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FINITE DIFFERENCE SOLUTION OF A NONLINEAR
KLEIN-GORDON EQUATION WITH AN EXTERNAL SOURCE

G. BERIKELASHVILI, O. JOKHADZE, S. KHARIBEGASHVILI, AND B. MIDODASHVILI

ABSTRACT. In this paper, we consider the Darboux problem for a (1+1)-
dimensional cubic nonlinear Klein-Gordon equation with an external source.
Stable finite difference scheme is constructed on a four-point stencil, which
does not require additional iterations for passing from one level to another.
Tt is proved, that the finite difference scheme converges with the rate O(h2),
when the exact solution belongs to the Sobolev space W22

1. INTRODUCTION

We consider cubic the nonlinear Klein-Gordon type equation
2 2
(1.1) % - % +m2v 4+ M® = p(,t),
where A > 0, m > 0 are constants.

These equations arise in the quantum field theory [19], solid and high energy
physics [3], radiation theory [7], the thermal equilibrium properties of solitary wave
solutions (“kinks”) in a classical ¢* field theory [I].

Many works are dedicated to the investigation of boundary value problems for
these equations, among them we mention [13],[14] [T6], 20, 23]. The difference schemes
of some problems for nonlinear wave equations have been studied in [5] [17, [I8] [24].
In particular, in [I7] difference schemes are shown for semilinear wave equations,
in which second-order convergence is shown for u € C*. Certain numerical meth-
ods (the symplectic and multisymplectic finite difference schemes and the spectral
methods, etc.) are devoted to homogeneous nonlinear Klein-Gordon equations [26]—
[30). In [30] the authors propose a spectral method using as a basis the Legendre
functions. It shows the convergence with rate O(N ~2) for the equation with cubic
nonlinearity, where N denotes the maximal degree of polynomials and the exact
solution belongs to H?(0,T; H3(—o00;0)).

In the domain {(z,%)|0 < x < t, 0 <t < T} for equation (1.1) we consider the
first Darboux problem with the following boundary conditions:

(1.2) v(0,6) =0, wv(t,t)=0, 0<t<T.

Problem (1.1), (1.2) represents a problem with moving boundary (see e.g. [10,
15]).
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Note that problem (1.1), (1.2) arises in mathematical modeling of various phys-
ical processes, e.g. in the study of harmonic oscillations of a chock in a supersonic
flow [9], and also in the investigation of oscillation of a string with a piston beaded
on it, which is in a cylinder filled with viscous liquid [22].

Corresponding to (1.1), (1.2), linear problems were considered in works of Gour-
sat [I1], Darboux [6], Hadamard [12], Gellerstedt [8], Tricomi [21] and Bitsadze [4].

The paper is organized as follows. In the following section we present a state-
ment of the problem and main results. Then, in the section 3 we prove auxiliary
statements and in the section 4 we give the proof of the main results. In the last
section the numerical experiments are discussed.

2. STATEMENT OF THE PROBLEM AND MAIN RESULTS

For obtaining the difference solution of problem (1.1), (1.2) we rewrite it in
characteristic variables. Using transformation of independent variables x — = —
t, t = x +t, problem (1.1), (1.2) can be rewritten in the form

0%u
(2.1) D201 +m?u+ A ? = f(x,t), (x,t) € Dy,
(2.2) u(z,0)=0, 0<z<T, w(t,t)=0, 0<t<T/2,
where

U(I7t) = U(I - t,I + t),f(I,t) = (p(l‘ - t,I + t)7
D ={(z,t)t<ax<T—-1,0<t <7/2}.
By W;(D) we denote a Sobolev space with the norm defined by

m 1/p 9otBy,
g o= (i) o = (3 |G
— a+pB=m

p ) 1/p
L)/
In particular, for m = 0 we have W = Lj,.

It is proved in [2] that if the right-hand side of equation (1.1) belongs to C*,
then problem (1.1), (1.2), and therefore (2.1), (2.2), have classical solutions. Since
input data in practical problems are not always sufficiently smooth, it is expedient
to substantiate corresponding difference schemes in Sobolev spaces [25]. In the
investigation of the difference scheme we require only that the solution of problem
(2.1), (2.2) belongs to the space W2.

Denote h := T/n. In the domain Dy for k > 2 let us introduce the meshes

Qo 1= {(.Ti,tj”l‘i = ih, t; =jh, j=1,.., k-1, i=75+1,...,2k —j},
QQk—l = {(l‘“tj”.fz = Zh, tj :]h, ] = 17...7143 — 17 7= j —+ 1772]{3 —j — 1}

For the grid points, laying on the same straight lines, parallel to x + ¢ = 0, let
us introduce the following notations:

Yok = {(l’z,t])|l+]:2]€, j:].,,]f—].},
Yor =ity i+ =2k j=1.k}
Yor—1 = Yoy = {(zi, ) i+i=2k—1, j=1,.,k—1}

Moreover, let e;; 1= (z;—1,®;) X (tj—1,t;),

Yo = {(1‘“0)‘2 =12, ""n}a T = {(tj’tj)|j =12,.., [n/ﬂ}a
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FIGURE 1. Meshes

where [-] denotes the integer part of a number.
For mesh functions we use the notation U; := U(x;,t;). Denote

(OU)] == (U} = U=/, UL, = (U] =UL_)/h, U}, == (U] = U™ ")/h.

Let H be the set of mesh functions satisfying conditions (2.4). Define in H the
inner product and corresponding norm as follows:

U V)q, :=h* > U tV(xt), U3, = U0)aq,
(w,t)€Qs

Let
1Ullcey) = (glt?gle(xvt)l’ URvs () =P D _(Un)? + h};(Utﬂ
Vs A

Let us approximate problem (2.1), (2.2) by the difference scheme

(2.3) LU+ MU =F, (x,t) € Qn,
(2.4) U"Yac = U|’n =0,
where

(LU)] = (U] = UL, + UZ = U] 7Y /02 + 05m* (U] + ULZY),
. : . . . . 1
(AO)] = (U7 + UED (UL + W)/ B gy [ flast)dae
Note that difference scheme (2.3), (2.4) is an explicit one: first for j = 1 we
calculate all unknown values of U/, then the same procedure is done for j = 2, ...,
and each equation contains unknown values in linear form. Therefore, we conclude
that the solution of difference scheme (2.3), (2.4) exists and it is unique.
Let Z := U — u, where u is the exact solution of problem (2.1), (2.2) and U is
the solution of finite difference scheme (2.3), (2.4). For the discretization error Z
we obtain the problem

(2.5) LZ =W~ NAU - Au), Zl|,, = Z|,, =0,
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where we get the truncation error

(2.6) U :=F — (Lu+ Mu).

Theorem 2.1. For the solution of difference scheme (2.3), (2.4) the following
estimate is valid:

(2.7) Ul <6, 6:=TVe/2|fl|Lapr)-

Theorem 2.2. For the error of the solution of difference scheme (2.3), (2.4) the
following estimate is valid:

(2.8) U - o < all¥lq,,

u|W21('y
where ¢ := 22T exp [2{1 + (3A\6?T?/2)?}] and § is defined in (2.7).

Theorem 2.3. The solution of difference scheme (2.3), (2.4) converges to the so-
lution of problem (2.1), (2.2) and the following estimates are valid:

(2.9) U =l < P?llullwz@ry, 10— ullo@,) < ch?llullwzor):
where the constant ¢ > 0 is independent of h.
Corollary 2.1. Returning to the geometry of problem (1.1), (1.2) we have
Yor — Yo := {(2th,2kh)|i = 1,2, ..,k — 1},
Yok—1 = Yar—1 := {((2¢ — 1)h, 2k — D)h)|i=1,2,....k — 1}

and the corresponding difference solution V' of problem (1.1), (1.2) is defined as
follows:

Vak =Uil VR =UR, i=1,2, k-1
for the convergence of which the same results are valid.

)

3. AUXILIARY STATEMENTS

Lemma 3.1. For the solution of problem (2.1), (2.2) the following estimate is valid:

(3.1) lullepyy <9,
where § is defined in (2.7).
Proof. Multiplying equation (2.1) by du/0x 4+ 0u/0t and integrating in the domain

D, , we obtain
/2
LG+ G

/2 ou
4 _ — = e
+/\/0 ut(r —t,t)dt Q/DT(a + )fd dt,

/2
/0 K%)Q“L(%)Q] o tdtSZ/DT (%4—%)]%3:(#

(3.2) < %/D [(%)2+ (6“) | dedt + el £13, 0,

dt+2m/ T—ttd

hence

ot

Using transformation of variables we receive

/ (z,t) dedt = /da/ v(o —t,t)dt.
D.
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Therefore, by choosing € = 27 in (3.2), we have

1 T
wir) < 1 / w() do + 27| I, ..

/2 U U
wy= [ (5 + (5)]
(3.3) w(r) < 27e| f1I7,(p.)-

Thus, due to Gronwall’s lemma we have
Taking into account boundary conditions (2.2) we have

T rou  Ou /2 ou du
U(T—n,n)—/o (5_%) L U(T—n,n)—/n (%_E)

where

dt.

r=0—1

r=T—t
Whence

/2

2Ju(r —n,n)| < /0 (‘%‘ + g—z’)'xﬂ_tdt

and, also,

/2

4u(t —n,m)> < T/o [(%)2 + (%)2} z:rftdt,

SO
(3.4) u(r —n,m)|* < (7/4)w(T).

Taking into account that || f[|7 (D, 1s a nondecreasing function with respect to

7, from (3.3), (3.4) we obtain inequality (3.1).

Let us study the properties of the difference operators of scheme (2.3), (2.4).
Lemma 3.2. For any U € H the following estimate is valid:
(3.5) (LU, 0U)q, 2 05U 51 (,.): 5= 3,4,

Proof. Let (L,,U)} := 0.5m?(U? + U/~"). For s = 2k even, we have

k—1 2k—
1 : . R
(LU = LU, 0U)q,, = 7 Z Z — UL+ U -l - uinh
(3.6) = %(11 + 1),
where
k=1 2k—j ‘ _
L= > (U -vl,+Ul —v YWl -vl, + Uit - Ui,
j=1i=j+1
k—1 2k—j . . . . B
L= 3 (U - UL, + U — U0 U UL, — Ui,
j=1i=j+1
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By simple transformations we obtain

k-1 2k—j 4 4 . 4 k—1 2k—j
-3 X (@ - -ua) =X 3wl
Jj=li=j Jj=li=j
k—22k— k+1
XY W -vi = Yk v
Jj=1 i=j+2 i=k

+ Z ( (U3, i Ui D2+ (U;+1)2)

(3.7) = Z ( 2k—j ng—j—1)2 + (Uj+1)2)7

k—1 2k— ‘ _
S S (v - i - o)
j=1li=j+1
k—1 2k—j k—12k—j—1
_ J Jj— 1 Jj— 1
=Y > wl-u -0,
j=1i=j+1 j=1 i=j

(3.8) —Z( Gy~ U2 = (U72),

Furthermore, I; 4+ I> can be represented as follows:

k—1 k—1
Ty =Y (R0 )+ UF0)7) + 3 (B )* = (U] 71)?)
j=1 j=1
k=1 k=1
= h? Z(Ui,Qk—j)z +h? Z(Utj,%—j)z + (szil)%
j=1 j=1
But
U = ~(UF - U = -
therefore,
k=1 koo
Li+1r= h? Z(Ui,%—j)z +h? Z(Utj,Zk—j)zv
j=1 j=1
and from (3.6) we obtain
(3.9) (LU — LU, 0U0)q,, = 0. 5|U|W1(72k

By the analogous argument for the equality (s = 2k — 1),
(3.10) (LU = LnU,8U)q,, , = 0.5|U 34

3 (Y2k—1)
is valid. It is easy to verify that

(LU, 0U)q, = 0.5m? (hZUQ +hy U2>

Vs—1

and from (3.9), (3.10) the validity of estimate (3.5) follows.
Lemma 3.2 is proved.
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Lemma 3.3. For any U € H the following estimate is valid:
(3.11) (AU,0U)q, >0, s=3,4,---

Proof. For s = 2k even, we have

k12kj

(AU )q,, = 230 S (Wi = i) (W2 + Wi )?)

_7 1i=j+1

[\

k—1 2k—j

>. (WU + WU = U0~ WU
=j+

j=1li=j+1

k—1
h S o
=1 ((Uikijékfﬂz + (ng,jngfjflf) > 0.
j=1

(3.12)

Analogously, for s = 2k — 1 odd, we have

k—1
h , o 4 ,
(313) (AU 0U)qu_, = 7 2 (U3 s 1V )? + U3,y Uy 0)?) 2 0.
j=1

Lemma 3.3 is proved. (I

Lemma 3.4. For any U € H the following estimate is valid:

S
(3.14) 10U13, <20 [URys(pys 5= 34+
=3

Proof. Let us single out the cases for even and odd s. For s = 2k we have

k—1 2k—j ‘ k—1 2k—j
101Gy, =k~ D7 (U7, +Ujia)* <2023 3 (UL,)°
j=1i=j+1 j=1li=j+1
k—1 2k—j
+2h22 Z (Ui-1)”
j=li=j+1
2k 2k—1
(3.15) =207 N (U +202 Y Y (U
=3 m =3 %Jr

Analogously, for s = 2k — 1 we have
k—12k—j—1 k—12k—j—1

loU3,, , <202>" S° (Ui +202Y" Y (Ui, )?
Jj=1 i=j+1 Jj=1 i=j+1
2k—1 2k—2

(3.16) =202 3" 3 (WU 4202 Y N (U)?

=3 =3 ’YL+

From (3.15) and (3.16) we obtain

s—1
10U 3, < 203 [U s (0 + 202 D UL,
=3 Vs
and, therefore, Lemma 3.4 is valid O
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Lemma 3.5. For any U € H the following estimates are valid:

(3.17) 1018, < 02|U|%4,2}(%), co =sh/4, s=3,4,---.
(3.18) U118, < eshd (Ui, csi=(sh)?/8, s=34,--.
=3

Proof. If (x;,t;) € Yok, i.e., i + j = 2k, then

2k—1 2k—1 i i—1
Ul =h Z UZE—h Y Uk, Ul =h Y U2 —ny U
s=i+1 s=k+1 s=k
According to these equalities we have
2k—1 2k—1
U <h Y U 5|+h2 U2k,
s=k+1
Whence
2k—1 2k—1
U9)? < 05( 3w S|) +0.5( Z Dlorie S|)
s=k+1
2k—1 2k—1
k Z h‘UQk s 2 kh Z h|Ut2k 5|12,
s=k+1 s=k
Thus,
(3.19) U2 (r00) < RR/DIU g 09

Analogously, if (x;,t;) € yog—1, L.e. i+ j = 2k — 1, we obtain

) 2k—2 2k—2
AU <h D UZTT 1|+hZ (2w

whence

5 (k—=1Dh
(3'20) HU”C(’Y%—l) < 9 |U‘W2l(')/2k—1).

Since the quantity of mesh points of +; is less than /2, we have

D DULIED B BB IIt) ZHUHCW)
Qs

=3 m

< h2<1/2><m/4>2 U1z () < <sh>2/82h||w|%v;<w>-
=3 =3

Lemma 3.5 is proved. (I

Lemma 3.6 (Gronwall’s discrete inequality). Let ws, gs be nonnegative sequences
of numbers and gs nondecreasing. Then from the inequalities
s—1
Wg §cZwi+gs, s=k+1Lk+2,...,n, wpr<gr, ¢c>0
i=k
it follows that
wy, < g exp(c(n —k)).
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Lemma 3.7. Let u be the exact solution of problem (2.1), (2.2) and U the solution
of finite difference scheme (2.3), (2.4). Then

s—1
(3.21) [|AU — Aull3, < C4hlz U — ulfyy
=3

is valid, where U is defined in (2.6).

yF @/ICR,,  cs:= (36%sh/2)?

v
Proof. Let Z := U — u. From the definition of the operator A we get
(3.22) (AU = Aw)] = (7] + 212 ) M+ 20 Mo+ 20 M,
where

e L 0 ),

| =

My = (U + )y (U + )] + (O +wi)),
My = %(U + u){‘l((U +u)! + (U + u){if).
By virtue of (3.22) let us rewrite (2.5) in the form
(Zg' v Zg’:f) (1+ MN2M +m2h?/2) = ZI_ (1 — Ah2M;)
(3.23) +Z17H 1 = AR M) + h2W.
By substitution of (Z7 + Z7~'), by (3.23) into (3.22) we have

. MM (1+m2h%)2)
AU — Au)! = J

(AU = M)l = M man 2 2
M+M2(1+m2h2/2) j*1+ h2M \I/‘j
14+ AR2M +m2h2/2 " 14+ AR2M +m2h2/2 "

Whence
(AU = Aw)]| < (M A+ IMLDIZ]_y |+ (M A+ (M) Z] 7]+ (1/0)] 8],
According to Lemma 3.1 and Theorem 2.1 we have ||U||¢c, ||ullc < &. Therefore,
(AU = Aw)]| < (36%/2)(1Z]_1 +12] 1) + (1/N) %]
Whence
(AU = Aw)]|? < 964120, [ + |27 2) + (2/2%) 9]

and

D UIAU - Au? <186* Y 2%+ (2/3%) )W,
ot} i

Yi—-1

Thus,

IAU — Aulll, = 3" 02 3T AU — Auf? < 1880 Y 1227 + (2/%)]| Y|
=3 Y Qs—1

és, s> 4.

From this inequality, using (3.18) we obtain estimate (3.21).
Lemma 3.7 is proved. ([
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4. PROOF OF MAIN RESULTS

Proof of Theorem 2.1. Let us show that for the solution of the difference scheme
(2.3),(2.4) the following estimate is valid:

(4.1) U1y < 2khe|l FIIG,, k=3,4,....n
Note that the difference equation on grid ()3, consisting of point (2h, k) only, has
the form
(1/h* +m?/2)Uy = Fy, = (U3)* < WY (Fy)%
therefore,
(4.2) Ul ) = (2/0)(U3)? < 20%(F3)? = 2h||F |,

and (4.1) is valid for k£ = 3.
Furthermore, due to Lemmas 3.2, 3.3 we have

(1/2)IUlyy s,y < (LU + AU, 0U)q, = (F,0U)q, < ||Fllq.ll0U]

Q. 823,
whence, by use of e-inequality we receive

(4.3) /21Uy s,y < (1/20)[0U1[5, + (/2N F N,

According to Lemma 3.4 we have

(4.4) W2y < 012 S 1B + E/DIFIS,.
1=3

From (4.4) it follows that

s—1
1 h h €
(4.5) (5 - g)|U|%4/21(%) <z E |U\€v21(%) + §||F||2st s=4,5,... k.
i=3

Let us choose € = 2h(k — 2) in (4.5). We obtain
s—1
(4.6) Ui < 7= — Z; Ui + 20EIIFIS,, s =45, k.
Using Lemma 3.6, from (4.2), (4.6) we obtain estimate (4.1).
Due to kh < T and ||F||Qk < ||Flq.., and also by virtue of Lemma 3.5, from
(4.1) we receive HU||C () S < (T%¢/2)||F |3, and therefore,

(4.7) U118, < (T%e/2)|FI3, -
The following estimate is valid:
(48) ||F| Qn < ||f||L2(DT)'
Indeed, for even n, taking into account the expression of function F', we have
k-1 2k—
-3 Y () sy
j=li=j+1
k—1 2k—j

< Z Z f2(z,t) dedt < ||fHL2(DT)

j=1i=j+1"¢ij

and the same estimate for odd n. The validity of Theorem 2.1 follows from (4.7),
(4.8). O
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Proof of Theorem 2.2. Multiplying equation (2.5) by 0Z and summing up on Qs
we obtain

(,CZ, 3Z)Qs = (\I/, 3Z)Qs - )\(AU - Au,@Z)QS,
whence using Lemma 3.2 and e-inequality we receive
05121y < 1¥1Q.10Z]lq, + AlIAU — Aullq, [|0Z]
<TG, + RT)H0Z5, + TA|AU — Aull3..

Qs

Due to Lemmas 3.4 and 3.7 we have

s s—1
|Z‘?’Vzl("/s) < (2h/T) Z ‘Z|€V§(w) + 4TH\I]H2QS + QTVCMZ |Z|%’V2~1(vz)'
1=3 1=3
Since 2h/T = 2h/(nh) < 1/2 for 4 < s < n, we have
s—1
(49) 1 Z1¢rny) € YT +TNca)dh > | Z () +8TI0G,, s=4,5,...,n.
1=3

Now, let us show that
(4.10) 2131 () < OTIW (1B,

First note that |Z\€V21(73) = (2/h)(Z35)%, [9]13, = h*(¥3)*. Therefore, equation
(2.5) on grid @3 (consisting on one grid point only) has the form
(/0 +m?/2)Z; = V3 = (Z3)" < h'(3)°.
Therefore,
|23 gy < 20°(03)% = 20| 0|[3), < 6T |[2),.
Applying Lemma 3.6 to inequalities (4.9), (4.10) we obtain estimate (2.8).
Theorem 2.2 is proved. (|

Proof of Theorem 2.3. Integrating equation (2.1) in domain e;; we obtain

B =0t )4 o 02) [t o
€ij

+(O/R?) / (@, 1) dadt.
€ij
Introducing this expression into equation (2.6) and using the notation
1
l(u) := ﬁ/ u(x, t) dadt,

€ij

i (u) == 1(u) = 050 +ul ")), Po(u) i=1Uu) = 0.5ul " +ul_,),
Yy (u) = L)y (u) + 0.5(ul + ul "} )iha(u?),
we can represent the truncation error in the form
(4.11) U = m2r (u) + A(l(u?’) —I(w)l(u?) + {/Ig(u))
Easy to see that
(4.12) s (u)| < [ull& [ (u)] + [[ull ez (u?)].
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Let us transform expressions ¢ (1) and ¥ (u) as follows:
~ 1 0?u 0?u
Yi(u) =5 /e] ((t )=t g + (@ - 2i)(@ @i 55

0%y 0%u

—(x —x;)(t— tj)m —(z—mi—q)(t —tj— 1)8 8t) dxdt

~ 1 0? 02
Bafw) = 3z [ (=)0~ 405 + @ - 2@ i) g

0%u &%u
~(@ =zt~ 1)y — (@) (= )5 )d:cdt
whence
~ 82
(4.13) e (1 ”*2/ (’(‘)t?‘ 8x2‘+2’8x8t’) dedt a=1,2.

Using Cauchy-Schwarz inequality and algebraic inequality (a +b+2c)? < 4(a?

b% + 2¢?) we have

(414) |J1(’LL)‘ < \/ih‘u|W22(e”)7 |1Z2(’U,2)| < \/§h|u2|W§(eU)
Therefore, from (4.12) it follows that
(4.15) [¥s(w)] < V2h|lulle(lulclulwse,) + 4w e.,))-

The following identity is valid:
1(u?) = U(u)l(u?)
2h4/ / u(x,t) — u(g, )) (u(z,t) +u(é, 7)) dedtdédr.

Thus,
(1) = U(u)l(u?)]
1 2
< X /e /e (u(w,t) — u(&, 7)) dedtdédr ||ullc
1 u (7715 ) /t au(ﬁﬂb) 2
=77 — — dtdéd
o [ 2 [ 25 st v
< 2fulfy e, lulle:
Therefore,
(4.16) ) = Lu)l(u2)] < 2l ., ullc-
Note that

ou|?2 |0u|? Ou|? | 0u|?\2 1/2
2
= - = < = o
[l i / (5] + |5 Jawat < h(/ (5] + 5] ) daat)

Oult 1Ot 1/2 )

<n(2 (|5e] +] 5] )dwde) ™ = Vanluliy.,.

Therefore, from (4.16) we have
(4.17) ®) — H()] < 2Vhfulyy ol
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According to estimates (4.14), (4.15), (4.17) from (4.11) we obtain
W] < VamPhlulwze,,) + Millullc (V2 [uyy ) + V2 lulelulwze,)
+V2 |u2|W§(€m‘))
or
93] < V2esh([ulwze, + 0oy + [0 lwz e )
where cg := m? + \§% + 2)\6 and § is defined in (2.7).

Therefore,

)3, = h? Z of? < 6C§h4(|u‘§g(pﬂ + |u|%/V22(DT) + ‘U2|%V§(DT)),
Qn
or, as we note that

212 2 2 4
w2 (o) < 8(5 lulwz(pyy + |u|W41(DT))’

we have
(4.18) W[, < 62 (9|u\‘¢V4I(DT) +(1+ 852)|u\3V§(DT)).
Since W3 C W}, then from (4.18) it follows that Theorem 2.3 is valid. O

5. NUMERICAL EXPERIMENTS

Example 1. Consider problem (1.1), (1.2) with A = 1, m = 0, f(z,t) =
23 sin® (2 — t) — 2 cos(x — t). Table 1 gives approximate solution errors and relative
errors for different values of parameter T and grid step h. The exact solution of the
problem is u(z,t) = zsin(x — t). The obtained computations show convergency of

the difference scheme.

TABLE 1

T \ 4 \ 8 16 32 64

h= Zmax 0.18-107* | 0.71-107* | 0.51-10° | 0.30-10* | 0.10-10*
0.1 | Zmax/Umax | 0.68-1072 | 0.11-107* | 0.35-107* | 0.98-10"* | 0.17-10?

h= Zmax 0.44-1072]022-107* | 0.10-10° | 0.53-10° | 0.29-10°%
0.05 | Zmax/Umax | 0.17-1072 [ 0.34-1072 | 0.72-1072 | 0.17-107" | 0.46 - 10"

h= Zmax 0.17-107% | 0.86-1072 | 0.45-1072 | 0.21-107' | 0.92- 107"
0.01 | Zmax/Umax | 0.66-107* | 0.13-107% | 0.32-107% | 0.68-1072 | 0.15-1072

h= Zmax 0.17-1075 | 0.86-107° | 0.46-10"* | 0.21-107® | 0.91-1073
0.001 | Zmax/tmax | 0.66-107° | 0.13-107° | 0.32-107° | 0.67-107° | 0.15-10~*

Example 2. Figures 2—4 give the graphs for the approximate solution of problem
(2.1), (2.2) obtained for different values of equation parameters and a right-hand
side. The graphs show some properties of the solution of the problem; interest-
ingly, the graphs undergo high frequency oscillations in the neighborhood of moving
boundary.
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330

V- Axis

0 X - Axis 4

FIGURE 2. The graph of V(z,T) for p(z,t) = exp(zt),m =0, =
1,T=4

44

T

V - Axis

0 X - Axis 10

FIGURE 3. The graph of V(z,T) for ¢(x,t) = exp(t),m =0, =
1,T =10

V - Axis

0 X - Axis 80

FIGURE 4. The graph of V(z,T) for ¢(z,t) = 1,m = 0,A =
1,7 =80

Remark 1. The obtained results can be extended when: the nonlinearity of equa-
tions has the form |u|*u, a = const > 0; the Dirichlet condition when = = 0 can
be replaced with the Neumann condition; the parameter A < 0 and the solution

undergoes blow up.
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