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Abstract. The Riesz “rising sun” lemma is proved for arbitrary locally
finite Borel measures on the real line. The result is applied to study an
attainability problem of the exact constant in a weak (1,1) type inequality for
the corresponding Hardy-Littlewood maximal operator.

1. Introduction

Let M, be the one-sided Hardy-Littlewood maximal operator on the real
line

1 b
Mef() =swp [Ifldm,  fe L (®)
b>x b - x
where m stands for the Lebesgue measure. The following equality
1
(1) m{M+f>)\}:—/ |f|dm, A>0,
{Myf>2}

is well known and sometimes called the Riesz “rising sun lemma” (see [4])
since it can be readily obtained from the following lemma which usually
carries this name (see [7], [8]):
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Lemma. Suppose G is a continuous function on R. Let E be the set of
points x such that G(x + h) > G(z) for some h = hy > 0. If (a,b) is a
finite connected component of E, then G(a) = G(b).

The equation (1) is an important tool in studying various problems related
with maximal functions ant there exist its several proofs (see [3], [8]) which
do not depend on a geometric structure of the Lebesgue measure and can
be generalized for absolutely continuous measures (see Lemma 1 in [1]). In
this note we formulate and prove the lemma in the most general setting for
which it remains true.

Throughout the paper let v be a locally finite signed Borel measure and
1 be a positive Borel measure on R. We assume without lose of generality
that p(a,b) > 0 for each open interval. Define the one sided maximal
function M¥v as

b)
M*v(z) = su vz, .
wie)=sw e

For a signed measure v, let #T and v~ be respectively the positive and
the negative part of v. We assume that v~ (R) < co.

Theorem 1. If measures v~ and u are free of atoms, i.e. v{z} >0
and p{x} =0 for each x € R, and

(2) A > liminf M{v(2),
then
(3) M{ My > N} = v{Mv > A}

We construct the counterexamples where the equality (3) fails to hold
when measures have inadmissable atoms or (2) is not satisfied. Nevertheless
the one sided inequality Au{M{v > A} < v{M}'v > A} is always true,
i.e. the weak (1,1) type inequality holds for the operator MY with exact
constant 1, and we show this fact separately.

Theorem 2. Let v and p be as in the introduction. For each A > 0, we
have

(@) WMy > A} < %y{Mﬁu > AL

We use the above results to answer the question considered below on the
attainability of the exact constant in the weak type (1,1) inequality for the
two-sided Hardy-Littlewood maximal operator. Namely, let

1
Mf(x)= sup ——
f( ) a<z<b b —a

b
/ fldm, e Ll (R).
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It is well known that the constant 2 is exact in the following weak type
(1,1) inequality

6 midf >3 < SIfl feL®), A>0,

for the operator M, i.e., the inequality (5) holds when C' = 2 and fails to
hold for some f € L(R) and A > 0 whenever C < 2. The question arises
whether the exact constant 2 can be achieved for some nontrivial integrable
function, i.e. if there exist f € L(R) (except f =0) and A > 0 such that

m{Mf > A} = S| flh

A similar problem of the attainability of the exact constants is considered
in [6]. We give a negative answer to the above posed question in the general
setting below.

It is well known that C' = 2 is also the exact constant in the weak
(1,1) type inequality for the Hardy-Littlewood maximal function M*v
corresponding to the measures v and u:

v(a,b)
M"v(z) = sup —
z€(a,b) M(aa b)

i.e.
2
(6) p{M*v > A} < XZ/(R), A>0,
and if v is allowed to have atoms, say v = d;g), then for each A >0
2 2
(7) p{M*v > A} = XV(R) = XV{M“V > A}
For the sake of completeness, we give the proof of a slightly improved

version of (6) and show that the equality (7) cannot be achieved (except for
the trivial case) if vT is free of atoms.

Proposition 1. For any A > 0, we have
2
(8) p{M"v > A} < XI/+{MMV > A}

Proposition 2. Let vt be a finite measure free of atoms and X\ > 0. If
the equality

9) u{M*v > A} = §V+{M“V > A}
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holds, then both sides of (9) are zero.

2. The proof of the main result

Note that in general {M{v > X} may not be open, but it is always open
from the left, i.e. for each z € {M/v > A} there exists ¢ > 0 such that
(x —e,2] € {M{v > X}. Hence its representation as a disjoint union of
connected components has the form

(10) {Mil/ > /\} = Uzozl(an; bn>7

where the angle “)” indicates that b, either belongs or does not belong to
(an,bn) (ie. (an,bn) = (an,by] or (an,by)).

Proof of Theorem 2. If {M/'v > A} =0, then the case is trivial.
Assume (a,b) is a connected component of {M{'v > A} (not excluding
the cases a = —oo or b = 00) and prove that

(11) Ap(a,b) < v(a,b).
Then obviously (4) follows, because of (10). We will prove that
(12) Aplz,b) < vx,b)

for each x € (a,b) and one can get (11) by passing to the limit in (12) as x
tends to a from the right. For each z € (a,b), define

(13) Yo i=sup{y > x : Aufz,y) < vlz,y)}

(the latter set is not empty). The limiting argument shows that

(14) Az, yz) < V[T, ys).
Note that
(15) Yz > b.

Indeed, if y, < b, then y, € {M{v > X} and there exists y > y, such that

(16) MY, Y) < V[Ya, Y)-

It follows from (14) and (16) that Aulx,y) < v]x,y), which contradicts the
definition (13) of y, being a supremum. Thus inequality (15) holds.
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Now consider several cases. If (a,b) = (a,b), then b ¢ {M{v > A} and
(17) Aub,y) > v[b,y) for each y > b.
In addition, if y, = b, then (12) is the same as (14) and if y, > b, then
Apfz,b) > v[z,b) together with (17) would imply that Au[z,ys) > vz, ys)

which contradicts (14). Thus (12) holds in this case.
If (a,b) = (a,b], then

(18) Au(b,y) > v(b,y) foreach y>b
and
(19) Au{b} < v{b}.

Indeed, there exists a sequence {b,}32; from R\{M{v > A} which
converges to b from the right and consequently Au[bn,vy) > v[bn,y), n =
1,2,..., holds, where one can pass to the limit to get (18). The inequality
(19) follows from the fact that if Au{b} > v{b}, then Aulb,y) > v[b,y) for
each y > b, by (18), so that b would not belong to {M¥v > X}.

Now if y, = b, then (12) follows from (14) and (19) and if y, > b, then
Apfz, b] > viz,b] together with (18) would imply that Aulx,y.) > vz, ys)
which contradicts (14). Thus (12) holds in this case as well. O

Proof of Theorem 1. Without lose of generality we can assume that
A > 0. Indeed, if u(R) = oo, then liminf M{v(x) > liminf vlz.0o) >
r——00 x

oo M[®,00)

and the positiveness of A is justified by (2). If u(R) < oo and A < 0, then
take A’ > |\| and consider the maximal function of measure v + Xy with
respect to p, i.e. MY (v + Np). It can be readily checked that (v + X p)~
does not have atoms and M/ (v + Np) = M{v + X, which implies that
{ME(w+XNp) > X+ N} ={M{v > \}. If we now apply the theorem for
positive A 4+ X', then we get (A + XN )pu{M¥{v > X} = (v + Np){M{v > X},
which readily implies (3).

Let us now show that if (a,b) is a connected component of {M¥{v > X},
where —oco < a, then

(20) Au(a,b) > v(a,b).

Indeed, since a ¢ {Mv > A}, we have Aula,y) > va,y) for each y > a
and, letting y to tend to b from the right, if necessary, we get

(21) Aula, b) > v]a,b).

Since v{a} > 0 and p{a} =0, (20) follows from (21).
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Since it follows from the condition (2) that —co < ay,, for each n in the
representation (10), we have Au(an,bn) > v(an, by) by virtue of (20). Thus

Aa{M8Y > A} = Mt (U3 (@0, ba)) > v (U2 (an, b)) = v{MYv > A}

n=1

which together with (4) implies (3). O

3. Counterexamples

The following example shows that in general ¥~ cannot have an atom in
Theorem 1.

Example 1. Let u© = m be the Lebesgue measure and v be the
measure concentrated at two points —1 and 0, where v{—-1} = -1
and v{0} = 1. Then M{v(z) = 1/|z] on (—1;0] and is equal to 0
outside (—1;0]. Thus {M{v > A} = (=1;0] for each X\ € (0;1) and
MAMEYy > X} =X-1#1=v{0} =v{M{v >}

The following example shows that p cannot have an atom.

Example 2. Let gy and v be the measures concentrated at —1 and 0,
respectively, where po{—1} = 1 and v{0} = 1 and p be m + po. Then
Miv(x) = 1/]z] on (=1;0], M{v(x) = 1/(|z| + 1) on (—oo;—1] and is
equal to 0 on (0,00). Thus {M}v > A} = (—1;0] for each A € (3;1) and
MAMEYy > X} =X-1#1=v{0} =v{M{v >}

The following example shows the necessity of condition (3).

Example 3. Let v be the same as in the preceding example and p be
a positive measure such that g = m on [0,00) and u(—o00,0) = 1. Then
Mi{v(z) =0 on (0,00), Miv(r) > 1 on (—o0,0] and lim Mv(z)=1.
Thus, for each A < 1, {M{v > A} = (—00,0] and Au{M¥{v > A} =X-1#
1 =v{0} =v{M{v > X}

4. The attainability problem

Proof of Proposition 1 (cf. [2], Lemma [.4.4.). Inequality (8) will be proved
if we show that

w(K) < ;VJr{M”I/ > A}

for each compact set K C {M*v > A}. Let I1,Is,...,I, be a finite cover
of K by intervals such that

(22) ) <v(ly), j=1,2,...,n.
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Observe that (22) implies that
(23) L c{Mtv>2A}, j=1,2,...,n

We say that a finite system of covering intervals {/;}}_; is minimal if
Uj_1l; D K and K ¢ Ul 1; for each | =1,2,...,n. Since from every
system of covering intervals one can select a minimal subsystem, we can
assume that {I;}7_; is minimal.

Let I; = (a;,b;), j = 1,2,...,n. It can be observed that a; # a;
and b; # b; whenever i # j, since the system is minimal. We can
assume that a1 < as < ... < a,. The minimality of the system also
implies that (aj,b;) N (a;y2,bj42) =0 for each j < n — 2, since otherwise
either (aj41,b;41) can be excluded from the system (kept K covered) if
bjt1 < bjt2 or (ajy2,bj42) can be excluded from the system if bj11 > bjj2.
Thus we have the two open sets consisting of disjoint intervals

Elz(al,bl)U(ag,bg)U... and EQZ((LQ,bg)U((L4,b4)U...

such that K C F1 U Ey and Au(E;) < v(E;), i = 1,2, by (22).
Since v(E;) < vt (E;) <vTH{Mrv > A}, i=1,2, by (23), we have

Mi(K) < Mu(E) + (E2)) < W(Ey) + W(Ey) < 20 {MP > A}, O

By developing further the idea of the proof of Proposition 1, one can prove
the following covering lemmas, which leads to the Lebesgue differentiation
theorem for arbitrary measures. Although it is essential in the following
two lemmas that we deal with the one-dimensional case, nevertheless we
emphasize that the measure p is arbitrary and may not satisfy the doubling
condition.

Lemma 1. Let {[a;,b;]}jes be a system of closed intervals that covers a
measurable set A C R with u(A) < co. Then, for each € > 0, there exists
a disjoint subsystem {[a;,b;]}jes,, Jo C J, such that

1M(A) —e.

1 (Uje, [aj, bi]) > 5

Proof. Clearly, one can associate to each point = € Q := (Ujes[a;, b)) \
(Ujes(aj,bj)) an open interval A, with one endpoint at x such that
QNA, =0. Ifa <b<c<d, then (a,2) N (2%2,d) = 0. So, if
we denote by A’ the interval with length 1|A;| and with the same left or
right endpoint x, then the system of intervals {A]},ecq will be disjoint.
Thus Q is numerable.
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The system of open intervals {(a;,b;)}jes covers A\Q. Take an arbitrary
¢ and a compact set K C (A\Q) such that

(24) 1K) > p(A\Q) —e.

We can cover K by a finite subsystem of intervals {(a;j,b;)} ez, , l.e. Ji is
a finite subset of J and

(25) K C (Ujer, (aj,b5)),

and we can take another finite subsystem of closed intervals {[a;,b;]} e,
which covers AN Q up to a set of p-measure less than €,

(26) 1 ((ANQN\ Ujer, [a;,b5]) <e.
It follows from (24),(25) and (26) that
(27) 1 (A\ Ujesiua, [aj,b;]) < 2e.

Thus, we have found a finite system of closed intervals {[a;, b;]} e, which
covers A up to a set of p-measure 2¢.

The rest of the proof repeats the proof of Proposition 1. Assume
Ujesslaj, bj] = Ay and let {[a;,b;]}7_; be a minimal cover of A; (with
exactly the same definition as in the proof of Proposition 1). We can assume
without loss of generality that a; < as < ... < a,. Then

E1 Z[al,bl]U[ag,bg]U... and EQZ [ag,bQ]U[a4,b4]U...
consist of disjoint closed intervals and A; C Ey U E5. Thus it follows from
(27) that

1

p(E:) > Sp(Ag) > 3 (u(A) %)

either for ¢ =1 or 2 and the lemma follows. O

Using Lemma 2, one can prove the following lemma exactly in the same
way as Theorem 2.8 is proved in [5].

Lemma 2. Let A C R be a measurable set and {[a;,b;]}jcs be a system
of closed intervals such that for each x € A and ¢ > 0 there exist j € J
such that bj —aj < ¢ and x € [a;,b;]. Then there is a disjoint subsystem
{la;,b]}jes, such that

1 (A\ Uje, [az,b5]) = 0.
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If v=v.+4 v} —v; is the Lebesgue decomposition of v with respect to
pyie. ve < p, p(E*) =0 and vE(ENE*Y) = v*(E), then define

+00 on ET
(28) & .— ) —oo on E~
Dp dv. .
—— otherwise
dp

where ‘fi”“ is the Radon-Nikodym derivative. Using Lemma 2, one can get

the Lebesgue differentiation theorem for the pair of measures v and g in a
standard way (see, e.g., the proof of Theorem 2.12 in [5]).

Lebesgue Differentiation Theorem. For (|v| + u)-almost all x € R
the limits

v(a, x]

I BT V[va) i T
Dhv(z) = bliﬂfi D) and D"v(z) = aliﬂ?, a7]

are equal to B—Z(x) defined by (28).

Proof of Proposition 2. Along with M v consider the left side maximal

function M*v(z) = sup,, Zggﬁ . Obviously, Theorems 1 and 2 hold for
M"v too.

First consider the case where p does not have atoms. Then M*v(z) > A
implies that either M¥v(z) > A or M"v(x) > A. At the same time, using
the limiting argument, it is clear that M{v(x) > X or M"v(x) > X implies
that M*v(x) > A. Thus

{MFr > N} = {Mv > XU {M!v > A}

By virtue of Theorem 2, we have

p{MPv >N}y < p{Miv > A} + p{M"v > A}
< %V{M$V>A}+§V{MEV>>\}
1
< X(V+{Mﬁ1/>)\}+l/+{Mfu>>\})
< §V+{MMZ/> A}

If (9) holds then we should have all equalities instead of “<” in the above
relations. This means that we should have

(29) p{M*v > N} = p{Milv > A} + p{M"v > \}.
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But since v* does not have atoms, {M{r > A} and {M"v > X} are
open sets and (29) means that {M{v > X} N {M"v > X} = 0 since we
have that the measure p of each open interval is positive. By the Lebesgue
differentiation theorem, (|v|4u)-almost all z € {B—; > A} belong to the sets

{Mv > A} and {M"v > X}. Hence (|v| —l—u){g—z > A} = 0. Therefore

v =0 and ‘g/’j < A. Hence Zézzg < M for each interval (a,b) so that
{M*v > X} =0 and the theorem follows.

If p contains atoms, we reduce the case to the non-atomic one by the
following trick.

Let A be the set of atoms of p. Since p is locally finite, A is countable

so that let

A= (a2, and plagh =gy 5= 1,2, ..
Assume W.L.O.G. that 0 ¢ A and define the maps

U_(z) = T+ ije(o@) i, x>0,
) - ZIJ‘E[I,O) Hj, T < 0,

and
\I/+(x) = {x+zmje(ovm] Hj> T Z 07
= ije(m,o) Hi, T < 0,
(we assume (a,b] = ) = [a,b) when a = b). Obviously, z < y =

Ur(r) < Ug(y) and if © ¢ A, then U_(z) = ¥ (x) =: U(z). The
relation z < y = ¥(z) < ¥(y) is naturally valid if we take any point from
[(V_(x;), ¥4 (z;)] in the role of ¥(z;) for the atoms z; € A.

For arbitrary Borel measurable E C R, define naturally the set

U(E) := U(E\A) U (Uz; e[V (75), Uy (25)]) = Urep[V - (2), Vi (2)]

and let B = U(R\A). The map ¥ is strictly increasing and hence is one-
to-one on R\A. Thus ¥~ !(y) exists whenever y € B and we naturally
assume that ¥~!(y) = z; whenever y € U{z;}. We have

(30) R=BU(U2[¥_(x;), ¥y (z;)]) = BUY(A) and BNE¥(A) = 0.

Keeping these relations in mind, we can define the measures i and 7 on R
by letting them to be measure-preserving on R\ A, ji(E) = u(¥~(E)) and
V(E)=v(¥1(E)) as E C B, and also i = dm, 0 = v{x;}d(,,} on each
(U_(z;), V4 (z;)] = U{z;}. Note that fi has got free of atoms and, since
r{z;} <0,

(31) v(E) <0 for each B C U2 [V_ (), Uy (z;)] = U(A).
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Observe that

(32) p(a,b) = (¥ (a), ¥ (b)), v(a,b)=v(¥i(a), ¥_(b))
and v+ (a,b) = 7 (4 (a), U_ (1))

for each a < b. Furthermore, for each Borel measurable £ C R,

(33) w(E) = i(W(E)) and v+(E) = 7+ (V(E)).

If € (a,b) and Ze% > A, then W{z} C (¥y(a), ¥ (b)) and
%ﬁ:%; > A, by (32). Thus z € {M‘r > A} impli~es that
U(z) e {MFr > A} if 2 ¢ A and U{z} = [¥_(z;), ¥ (z;)] C {MID > A}
if x € A. Consequently,

(34) U{M"v > \} C {M"D > \}.

Now we show that

(35) y € B=U(R\A) and M o(y) > X\ = MFu(T1(y)) > A\
Indeed, let (o, 8) >y and

(36) (o, B) > A, B).

Assume ay = V¥ (z;) when a € [¥_(z;), U (x;)] = U{x;} for some j
and a4 = a otherwise (o« € B in this case). Similarly, f_ = ¥_(z;)
when € [V_(z;), ¥y (z;)] = ¥{z;} for some j and f_ = [ otherwise.
Clearly, a < a; <y < - < 8 because y ¢ U5, [V_(z;), ¥ (z5)],
and hence ¥~l(ay) < Ul(y) < ¥71(B_). Since 7(a,ay] < 0
and 7[B_,0) < 0 (see (31)), it follows from (36) that D(ay,0-) >
Mo, ). Thus w(@(as), B4 (5.)) > Ml (ay), T-1(3.)) by
(32), and MHu(U~1(y)) > A.

It follows from (34), (35) and (30) that {M#"D > A}\(¥{MH*v > A}) C
U(A). Hence

(37) Mo > A} = it (U{MFv > \}),
by (31). At the same time (34) implies that

(38) AU {M" > A\}) < i{ M7 > \}.
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Since ji does not have atoms, we have that either
- 2 -
(39) M > A} < X”F{M“D > A}

or the both sides of the inequality (39) are equal to 0. In the latter case it
follows from (37) and (38) that o™ (P{M*+v > \}) =0 = a(V{M'v > \}).
Consequently v {M*v > A} =0 = pu{M*"v > A}, by (33).

If (39) holds, then it follows from (38), (39) and (37) that

B(U{M*r > A}) < %D*(\II{M"I/ > A}
and consequently, by virtue of (33),
p{M* v > A} < %I/JF{M”V > A} O
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