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S. KHARIBEGASHVILI AND O. JOKHADZE

BOUNDARY VALUE PROBLEM FOR A WAVE EQUATION
WITH POWER NONLINEARITY IN THE ANGULAR
DOMAINS

In a plane of independent variables x and ¢ we consider the wave equation
with power nonlinearity of the type

Lu = 0Ou + Mu|*u = F(z,t), (1)

where A and « are the given real numbers, o > 0; F = F(z,t) is the given
and u = u(x,t) is an unknown real functions; O := §%/9t? — 92 /02>,

By D : y(t) < 2 < 0, t > 0 we denote an angular domain lying inside
of the characteristic angle Ag : ¢t > |z| and bounded by the ray v1 : = 0,
t > 0 and by the smooth noncharacteristic curve vo : x = ¥»(t), t > 0,
ie, |7 ()| # 1, t > 0, emanating from the origin O(0,0). Under these
assumptions, obviously, —t < ¥(t) < m1(t) =0, ¢ > 0; =1 < ~4(¢¥)] <0,
t>0,7(0)=0,i=1,2.

Suppose Dy :=DN{t <T}and y,r =y N{E<T}H T >0,i=1,2.
Obviously, for T' = oo, we have Dog = D, Vi 00 := Vi, 2 = 1,2.

For equation (1), we consider the boundary value problem when the
oblique derivative of a solution is given on 7,7 and a solution itself of
equation (1) is given on 2 7. The problem is formulated as follows: find in
the domain Dr a solution u = u(x,t) of equation (1) under the boundary
conditions

(llum + ZQUt)|717T = 07 (2)
7"’|’Y2,T =0, (3)

where [1, and Iy are the given continuous functions, and (|l1| + |l2])|,, # 0.
Note that in the linear case, i.e., when A = 0 in (1), and instead of the
boundary conditions (2), (3) are considered the conditions

(Qiug + Bitg) |y, » =0, i=1,2; u(0,0) =0, (4)

the problem (1), (4) in the domain Dy has been studied in [1-6]. It should
also be noted that the problem (1)—(3) is equivalent to the problem (1),
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(4) when the direction of (ag, 82) coincides with that of the tangent to the
curve o 7 at any of its points.

In the case of nonlinear equation (1), when homogeneous Dirichlet condi-
tions ul,, . = 0, i = 1,2 are taken on ; and 72, and one of those curves ;
or o is the characteristic, this problem has been studied in [7-9], while when
Ugly, p =0, Uy, =0, where 17 : 2 =0,0<t <T, and yo 1 : x = —t,
0 <t < T is the characteristic of equation (1), the problem is studied in
[10,11]. As is pointed out in [1,6], such type of problems arise in mathemat-
ical modeling of small harmonic wedge oscillations in a supersonic flow and
string oscillations in a cylinder filled with a viscous liquid.

Suppose

[e]

C*(Dr,yr) == {v € C*(Dr) : (v, + love) y, 1 =0,
Vlny p = 0}7 Yr = v1,7 U y2,1-

Definition 1. Let F' € C(D7); l1,la € C(y1,7). The function u is said
to be a strong generalized solution of the problem (1)—(3) of the class C
in the domain Dr, if u € C(Dr) and there exists a sequence of functions

un € C?(Dr,~r) such that u, — u and Lu, — F in the space C(Dr), as
n — 00.

Remark 1. Obviously, a classical solution of the problem (1)—(3) from

the space C?(Dr,vr) is a strong generalized solution of that problem of
the class C in the domain D7 in a sense of Definition 1.

Definition 2. Let F € C(Dy); li,l2 € C(71,00). We say that the
problem (1)—(3) is globally solvable in the class C, if this problem for any
finite T' > 0 has at least one strong generalized solution of the class C' in
the domain D7 in a sense of Definition 1.

Definition 3. Let F € C(Dw); l1,la € C(71,00). The function u €
C(Dy) is said to be a global strong generalized solution of the problem
(1)—(3) of the class C' in the domain D, if for any finite T > 0 the function
u|p, is a strong generalized solution of that problem of the class C' in the
domain D7 in a sense of Definition 1.

Definition 4. Let F € C(Dy); li,l2 € C(71,00). We say that the
problem (1)—(3) is locally solvable in the class C, if there exists a positive
number Ty = Ty(F) such that for T < Tg this problem has at least one
strong generalized solution of the class C' in the domain Dr in a sense of
Definition 1.

Theorem 1. Let A > 0, F € C(ET), Yo, € 02([0,7—’]), l; € Cl(’yl’T),
i=1,2, (l1l2) >0, and in case (1112)(0) = 0, the curves v1,r and a1
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do not have a common tangent line at the point O. Then the problem (1)-
(3) has a unique strong generalized solution of the class C in the domain
Dt in a sense of Definition 1.

Theorem 2. Let F € C(Dw); V2,00 € C%, 1; € CH(1.00), i = 1,2,
(Iil2)], o =0, and in case (I112)(O) = 0, the curves v1,00 and Yy2,00 do not
have a common tangent line at the point O. Then for A < 0, the problem
(1)—(3) is locally solvable in the class C in a sense of Definition 4.

Remark 2. Note that if the conditions of Theorem 1 are fulfilled, then
a strong generalized solution u of the problem (1)—(3) of the class C' in
the domain Dt belongs to the space C'(Dr), and under the additional
requirement that F' € C'(Dr), this solution belongs to the space C?(Dr),
that is, it will be classical. In both cases the boundary conditions (2)
and (3) are fulfilled pointwise. If the conditions of Theorem 1 are fulfilled
for T = +o0, then the problem (1)—(3) is globally solvable in the class
C in a sense of Definition 2, and under the additional requirement that
F € C'(D), the problem (1)—(3) has a unique global classical solution
u € C?*(Dyy).

When (1112)(0) = 0, and the curves v1 1 and 2 7 have a common tangent
line at the point O, the solvability of the problem (1)—(3) will depend on
the tangency order of the curves v; r and v2 7 at the point O and on the
direction of (I1,[3) in the vicinity of that point.

By virtue of the requirements imposed on the curve 75 € C2, it can be
easily verified that if n(t) = t — 72(¢), then 7'(t) = 1 — 75(¢) > 0 and,
consequently, there exists an inverse function ¢t = {(n), where the function
7(n) = ¢(n) + 2({(n)) satisfies the conditions

TeC? 1(0)=0, 7(n) >0, 0<7(n)<m, n>0, (5)

and if the curves v; and 5 have a common tangent line at the point O, the
equality
7(0) =1 (6)
holds.
It will be assumed below that the curves 7; and -2 have at the point O
the first order tangency. Then owing to (5) and (6), we have

7(0
(n) =1 —1on* +o(mn®, = ,72( )

where a(n) = o(n), as n — 0+, i.e., HI&_U(?]) =0.
n—

b (t), t >0, for (I115)(O) = 0 we have |a(0)| = 1.
o+ 14

According to what has been said above, we assume below that

a(t)sign a(0) = 1+ agt™ + p()t™, 0<t<e¢, (8)

>0, n>0, (7)

Assuming a(t) :=
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where ag = const # 0, m = const > 1, u(t) = o(t), as t — 0+, ie.,
th%l-i- wu(t) =0, and ¢ is a sufficiently small positive number.

Theorem 3. Let A > 0, F € C(Dr); vor € C*([0,T)), l; € Ct(n1.7),
i = 1,2, (hl2)lyr >0, (l1l2)(O) = 0, and the curves v1 and 2 have at
the point O the first order tangency. Then if the conditions (7) and (8) are
fulfilled, the problem (1)—(3) has a unique strong generalized solution u of
the class C in the domain Dr in a sense of Definition 1, if at least one of
the following three conditions: 1) m > 1;ii) m =1, a(0)ag < 0; iii) m =1,
a(0)ag > 0, 2|ao| < 70 is fulfilled.
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