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1. Statetement of the problem

In the Euclidian space R" of the variables x = (x, . .., x,) and t we consider the semilinear
equation of the type

84k

n
u 0 ou
Li=—— =Y — (aj— =F, 1
T :]2=:1 9x; <al] axi> T/ @

where f : R — R is a given continuous function, a;; = a;; = a;j(x), i,j=1,...,n, F =
F(x,t) are given, and u = u(x, t) is an unknown real functions, k is a natural number, n > 2.

For the equation (1) we consider the boundary value problem: find in the cylindrical
domain D := Q x (0, T), where Q is an open Lipschitz domain in R", a solution u =
u(x, t) of that equation according to the boundary conditions

ulp =0, (2)
dlu

= =0, i=0,...,2k—1, 3)
at QoUQT
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where I' := 9Q x (0, T) is the lateral face of the cylinder Dr, Qo : x € @, t = 0 and Qr :
x € Q, t = T are upper and lower bases of this cylinder, respectively.

A numerous literature is dedicated to the research of initial and mixed problems for
the high order semilinear hyperbolic equations having a structure different from (1) for
example, see works [1-11] and works cited there). Note that some of the results in this
direction have been discussed in the workshop materials [12].

Denote by C>* (D, dD7) the space of functions u continuous in Dr, having contin-
uous partial derivatives du/dx;, 82u/8x,-8xj, alu/ot, ij=1,...,m1=1,...,4k, in Dr.
Assume

- _ d'u
C*(Dr,dDr) = {u e C**(Dp) ulp =0, — =0,i=0,...,2k—1¢.
' loguar

Let a;j = ajj(x) € clQ), j=1,...,n,andu € C(2)’4k(DT, 0D7) be a classical solution
of the problem (1)-(3). Multiplying both parts of the equation (1) by an arbitrary function
@€ C(Z)Ak (D1, dDr) and integrating the obtained equation by parts over the domain Dr,
we obtain

82k1/l 82k a(p
. — | dxdt dxdt
_/;T 8t2k 8t2k + Z U(x) xj + DTf(”)(P

= / Fodxdt V¢ e C¥*(Dr,aDr). (4)
Dt
Belf)w, we assume that the operator K := ZZ]’:] 0/0x;j(a;j(x)(0u/0x;)) is strongly elliptic
in 2, i.e.
n -—
kol€l* < ) ag0E& <kilEP VxeQ £=(5,....E) e R, (5)
ij=1

where ko, k1 = const > 0, |£]> = >, &?. Note that (5) implies the hypoellipticity of the
linear part of the operator from (1), i.e. Ly is hyppoelliptic for each x = x¢ € Q [13].
Introduce the Hilbert space WS’Zk (Dr) as a completion with respect to the norm

2k diu\’ " u\?
= 2 — — ) | dxdt 6
” ” 12k Dr) /I;T |:u +;<atz> +§<8xi> j| x ( )

of the classical space C(2)’4k(l_)T, oD7).

Remark 1.1: It follows from (6) that if u € Wé’zk(DT), thenu € WZIO(DT) and d'u/dt' €
Ly(Dr),i=2,...,2k. Here W21 (D7) is the well-known Sobolev space [14] consisting of
the elements of L,(Dr), having the first order generalized derivatives from L,(Dr), and
WZIO(DT) ={ue W21 (Dr) : ulyp, = 0}, where the equality ulsp, = 0 is understood in
the sense of the trace theory [14].

We take the equality (4) as a basis for our definition of the weak generalized solution u
of the problem (1), (2), (3).
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Below, on the function f = f(u) we impose the following requirements
feC®), [fWl =M +Mlul* ucekR, (7)

where M; = const > 0, i = 1,2, and

n+1
n—1

(8)

0 <o = const <

Remark 1.2: The embedding operator I : W21 (D7) — Ly(Dr) represents a linear con-
tinuous compact operator for 1 < g < 2(n+ 1)/(n — 1), when n>1 [14]. At the same
time the Nemytsky operator N : L;(D1) — La2(Dr), acting by the formula Nu = —f (u),
due to (7) is continuous and bounded if g > 2« [15]. Thus, since due to (8) we have
200 < 2(n+ 1)/(n — 1), then there exists a number g such that 1 < g <2(n+1)/(n —1)
and g > 2«. Therefore, in this case the operator

No = NI : W(Dr) — Ly(Dr) (9)

will be continuous and compact. Besides, from u € W1 2k(DT) it follows that f(u) €
L, (D7) and, if u,, — u in the space WS’Zk(DT), then f(u,,) — f(u) in the space Ly(Dr).

Definition 1.1: Let the function f satisfy the conditions (7) and (8), F € Ly(Dr). The func-
tionu € WS’Zk(DT) is said to be a weak generalized solution of the problem (1)-(3), if for
any ¢ € Wé’Zk(DT) the integral equality (4) is valid.

It is not difficult to verify that if the solution of the problem (1)-(3) in the sense of
Definition 1.1 belongs to the class C§’4k(DT, 0Dr), then it will also be a classical solution
of this problem.

2. The solvability of problem (1)-(3)

In the space C§’4k (Dr,dD7), together with the scalar product

8'u 9l du Jdv
, — - dxdt 10
(1, V)0 /DT |:u v o +; ™ ax,] (10)

with norm || - [lo = [lul[ 1.2 D) defined by the right-hand side part of equality (6), let us
0

introduce the following scalar product

n

3%k u 9%y du dv
V) = + E dxdt 11
(u, V) /I;T 7K gk al](x) x (11)

with norm

Ju du
||“||% 2/1; (W) + Zal](x) — | dxdt, (12)
T

where u, v € C§’4k(DT, dDT).
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Lemma 2.1: The inequalities
allullo < llulli < eallulle Y u e C2*(Dr,dDr) (13)

hold, where the positive constants ¢; and c, do not depend on u.

Proof: Ifu € C(Z)Ak(DT, 0Dr) then for fixed t € [0, T] the function u(-,t) € WZIO(Q) and
due to a known inequality [14]

" u\?
2
||u('> t)“Lz(Q) S Co \/Q IZI: (a_xz> (X, t) dx, (14)
whence, in view of (5), we have
du 0 u
luC D112 g < / Z () 52— (6, 1) d (15)

where the positive constants ky and ¢y = ¢p(2) do not depend on t € [0, T] and wu.
Integrating inequalities (14) and (15) on ¢ € [0, T] we obtain

141,y < co / ( )(x,t)dxdt 16)
Ti 1

11,0 < 5 / Z a5 o i(x,odxdt. (17)

Let us evaluate the norms ||8iu/8ti||L2(DT) for i=1,...,2k—1 through
||82ku/8t2k||L2(DT). Since u € C§’4k(DT, dDr) satisfies equalities (3), then it is easy to see
that

du(, t 1 t 9%k
UG- _ : /(t—r)zk’IMdr, i=1,...,2k—1  (18)
ot Qk—i—D!J, o2k

From (18), using Cauchy inequality, we obtain

. 2
d'u( 1)\’ 1 L aek—i-1 ./t St
( o ) = ((2k—i—1)!)2/o €= A e
4k—2i—1 t 2k 2
_ t / ut 0\
(Qk—i—1NH* 4k —2i—1) Jo a2k

T [ a2k 2
g [T(Pe0)
0 8t2k
whence

T /ai o a2 LT [ 92k, 2
9 ”(.’t) dt < T4 97ut.7) dr, i=1,...,2k—1. (19)
0 ot 0 a2k
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Integrating both parts of inequality (19) over the domain €2 we obtain

51,

Due to (5) we have

ou\2 du du ou
k — | dxdt ; — dxdt <k dxdt. (21
o[, () = [ Saof o [ 35(5) wn @

T ij=1 T i=1

2
92ky

4k—2i
=T t2k

. i=1,...,2k—1. (20)

L(Dr)

L(Dr)

Finally, from (6), (12), (16), (17), (20) and (21) we easily obtain (13). Lemma 2.1 is
proved. |

Remark 2.1: If we complete the space C(%Ak (D1, dD7) under the norm [12] due to Lemma

2.1, then in view of (10) we obtain the same Hilbert space Wé’Zk (Dr) with equivalent scalar
products (10) and (11).

Consider the following condition

lim inf JD > 0. (22)

|u]—o00 u

Lemma 2.2: Let F € Ly(D7) and the conditions (7), (8) and (22) be fulfilled. Then for a
weak generalized solution u Wé’zk(DT) of the problem (1)-(3) the a priori estimate

ullo = Hullyx ) = eslIFll,@r) + €4 (23)
is valid with constants c3 > 0 and c4 > 0, independent of u and F.

Proof: Since f € C(R), then from (22) it follows that for each ¢ > 0 there exists a number
M, > 0 such that

uf (u) > —M, — su> VuelR. (24)

Assuming that ¢ = u € Wé’zk(DT) in equality (4) and taking into account (24) and (12),
for each £ > 0 we have

||u||% = —/ uf (u) dxdt—}—./ Fudxdt < M, mesDT—|—8/ u? dxdt
Dr Dr Dr

1 1
+ —F? + e ) dxdt =—/||F|)? + M, mesDr + 2&||ul|?
/ T ( - ) HIFI, ) + Me mesDr + 2611l
1
< EIIFH%Z(DT) + M, mesDr + 2¢&||ul|2. (25)
Due to (13) from (25) we have

Hlullg < lul)? < i“p”z + M, mesDr + 2¢||ull}
1 0= 1= ¢ Ly(Dr) 13 T 0>
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whence, for ¢ = c% we obtain

1
4
[ullg < 2¢; 1IFIIZ iy + 261 “M mesDr.

From the last inequality follows (23) for ¢3 = 2c1_4 and ¢4 = 2c1_2M€ mesD7, where ¢ =
‘—llc%. Lemma 2.2 is proved. u

Remark 2.2: First we consider a linear problem correspondent to (1)-(3), i.e. when f =0.

In this case for F € L,(D1) we analogously introduce a notion of a weak generalized
solution u € Wol’Zk(DT) of this problem for which it is valid the integral equality

a%ky BZkgo “ du dg
(l/l;(p)l :/l)T WW"‘ZQU(.?C)__ dxdt

ij=1 8x,~ ij
1,2k
= / Fpdxdt VYo € Wy~ (Dr). (26)
Dr
In view of (13) we have
/ Fo dxdt| < ||F|lL,op el or
Dr

FllL o llello < 6 HIFl L opllelh. (27)

Due to Remark 2.1, (26) and (27) from the Riess theorem it follows the existence of a unique
function u € Wé’Zk(DT) which satisfies equality (26) for any ¢ € Wé’Zk(DT) and for its
norm is valid the estimate

ully < e IFIlLy ) (28)
Due to (13) from (28) we obtain

-2
llo = 111l 126y < 7 *IFllLacon: (29)

Thus, introducing the notation u = L, 'F, we find that to the linear problem corresponding
to (1)-(3), i.e. when f =0, there corresponds the linear bounded operator

Ly : LyDr) — Wi (Dr)
and for its norm the estimate

1Ly < (30)

1
L, — Wi (Dr)

holds by virtue of (29).
Taking into account Definition 1.1 and Remark 2.2, we can rewrite the equality (4),
equivalent to the problem (1)-(3) in the form

u=Ly' [—f(u) + F] (31)

in the Hilbert space Wé’Zk(DT).
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Remark 2.3: Since due to (6) and Remark 1.1 the space W&’Zk(DT) is continuously

embedded into the space WZIO(DT), taking into account (9) from Remark 1.2, when the
conditions (7) and (8) are fulfilled, we see that the operator

Ny = NII, : Wi (Dr) — Ly(Dr),

where I; : WS’Zk(DT) — WZIO(DT) is the embedding operator, is likewise continuous and
compact.

We rewrite the equation (31) as
u=Au:=Ly' (Nju+F). (32)

Then, taking into account (30) and Remark 2.3, we conclude that the operator A :

1 2k (D7) — Wé -2k (Dr) from (32) is continuous and compact. At the same time accord—
1ng to the a priori estimate (23) of Lemma 2.2 in which the constants ¢3 = 2¢;* and
€4 = 2c1_2M8 mesDr, & = l 2 for any parameter 7 € [0,1] and for every solution u €

12k(DT) of equation u = rAu with the above-mentioned parameter the a priori esti-
mate (23) is valid with the same constants ¢3 > 0 and ¢4 > 0, independent of u, F and 7.
Therefore, by the Schaefer’s fixed point theorem [16] equation (32) and hence the prob-
lem (1)-(3) has at least one weak generalized solution u from the space Wé’Zk(DT). Thus,
the following theorem is valid.

Theorem 2.1: Let the conditions (7), (8) and (22) be fulfilled. Then for any F € Ly(Dr) the
problem (1)-(3) has at least one weak generalized solution u € Wé’Zk(DT).

3. Uniqueness of the solution of problem (1)-(3)

Theorem 3.1: Let f be a monotone function and satisfy the conditions (7), (8). Then for any
F € Ly(Dr) the problem (1)-(3) cannot have more than one weak generalized solution in the
space Wé’Zk(DT).

Proof: Let F € Ly(Dr), and moreover, let 1) and u; be two weak generalized solutions of
the problem (1)-(3) from the space WS’Zk(DT), i.e. according to (4) the equalities

9%k, 9% I ¢
dxdt
/DT 8t2k a2k +Z ) G x5 o |

— | fum)g dxdt + / Fodxdt Vg e Wy (D), (33)
Dt Dr

are valid, m=1,2.
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From (33), for the difference v = up — u; we have
3%ky 9%k¢ v g
dxdt
/DT a0k ok T Z aj(x )a Bx;
- / (f(w2) = fun) g dxdt ¥ € Wy (Dp). (34)
Dr

Puttinggp =v € Wé’zk(DT) in the equality (34), in view of (12) we obtain

[lvlh = — ; (f (u2) — f(u1)) (up — uy) dxdt. (35)
T
Since f is a monotone function, we have
(f(s2) = f(s)) (52 —51) = 0 V1,5 € R™. (36)
From (13), (35) and (36) it follows that
callvllo = [fvlli =0,

whence we find that v=0, i.e. u = uj, and hence the proof of the Theorem 3.1 is complete.
[

From Theorem 2.1 and 3.1 in its turn it follows

Theorem 3.2: Let fbe a monotone function and satisfy the conditions (7), (8) and (22). Then
forany F € Ly(Dr) the problem (1)-(3) has a unique weak generalized solution in the space
Wy (Dr).

4. Nonexistence of a solution of problem (1)-(3)

Let for simplicity Q : x| < 1.

Theorem 4.1: Let F* € Ly(D7), ||F0||L2(DT) #0, F* >0 and F = uF° pu = const > 0.
Then, if conditions (7), (8) are fulfilled and f(u) < —|u|*Vu € R", a > 1, there exist a
number g = po(F°, ) > 0 such that for ;n > g the problem (1)-(3) cannot have a weak
generalized solution in the space Wol’Zk (D).

Proof: Assume that the conditions of the theorem are fulfilled and the solution u €
WS’Zk(DT) of the problem (1)-(3) exists for any fixed ;t > 0. Then the equality (4) takes
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the form
9%ky 92k du dp
) dxdt = — dxdt
/D B2k gk +Z j(x) 5 9% DTf(”)‘/’
+u / Fpdxdt Y¢ e Wi (Dr). (37)
Dr

By integration by parts it can be easily verified that

82kl/t §0
- . + — | dxdt
'/;T P t2k t2k UX_: IJ( ) ;

Ak D ( a<p>
= u| — — — |\ dji— (7} dxdt
/DT ik 1; ax; \ 7 9x;
= f uLypdxdt Vg € C2*(Dr,dDr), (38)
Dr

where the space C§’4k(DT, 0D1) was introduced in the first section, besides
cy*(Dr,aDr) € Wy (Dy).
In view of (38) and conditions of the theorem from (37) we obtain

/ lu|@ dxdt < / uLg ¢ dxdt — M/ Fo(p dxdt Vo € C§’4k(DT, dDT). (39)
Dr Dr Dr

Below we use the method of test functions [17]. As a test function we take ¢ €
C(Z)Ak (D1, 9Dr) such that ¢|p, > 0.If in Young’s inequality with parameter ¢ > 0

o

1 /
ab<—a +——= b¥*;a,b>0, o =
a a’e? 1 a—1

wetakea = |ulp'/*, b = |Log|/¢'/%, then taking into account that o’ /o = &’ — 1 we have

1 |Lopl®

ale?'—1 g005/—1 ’

|Lo¢|
uLogl = lulg!/* "7 =<

[u|“p + (40)

&
o

From (39), (40) we have the inequality

& 1 Log|®
<1 — —)/ |u|“@ dxdt = - / | 0(/,)| dxdt — M/ Fop dxdt,
o Dy a’'e? —1 o (poz —1 Dy

whence for ¢ < o we get

o |Log|” o
/ lul*pdxdt < ————— / o dxdt — —— Flodxdt. (41
Dr ( 8)0{ & Dr ) o & Dr
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Taking into account the equalities &’ = a/(¢ — 1), = &/ /(&' — 1) and mingg < @/
(a — 8)0/80‘/_1) = 1 which is achieved at £ = 1, from (41) we find that

Lop|®
/ |u|“(pdxdt§f | 0‘/”'1 dxdt—a’M/ o dxdt. (42)
Dr Dt goa_ Dr

Note that it is not difficult to show the existence of a test function ¢ such that

!
[Low|*
o' —1

RS C§’4k(DT, dD7), ¢lp, > 0,k0 = / dxdt < +o0. (43)

Dr ¥
Indeed, as it can be easily verified, the function
o6 t) = (1= x)HT = )"

for a sufficiently large positive m satisfies conditions (43).
Since by the condition of the theorem F° e Ly(D7), ||F0||L2(DT) #0, FO >0, and
mes Dt < 400, due to the fact that ¢|p, > 0 we have

0<K = / Fogo dxdt < +o00. (44)
Dt

Denote by g(1t) the right-hand side of the inequality (42) which is a linear function with
respect to . From (43) and (44) we have

g(n) <0 foru>po and g(u) >0 foru < o, (45)
where
/ Ko
g(u) =Ko — o' k1, po=—— >0.
oK1

Owing to (45) for ;t > o, the right-hand side of the inequality (42) is negative, whereas
the left-hand side of that inequality is nonnegative. The obtained contradiction proves the
theorem. |
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