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HOCHSCHILD HOMOLOGY WITH COEFFICIENTS IN AN
H-UNITAL IDEAL

GURAM DONADZE and MANUEL LADRA

(communicated by Jean-Louis Loday)

Abstract
Let k be a field and I an H-unital two-sided ideal of an asso-

ciative unital k-algebra A. Then, based on Wodzicki’s work, we
show that the Hochschild homology groups of A with coeffi-
cients in I are isomorphic to the Hochschild homology groups
of I.

Definitions and conventions

Let k be a commutative unital ring, A an associative unital algebra over k and M
a bimodule over A. Consider the following complex, called the Hochschild complex,

C(A,M) := · · · → M ⊗A⊗n b−→ M ⊗A⊗n−1 b−→ · · · b−→ M ⊗A
b−→ M,

where ⊗ = ⊗k and the Hochschild boundary b : M ⊗A⊗n → M ⊗A⊗n−1 is the
k-linear map given by the formula

b(m, a1, . . . , an) := (ma1, a2, . . . , an) +
n∑

i=1

(−1)i(m, a1, . . . , aiai+1, . . . , an)

+ (−1)n(anm, a1, . . . , an−1).

By definition, the nth Hochschild homology group of A with coefficients in M is the
nth homology group of C(A,M) denoted by Hn(A, M). In the case where M = A,
the Hochschild complex is denoted by C(A) and its nth homology is called the nth
Hochschild homology group of A denoted by HHn(A).

Let I be a k-algebra (not necessarily unital). Denote by I+ the unital k-algebra
k ⊕ I, where the multiplication structure is given by

(k1, x)(k2, y) = (k1k2, k1y + xk2 + xy).

The first author would like to thank the University of Santiago de Compostela for its hospitality
during the work on this paper.
The second author was supported by MEC grant MTM 2006-15338-C02 (European FEDER support
included) and by Xunta de Galicia grant PGIDITI06PXIB371128PR.
Received December 29, 2008; published on July 21, 2009.
2000 Mathematics Subject Classification: 17B40, 17B56, 18G10, 18G50, 18G60, 19D55.
Key words and phrases: Hochschild homology, H-unital algebra.
This article is available at http://intlpress.com/HHA/v11/n2/a1

Copyright c© 2009, International Press. Permission to copy for private use granted.



2 GURAM DONADZE and MANUEL LADRA

Then the nth Hochschild homology group of I is defined as follows:

HHn(I) := Hn(Coker{C(k) → C(I+)}).
Consider now the following complex, called the bar complex,

Cbar(I) : · · · → I⊗n+1 b′−→ I⊗n b′−→ · · · b′−→ I⊗2 b′−→ I,

where the differential b′ : I⊗n+1 → I⊗n is given by the formula

b′(x0, x1, . . . , xn) :=
n−1∑

i=0

(−1)i(x0, x1, . . . , xixi+1, . . . , xn).

Definition (M. Wodzicki). The k-algebra I is said to be H-unital, if

H∗(V ⊗ Cbar(I)) = 0

for any k-module V .

Main result

We prove the following:

Proposition 1. Let k be a field, A a unital k-algebra and I an H-unital two-sided
ideal of A. Then, for each n > 0, there are isomorphisms

Hn(A, I) = HHn(I) and Hn(A,A/I) = HHn(A/I).

Proof. Consider the following commutative diagram of complexes:

0 −−−−→ C(A, I) −−−−→ C(A) −−−−→ C(A,A/I) −−−−→ 0

f

y 1C(A)

y
yg

0 −−−−→ Ker{C(A) → C(A/I)} −−−−→ C(A) −−−−→ C(A/I) −−−−→ 0,

(1)

where f and g are naturally induced homomorphisms of complexes. We will show
that f and g induce the isomorphisms:

f∗ : Hn(A, I)
∼=−→ Hn(Ker{C(A) → C(A/I)}),

g∗ : Hn(A,A/I)
∼=−→ HHn(A/I),

which will complete the proof, since, according to [2], there is an isomorphism

Hn(Ker{C(A) → C(A/I)}) = HHn(I).

The upper row of (1) is exact, since k is a field. By definition, the lower row of (1)
is also exact. Thus, we have the following commutative diagram with exact rows:

· · · −→ Hn+1(A, A/I) −→ Hn(A, I) −→ HHn(A) −→ Hn(A,A/I) −→ · · ·
g∗

y f∗

y 1HHn(A)

y g∗

y
· · · −→ HHn+1(A/I) −→ HHn(I) −→ HHn(A) −→ HHn(A/I) −→ · · · .

(2)

From (2) and by the Five Lemma it suffices to show that g is a quasi-isomorphism.
Since gn : (A/I)⊗A⊗n → (A/I)⊗ (A/I)⊗n is an epimorphism for each n, the key is
to prove acyclicity for the complex Ker g.
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We need the following fact which is proved in [2] (see also [1]):

Lemma 1. Let L = Ker{Cbar(A) → Cbar(A/I)}. Define the following filtration on
L:

FpLn = linear span of {(a0, a1, . . . , an) ∈ Ln | at least n− p + 1 aj’s belong to I}.
Then the associated spectral sequence Er

pq(r > 0) is in the first quadrant and E1
pq = 0.

Return to the proof of Proposition 1. Define the following filtration on Ker g:

F̄p(Ker gn) = linear span of {(a0, a1, . . . , an)
∈ Ker gn | at least n− p aj ’s (j > 1) belong to I}.

Denote by Ēr
pq (r > 0) the associated spectral sequence. We will show that Ē1

p∗ = 0.
By definition,

F̄p(Ker gn) = (A/I)⊗ Fp(Ln−1) ⇒ Ē0
pq = (A/I)⊗ E0

p q−1,

where L, F and E are defined as in Lemma 1. Moreover, if (a0, . . . , an) ∈ F̄p(Ker gn),
then it is easy to check that

(a0a1, a2, . . . , an) and (ana0, a1, . . . , an−1) ∈ F̄p−1(Ker gn−1).

Thus,
b(a0, . . . , an) = −a0 ⊗ b′(a1, . . . , an) mod F̄p−1(Ker gn−1).

Therefore, the following square

Ē0
pq

'−−−−→ (A/I)⊗ E0
p q−1

b

y
y1⊗(−b′)

Ē0
p q−1

'−−−−→ (A/I)⊗ E0
p q−2

(3)

is commutative. Hence Ē1
pq = (A/I)⊗ E1

p q−1 = 0.

Given a k-algebra A (not necessarily unital) and an A-bimodule M , the complex
C(A,M) can be defined in the same way.

Let I be a two-sided ideal of a k-algebra A. The inclusion I ⊂ A induces the map
of complexes C(I) → C(A, I) denoted by α(A,I).

Proposition 2. Let k be a field. Then the following are equivalent:
(i) I is H-unital;
(ii) α(A,I) is a quasi-isomorphism for any k-algebra A which contains I as a two-

sided ideal.

Proof of (i) ⇒ (ii). Consider the following sequence:

C(I)
α(A,I)−−−−→ C(A, I)

f−→ Ker{C(A) → C(A/I)},
where f is naturally defined as in diagram (1). As in the previous proposition we can
show that f is a quasi-isomorphism, since in Lemma 1 it is not necessary to demand
that A is unital (see [1] or [2]). Moreover, by [2], f ◦ α(A,I) is a quasi-isomorphism.
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Proof of (ii) ⇒ (i). We have to show that, if α(A,I) is a quasi-isomorphism for any
A, then I is H-unital. We use the well-known trick. Namely, for any vector space
V consider the k-algebra I ⊕ V with multiplication given by (x, v)(y, u) = (xy, 0).
The quasi-isomorphism C(I) → C(I ⊕ V, I) implies that C(I ⊕ V, I)/C(I) is acyclic.
But C(I ⊕ k, I)/C(I) contains V ⊗ Cbar(I)[1] as a direct summand, where Cbar(I)[1]
means that the complex Cbar(I) is shifted by 1. Thus, V ⊗ Cbar(I) is acyclic.

Remark. In the case when k is not a field, using the same arguments we can prove
that a k-algebra I is H-unital if and only if α(A,I) is a quasi-isomorphism for any
k-algebra A which contains I as a two-sided ideal and A → A/I is k-split.

Corollary 1. Let k be a field and A a unital algebra over k. If I is an H-unital ideal
of A, then for each m > 1 and n > 0, we have HHn(Mm(A),Mm(I)) = HHn(I),
where Mm(A) and Mm(I) denote the algebras of all m×m matrices with entries in
A and I, respectively.

Proof. Straightforward from Proposition 2 and [1, 1.4.14 Theorem].

Let A be a unital algebra over k. Denote by M̄(A) the algebra of all infinite
matrices whose columns and rows contain a finite number of non-trivial elements.
Put M(A) = lim−→

m

Mm(A), m > 1. Then M(A) is a two-sided ideal of M̄(A) and we

have the following:

Corollary 2. If k is a field, then HHn(M̄(A),M(A)) = HHn(A), for each n > 0.

Proof. It is known that M(A) is H-unital, since it has local units (see [1]). Hence
HHn(M̄(A),M(A)) = HHn(M(A)), but by Morita invariance we have

HHn(M(A)) = lim−→
m

HHn(Mm(A)) = lim−→
m

HHn(A) = HHn(A).
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