that a Hom-associative algebra (A, a4) satisfies
the a-identity condition if

[A,Im(cg —id )] =0, (2)

where [A,Im(c4 —id 4)] is the subspace of A spanned by all elements ab—ba
with a € A and b € Im(awa —ida).

Example 4.3. (i) Any Hom-associative algebra (A, a4) with aq = id4
(i.e. an associative algebra) satisfies a-identity condition.
(ii) Any commutative Hom-associative algebra (A, a4) (i.e. ab = ba for all
a,b € A) with ag = 0 satisfies a-identity condition.
(iii) Consider the Hom-associative algebra (A, a4), where as vector space
A is 2-dimensional with basis {e1, €2}, the multiplication is given by eje; =

0
11 ) Then

eo and zero elsewhere, a4 is represented by the matrix <
(A, aa) satisfies a-identity condition.

(iv) Consider the Hom-associative algebra (A, a4), where as vector space
A is 3-dimensional with basis {e1,e2,e3}, the multiplication is given by
e1e1 = eg, e1es = ez, ege; = ez and zero elsewhere, a4 is represented by

1 0
10 . Then (A, a4) satisfies a-identity condition.
10

o O O

Lemma 4.4. Let (A ay) be a Hom-associative algebra.
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(a) There are Hom-actions of Hom-Lie algebras (A, aa) and (L*(A),@4) on
each other. Moreover, these Hom-actions are compatible if (A, ca) satisfies
the a-identity condition (2).
(b) There is a short exact sequence of Hom-Lie algebras

0 — (HC{(A), anc) —= (L*(A),@4) — ([4, A], aa)) — 0,

where (HCY(A), apc) is an abelian Hom-Lie algebra with apc induced by
aa, ay| is the restriction of ax and (a ® b) = [a,b].

(¢c) The induced Hom-action of (A, aq) on (HC(A), agc) is trivial. More-
over, if (A,aa) satisfies the a-identity condition (2), then both i and 1
preserve the Hom-actions of the Hom-Lie algebra (A, aa).

Proof. (a) The Hom-action of (A, a4) on (L*(A),a4) is given by
“(a®b) = [d',a] ® aa(b) + aaa) @ a1,
while the Hom-action of (L*(A),@4) on (A, «a) is defined by
(@b g/ = [[av b]? al]

for all a’,a,b € A. Straightforward calculations show that these are indeed
Hom-actions of Hom-Lie algebras, which are compatible if (A, «4) satisfies
a-identity condition (2).

(b) and (c) are immediate consequences of the definitions above. O

Definition 4.5. Let (A,a4) be a Hom-associative algebra. The first
Milnor cyclic homology HCM (A, a4) is the quotient vector space of A® A
by the relations

a®@b+b®a=0,
ab® as(c) —aa(a) ®be+ca® ay(b) =0,
as(a) ®be —as(a) ®cb=0.
Of course, for g4 = id4 this is the definition of the first Milnor cyclic

homology of the associative algebra A (see e.x. [5]).

Theorem 4.6. Let (A, a4) be a Hom-associative (non-commutative) al-
gebra satisfying the a-identity condition (2). Then there is an exact sequence
of vector spaces

A/[A AJQHCT(A) — HY (A, L (A)) — HT (A, [A, A]) —
— HCOY(A) = HCM (A, aq) — [A, A]/[A, [A, A]] = 0.
Proof. This is an easy consequence of Theorem 3.4. O

Let us remark that if ay = ida, the exact sequence in Theorem 4.6
coincides with that of [3, Theorem 5.7].
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