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G. Khimshiashvili, E. Wegert

On the Complex points of Flanar Endomorphisms

Prese,ted by corr. Ivrenrber of the Acacrem' N-Berikashvili, July 5, 200r

\BSTRACT. we ;lresent an explicit formula for the number of complex points
'rrr rhe graph of a polynomial endomorphism of the plane. we also show that one can
tnmi)ute the numher of elliptic comptex points and cxplain relation of our results
r,, B!shop's pnoblt:m.

Ke.v words: complex point of a surface. elliptic complex point. Gaussian cunature.
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i. We deal r'vith t:ertain aspects of the so-called Bishop's problern concerned with the
:risience of analytic discs attached to the graph of a cornpiex valued function in the plane
i1l. As was shorvn brr Bishop. in many cases a positive solution to this problem foilows
irorlr the existence of points r'vhere the tangent plane to graph is a complex line in C2. Suclr
poiuts are called complex points of a given function land its graph) und tlr"r,can be of the
ttto essentiallv diflerent hpes accordtng lo the local geometrii propertiei of the graph
near the point in question. Thus it is very desirable to obtain OetalteO information about
the existence and arnount of the cornplex points of both rypes and this is exactly the
Droblcm which rve are going to attack. In this note $,e give in effective solution of the
lalter problern in the case when the real and irnaginarv parts of the gilen funclion are (real)
poll'nomrals of the real and imaginary parts of the argulnent. Obviously the sarne assurnp-
tlon tnay be expressedby saf ing that rt'e are glven a polvnomial endornorplism of the
plane rvhich will be called a planar endomorphisrn lplendj.

Following the general strategy of singularity theory [2] it is reasonable to consider
flrst ,,generic" plends which satisS certain jet transversaliqr conditions. For our purposes
it is appropriate to require that a plend is proper and the dauss rnapping of its graph is
Lransversal to the subset of complex lines G" in the real Grassmanian-Grt2,al tcf. t:1,-[+;l
we call them ",perfect plends" (by analogy"rvith .,excellent maps,' of H.whitnev [5]j

It is well known that such plends are inrleed generic in the standard sense [1], i.e", they
fonn an open dense subset in the space ofall plends t2l, [3]. trn particular any plend can
)e approximated by arbitrarily ciose perfect ones (so-calledperfict pertgrbations). Frour
our tranwersality condition by dirnension reasons it follows that a perfect plend can only
inve a finite number of complex points. A general .,deforrnation paiadigrn; of singglariry
theorv srtggests then that important information on an arbitrarv plerrU can be obtained by
counting cornplex points of its suffrciently smail perfect perturbations.

2. In line with that lve concentrate on counting cornplex points of a perfect plend. Let
F = (fo R2 -+ R2 be a perfect 

-endornorprrisrn 
defined-by rear porynomlalslry). Er(r.v).

Denote by G, its graph in R2xR2 rvhich ;s identified with c inihe usuat way: Recatt that
apointpeRziscalledacomplexpointofF(andG")ifthetangentplane roc)isacomplex
iine in C.
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1 put l'.. = aiq-.

Ltll:i.t'.. a "--.,.: :..-..:' :. a' .';..{.:.: .'-;:.i -- 
.Ir 0.

.:-, :i:.1:',\;:.ri. iit. s:t of cornpler points C(F) corncides t\ith tlre zero set of plend F..
\\ lu;it suggests that one can calculate the nurnber ofcourplex points c(O as the cardinalitl' of
algcbraic subsct [R = 0]. ri'hich can be done in an algorithrnic rva,v using results of [6]. In order
to realize Llut. il is necessary to verify ttrat /,- satisfies conditions of Theorern 8.2 of [6].

Lemma 7, lf Ir is a pterfect plend then.F* is n proper plonar endomorphism.
ludeed. tire homog,eneous forurs of highest degree of the components of F- are ensily

seen to have no non-trivi;rl comllron zeroes. which irnplies that |/r-l is growing at infinity.
Itence li* is proper. We can nory use Theorem 8.2 of [6]. rvhich leads to an explicit
algoritltrn lirr computing rr(R. Suppose that the rnaximurn of algebraic degrees of/and g
ls equal to rL iutroduce auxiliarv polynomials
P{x;;.2)= *t.f.(xlz""l,/z). Q{x.u.z) = !*tgr(xlz.vlz).H(x,v,z)= P+ Qt *1F+++*d'1).

Recall that the trocal topological degree degrG ofa plend G is defined at any point
p rvhich is isolated in the full preirnage of its imale [6]. Our first main result is an explicit
forrnula i'ar c(f).

Thcorem 1. Pctlwtonticl f! ha"s an i.vt;ltttecl critical poittt at the origin of N ancl
c(O : l/2 (l - deg,, grad fl.

t{rcre grad 11 dcnotes the gradient nappiirg of polvnornial 11"

Corotriar3' 1. '{he nurrrber of contplex poitlt.\ of a perfect pltuar endomorpltisrrt
can he |fibctit'cl.t' cotttpuLed using o.finile ttutttber oI algebroic and logical operatiotts
ot'er i ts coe.lfi cient.s.

Bolh these results follol frorn the drscussion in Chapter 8 of [6] so rve omit the
detaiis. It ma1' 5g addcd thar there alreadl'erist computer algoritluns for calculation of the
Xocal topologicai degree [8j so our tireorem enabies one to compute the number of com-
ple\ poinrs in rnanl,concrete cases.

3. Our next task ts to obialn tnore detailed infonnation about the structure of cornplex
poiilts of a given perfect plend F. 83' a fundamental result of E.Bishop. near a generic
cotnplex point there exits a genn of biholomorplfsm of C'r such that. up to infinitesirnals
oItlte tldrd order, the graph Go of F lies in the three-dimensional subspace {hn z, = 0}
antl coincides rvitlt thc set {Re z"= h(x.y)) | l]. In such a representation, there can happen
tlr'o essentially different situations - eithcr the graph of tr lies on one side of the tangent
plane (elliptic case) or the tangent plane intersects an.y arbitrarily small part of the graph
ncar this point (lii'perbolic case). In the first case the point is called an elliptic complex
point rvhile in the second case it is called a hyperbolic conrplex point.

As r,vas sho'r'n b1.'E.Bislrop in the sarne paper [tr], near eacil elliptic cornple.x point of
-F there exists a tarnily of anah.tic discs attached to the graph of tr Thus the Bishop's
'Proirleln is autr:inaticallv solved if one is able to guarantee existence of elliptic complex
points (suclr strateg-v rvas applied in t3,a]). So our next goal becornes to compute the
number e(F) of elliptic complex points of F.

To this end we use results of [6] on counting points of finite serni-algebrarc subsets.This
bccomcs possible because the set of elliptic complex points c,(O of a perfect plend
appears to be a semi-algebraic subset of the plane. The sirnplest \\'ay Io shou,that, is to

Ctr [1:e C -::.:

: -,:,. io the notron of Gaussial .."-. , -"

- -ssran cun'ature at point I cl :' : _- :
Le mma 3. .l cotttple.r :. .:

-..J..\'t:,i curvalure A.{p) ri,-
I'rs fbllous frorn tlie aforcri-.t. ... ' . : --':

:- :;::;-arlru]cnsional Euclidean sr ,:- 1: -: :\
. - :s positrve exactlf in ilre a:- '.' _- r:

Proposition 2. 7 hc .spr r,' ,

i:'.ln prececling remarks it is :.:' .- ,

.''ia rho\r'that the second condri:t.. :: - -,-

: : s,rll that. we refer to sorne s ci,-: : * -.
:'::zed tuo-dimensional surface i-' .-.-i; '

:'.rn ature in tenns of Riemann tcx>::
ii rth the sigu of dre component i . - rLl

-iln be colupulcd by sinrplc crpli;::-:' - ,

lacc gir,en by a polynondal paranr.ii '- . -

;ase tlfs means that R,,,. is a mlr r: .

a poil'nomial inequalitl. rlfch sh.-.,i s 
^

Nou' rve can applv results of Cl .:': -

the effective cornputabilitv oi cr.'
Theorem 2. T'lte nunrher , '

t:.[/bctivel.t' contpute(l u.sittg a ti;: .

c'oefficient,s.

Actualll: this number can be cr::: ,.- :
quadratic forrns on the factor-algcl-: , "' :,:
colnponents of F- (cf. [6]). In coitirr'- _r r
the program from [tt].

4. In conclusiou'ne shorr'thar :..-":
perfect deformations of an arbrtran :: ;t:-
rvav liom its cocfficients. To thrs ri:: :
illtroduccd itt [.f. {] ln our scrtrng :i . :

plend l7 in geometric rvay in the sprr: I : .'

points is alrryays finite so its grapii -. , -:

sufficiently big discs. Take a circlc . : , -
C(,9 in Gr{2,4) under the Gauss m:; r :,
one*dimensional subnnnifold rrhr;], ::,t";
submanifold of complex lines G - .r: :
suburanifolds is by one less than lhc : .-:-
can define the linking numben of rlr::: :

Actualiv. rn order thal cornprcr n -

botir connected components G., and r: ::'
orieritation.and n,ith the opposite on;i. -

defiueci as the linkin5l nr-mber i,1G1 r.r
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On the Cornplex Points oli)lanar Endotuo4thisnrs

'- I tlle notion of Gaussian curvature ola trvo-surflace [7I. Wc clcnote i:". .{, {/:i tllc
: r:.in cun'ature at point p of lhe graph of a perfect plend 1,.

Lrmmrr 3. .1 complex poitrt p i,s.an elliptic r:onplar Vtiitt i/'onti r;i;ir, jl tjte
:,, c'Ltn,otLlre K"(p) ls po,sitive.

- I :. follor'r's from the aforet.nentioned reprcseritation ol the grapii ti,. es fl lu,prm-,rLrrilr.,e' -,--.ltttlensional Er"rclidean space. becausc in thur rcpresenti)tion it becoincs thi'ir::us ihat' . :psitive exactly in the casc rvhcn thc graph lies on o11e side of the tangont pl;r:re lt i.,.
Pri,positian 2. T'lte ,set oielliptic cornplex poinl.r i,r a 5emi-algehrait sui:,,it,ti r:;' :i;i,

':--n.r preceding remarks it is clear that t,(1,) = {tr, = 0. ,(,. > 0} and tire resrilt {itll-r,1's
: :rtort lhal thc second condilion can bc expresscd as a polvnornial inerp-r;lliti. irr crdcr' , :',r that. we refer to sonte u'ell-knom results about the Gaussian cun'arlirc i. i .; p;]r;uil-

- ' - '.cd tu'o-dimensional surface l7l. First of all. frorn the general fonnula for th,: {.iaussi;ri
- r". Jture in tenns of Riernann tensor [7], it folloris that in our casc thc sign oi dr. tr-riite;;,ii:,.

- l the sign of the component 1i,",, of the Ricrnann lcnsor .R of Cr- T'hc cL)lnpfll!.,.irr ,i 
r,,,,

-.,;t bc cotttpttted by simple explicit fonnulae tvidch slnry tliat. I'or a t11ndinrculional sur-
:.;c giYen bv a polynoinial parametrization. it is a polynotnial functiorr of pararrrs:,":i-.. iil i*'11

:.lsc this means thal 1i,r,, is a polynornial in r.r.' so the condition of positir,ig of, J. , 4 r i:i;.p;1
pclurotniai inequality. u'hich shovr's that C)(1] is inclccd a serni-algetrrnxc suhr:,:f.

No$' rvc can applv results of Chapter 9 oi [7] and obtain the ciesircri cr.rnq,l:i,,i,:rir ribtur
:lrc cffective computabrli6, of e(F1.

Theorcrn 2. 'l he ttunthar ttf elliptit r',,tttlrle.r l)otttt.\ (]l o l\t,rf( ( t n.t,, , ,,t; i,.
,'llbctit'el.v contputed using a Jinite nunther tf.algehroic and !ogir":ai l;;-,,,,. . , .. {)li ti\
coe.fficient.s.

Actualh'" this nutnber catr be cxpresscd through sigiialurcs *lc:plici{lr c{rii:jtli:i.iiiriii
qua'Jratic fonns on the factor-aigebra of poh,norniatr algebra olcr th* iil€at fir-:lfi:,r;r:ij i:r,
colnponents of /i* (cf. [6]). In concretc cases nccessnn'coi'uputatioirs een b{: rjme :;!;nfl
llte progr:trn l"rom l8l.

4. In conclusiou tre sltorv thal some infornration about the complcx pcilf: *i snrlii
pcrlect defortnattons of an arbitrarv proper plcnd mar,be obtaired in a purelr.algr*-ri.air:
uav from its coelficients. To this cnd rve use a vcrsion of the N4asior,inele:i rr"ltiih rr.;,i.n;

lntroduced in [3. a]. In our setting it is conlerricrlt to definc the Maslor,irdc:; li lr l,ii:ile,-
plend Fin geomctric rvay in the spirit of [i. +|. For a propcr plenil. the mrrritr*i irl ,:frriljliirl
points is alwavs finite so its graph is a totallv real surlace .,at infinrt-r"" ; r.,.. ruisir-lr:
sufliciently big discs. Take a circle S of su{Ilciently trig radius ard consiciey ils ily;rgc
(i(,S) in Gr(2,4) underthe Gauss map G of the graph (ir,.. Obviouslv Gi,g i-r ri,i,iriifinrcij
one-dimensional subrnanifold uhich does not inlerscct the oricnted tw,j-Li:rrjlir..rii]!1;ri
subrnanifold of complex lines Cj- and the surn of dimensicns ol tli*se i.$i,I or:lcnii.r{*
sr"romanifolds is tly one less than tire dimension of lhe ambicnt rnairilold lir{1.rl I sr! $ijr
can Cefine the Xinking nurnber of Ihese [ri,o sul_rutanilcrlds.

,{ctualll'. tn order that complex points are counted properiv lt !s necessl,n ii) (...rr:,;idf r
botir connected componenls G*. and (l- of G. consisting of coinplex nines rvitil :!i;:r, i-ri!hri.iri
orieritation.and tvith the oppositc oricntrtion !'espeoiilci\: Tilen llrq ,ilril,rt .:r;i ,.. r,.,

eieiifieri as tlte iinking. nurnbert(G(.\). G,,-,,-{i ). $,hcrc -u {enctcr iiii: ,:,r] ii}ii1i.. :,-:r,,
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G. Khirnshiashvili, E. Wegert

with the opposite orientation (cf. [3" 4]). It is easy to veriff that it does not depend on a
(suffrciently big) circtre S and is invariant under homotopies of proper plends. If the complex
points are generic then the Maslov index can be computed by properly counting conrplex
points ofvarious t,,pes, in particular formulae frorn [3] and [4] canbe easily extended to this
situation. Since Maslov index is hornotopy invariant this means that it gives some infonna-
tion about complex points of small perfect perturbations. Thus our next result can be con-
sidered as a first step towards counting complex points of perfect perturbations.

Theorem 3. The lulaslov index of a sufficientlv small perfect perturbations of a
proper plend F can be computetl as the locql topological degree of an explicitl.y con-
structib l e plan ar en domorphi sm.

Corollary 2. 7'he ),laslov index i.s equal to the .signature o.f lhe so-collecl Gorenstein

quadratic fortn on the local algebra of an explicitlv cortstructible polvnornial endo-

morphistr.
Both these statements follorry from the method of coruputing Maslov index in terrns

of the local topological degree developed in [3. a] and frorn the well-knorvn algebraic
formula for the local topological degree (see. e.g.. [6]. Chapter 5).

Using estimates for the topological degree of homogeneous polyn'omial
endornrophisms it is now eas)' to give an exact estimate for the possible values of Maslov
index of a planar endomorphism rvith fixed algebraic degrees of its components (cf. [6],
Chapter 6). These estimates and sirnilar estimates for the nurnber of complex points and

elliptic complex points will be presented elsewhere.
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ABSTRACT. In the paper th€ bcr t
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enrtom are established.
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l. We use some notations from ftr,illo{

elements of n (n ) 2)-dimensionatr Euetr

v= (rt, xz,...,xn),y=(vr12,...,.I,)- -, =

71 = $.2.....n1, B = {i.1.,:' .I ,

lBl=Card8- l'=
If r e rR", then r, denotes the Palrr- nt

B coincides with conesponding coord;:mx
(x*= x, x, = 0).

2. We consider the functions 6-q" - -i .

f e L(71). We denote

F(r) = F(x' f) = i' :---'"-'

u'here ds, = dsirds,....dsio . \l'e assitrE- '!E

each variable. If B, = {i,}, tlten rre ass .

ABr(F,.r,ss.,=;;*;

When Pl ) 2. then b1 Ar(F-r-..r *t ,iu

operation fixed in (1) to all indrces h{- -!

depend on the sequence of operauons. "-c

l's(x.€ 2 =

3. In the paper the best possb{c
function

t

I
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