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Abstract

An investigation of internal Kan extensions started in Datuashvili (Georgian Math. J. 6 (2)
(1999) 127–148) is continued. The necessary and su5cient conditions for its existence are
given, which generalizes the result obtained in Datuashvili for the case when the domain internal
categories in the Kan extension diagram are connected. c© 2002 Elsevier Science B.V. All rights
reserved.

MSC: 18D35; 18B40

1. Introduction

In [1–3] we de@ned and gave the complete computations of cohomologies of inter-
nal categories (equivalently crossed modules) in categories of groups with operations,
described cohomologically trivial internal categories (crossed modules) and studied re-
lated questions. Here we consider the problem of the necessary and su5cient conditions
for the existence of internal Kan extensions in the category of groups. In [4] accord-
ing to the equivalence of categories Cat(Gr) � X Mod(Gr) [7] we considered internal
categories as crossed modules and treated the same question in the case when in the
diagram of the Kan extension
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two domain internal categories C and M are connected. In the present paper we fol-
low the same crossed module approach, consider a more general nonconnected case
and under certain assumptions obtained the necessary and su5cient conditions for the
existence of internal Kan extensions.
Since every internal category in the category of groups is a groupoid, these kind of

questions can be treated by means of the category theory (groupoid) methods. Note that
in our case the groupoid approach did not give the desirable result. Due to Mac Lane-
Whitehead’s well-known classi@cation of connected cell complexes according to their
3-type [6] we can also consider a topological approach to this problem. It will be the
subject of the forthcoming paper.
In Section 2 we present de@nitions and results on internal functors and internal Kan

extensions from [2,4]. In Section 3 we prove the main theorem and also consider a
case of abelian groups as a special case of internal categories.

2. De�nitions and summary of relevant previous results

Let Cat(Gr) denote the category of internal categories in the category of groups
Gr, and X Mod(Gr) the category of crossed modules in Gr. By the equivalence of
categories Cat(Gr) � X Mod(Gr) [7], the internal nature of categories and the problem
itself enables us to consider them as crossed modules.
Thus if A; C are internal categories in Gr, we denote them as crossed modules

A :A1
dA

−→A0 and C :C1
dC

−→C0. Recall [8] that by de@nition a crossed module is a
pair of groups (A0; A1), where A0 acts on A1, and there is a group homomorphism
dA :A1−→A0 which satis@es the conditions

dA(a0 · a1) = a0 + dA(a1)− a0;

dA(a1) · a′1 = a1 + a′1 − a1;

a0 ∈ A0; a1; a′1 ∈ A1.
Let R :C −→A be an internal functor. As shown in [2], R is a pair of group homo-

morphisms R= (R0; R1); R0 :C0−→A0; R1 :C1−→A1 satisfying the conditions

R1(r · c) = R0(r) · R1(c); r ∈ C0; c ∈ C1; (2.1)

R0dC = dAR1:

In Whitehead’s terminology R1 is an operator homomorphism associated with R0 [8].
Let S = (S0; S1) :C −→A be another internal functor and  : S −→R a morphism be-
tween them. Then  is a crossed homomorphism  :C0−→A1 associated with S0 (for
terminology see again [8]):

(r + r′) = (r) + S0(r) · (r′);
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which satis@es conditions

dA = R0 − S0;

dC = R1 − S1:

For the proof see [2]. The picture is

Since every internal category in Gr is a groupoid, any morphism  : S −→R between
internal functors is an isomorphism (see also [2]).
Note that if A ∈ Cat(Ab) then the action of A0 on A1 is trivial, so that  is a group

homomorphism, satisfying the above two conditions.
If � and �′ are morphisms of internal functors

F �−→F ′ �′−→F ′′; F; F ′; F ′′ :C −→C′ ∈ Cat(Gr)
then the composition �′� is a map �′+ � :C0−→C′

1, and it satis@es the corresponding
conditions [2].
Let A; C;M ∈ Cat(Gr) and K = (K0; K1) :M −→C and T = (T0; T1) :M −→A are

internal functors.

De�nition 2.1. An internal right Kan extension of T =(T0; T1) along K =(K0; K1) is a
pair (R=(R0; R1); �), where R is an internal functor C −→A; � :RK −→T—a morphism
of internal functors, such that for each internal functor S = (S0; S1) :C −→A and a
morphism � : SK −→T , there is a unique morphism of internal functors  : S −→R
with �= �+ k.

Here k is the morphism SK −→RK , i.e., the composition

M0
K0−→C0

−→A1;

which satis@es the corresponding conditions:

dA · K0 = R0K0 − S0K0;

K0 · dM = R1K1 − S1K1;

K0(m+ m′) = K0(m) + S0K0(m) · K0(m′); m; m′ ∈ M0:
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The diagram is

(2.2)

For the de@nition of the Kan extension for ordinary categories, see [5].
Note that as it is for the case of groupoids, internal right and left Kan extensions

coincide, so we shall omit the word “right”.

Proposition 2.2. Let � :RK −→T be a morphism of internal functors in the diagram
(2:2). (R; �) is an internal Kan extension of T along K if and only if for each internal
functor S :C −→A the assignment  �→ K0 (K = (K0; K1)) determines a bijection

Hom(S; R)−→Hom(SK; RK):

Proof. It follows from the composition

Hom(S; R)−→Hom(SK; RK)
Hom(SK;�)−−−−−→ Hom(SK; T );

where Hom(SK; �) is a bijection.

For M = (M0; M1) ∈ Cat(Gr); A = (A0; A1) ∈ Cat(Ab) we denote by Homcat(M;A)
an abelian group of internal functors from M to A, and by Homoph(M1; A1) an abelian
group of operator homomorphisms T1 :M1−→A1 associated with trivial group homo-
morphism M0−→A0; i.e., T1 is a group homomorphism with the condition:

T1(m0 · m1) = T1(m1); m0 ∈ M0; m1 ∈ M1:

The same meaning will have the notation Homoph(M1; A0).

Proposition 2.3. Let M ∈ Cat(Gr), and A ∈ Cat(Ab). Then HomCat(M;A) is a pull-
back of the diagram

HomCat(M;A) −−−−−−→ Homoph(M1; A1)

�



�Hom(M1 ; dA)

HomGr(M0; A0)
Hom(dM ; A0)−−−−−−→ Homoph(M1; A0):

The proof follows directly from (2.1).
Denote by ]HomCat(M;A) the set of all isomorphism classes of internal functors from

M to A (A ∈ Cat(Ab)). Obviously, this set has an abelian group structure. We have
homomorphisms

Hom(dM ; A1) : HomGr(M0; A1)−→Homoph(M1; A1);

Hom(M0; dA) : HomGr(M0; A1)−→HomGr(M0; A0);
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such that the following compositions are equal:

Hom(M1; dA) ◦ Hom(dM ; A1) = Hom(dM ; A0) ◦ Hom(M0; dA):

From this it follows that we have an induced homomorphism

’M : HomGr(M0; A1)−→HomCat(M;A)

and it is easy to prove.

Proposition 2.4 (Datuashvili [4]). For M ∈ Cat(Gr); A ∈ Cat(Ab) we have
]HomCat(M;A) = Coker’M :

Proposition 2.5 (Datuashvili [4]). Ker’M =HomGr(Coker dM ;Ker dA).

3. The main result and its proof

In this section, we give the necessary and su5cient conditions for the existence
of internal Kan extensions. We consider the case when K in diagram (2:2) is an
epimorphic internal functor. The case where K is monomorphic is considered in [4],
where we proved the theorem for the case when all internal categories A; C;M from
(2:2) are in Cat(Ab) and M and C are connected. Note that these two cases (K is an
epi and K is a mono) in general do not provide an answer for arbitrary K , even for
A; C;M ∈ Cat(Ab) and connected M and C. For details see [4].
Let K = (K0; K1) be an internal functor M −→C. Denote by KerK an internal

category dKer K : KerK1−→KerK0, where dKer K = dM | Ker K1 .

Theorem 3.1. Let C=(C0; C1); M=(M0; M1) ∈ Cat(Gr); A=(A0; A1) ∈ Cat(Ab); K=
(K0; K1) :M −→C be an epimorphic internal functor such that an injection
KerK0−→M0 has a retraction. There exists a Kan extension of T=(T0; T1) :M −→A
along K :M −→C if and only if T | Ker K ≈ 0 and HomGr(Coker dKer K ;Ker dA) = 0.

Proof. We have an exact sequence in Cat(Gr):

0 −→ KerK1
I1−→ M1

K1−→ C1 −→ 0


� dKer K



� dM



� dC

0 −→ KerK0
I0−→ M0

K0−→ C0 −→ 0:

(3.1)

Consider abelian group homomorphisms

’C : HomGr(C0; A1)−→HomCat(C; A);

’M : HomGr(M0; A1)−→HomCat(M;A);

’Ker K : HomGr(KerK0; A1)−→HomCat(KerK; A);
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de@ned in the Section 2. By Proposition 2.5 of Section 2, we have

Ker’C =HomGr(Coker dC;Ker dA);

Ker’M =HomGr(Coker dM ;Ker dA);

Ker’Ker K =HomGr(Coker dKer K ;Ker dA):

Applying the functor HomCat(−; A) to diagram (3.1) and Propositions 2.3 and 2.5 of
Section 2, we obtain the commutative diagram in Ab

(3.2)
Since I0 : KerK0 �→ M0 has a retraction, Hom(I0; A1) is an epimorphism. Each row

and column in diagram (3.2) is exact. Applying Snake Lemma to (3.2) and Proposition
2.4 we obtain an exact sequence of abelian groups

HomGr(Coker dM ;Ker dA)
’−→HomGr(Coker dKer K ;Ker dA)

 −→ ]HomCat(C; A)
]Hom(K;A)−−−−→ ]HomCat(M;A)

]Hom(I; A)−−−−→ ]HomCat(KerK; A): (3.3)

Suppose that the conditions of the theorem hold. We shall show that there exists a
Kan extension of T along K .
Since T | Ker K ≈ 0, it means that ]Hom(I; A)(cl T ) = 0. From the exactness of (3.3),

there exists an internal functor R ∈ HomCat(C; A), such that ]Hom(K; A)(clR) = cl T ;
which is equivalent to the condition that there exists an isomorphism � :RK ≈−→T .
Suppose that there is an internal functor S :C −→A with � : SK ≈−→T . This gives an
equality cl SK = clRK = cl T . Since HomGr(Coker dKer K ; Ker dA) = 0, ]Hom(K; A) in
(3.3) is a monomorphism. Thus we have an isomorphism S ≈ R. We have to show
that there exists a unique isomorphism  : S −→R, with K0 =−�+ �. From (3.2) we
have the following commutative diagram:

(3.4)
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Since HomGr(Coker dKer K ;Ker dA)=0; ’Ker K is a monomorphism. So in (3.4) x=0.
From the exactness of the corresponding row in (3.2), we conclude, that there exists

a unique  ∈ HomGr(C0; A1) such that K0�→ − �+ �.
Since the diagram

HomGr(C0; A1)
Hom(K0 ; A1)−−−−−→ HomGr(M0; A1)

’C



�



�’M

HomCat(C; A)
Hom(K;A)−−−−→ HomCat(M;A)

is commutative and Hom(K; A) is a monomorphism, we obtain ’C() = R− S, which
means that  is a morphism of internal functors  : S −→R; it proves that (R; �) is a
Kan extension.
Now suppose, that there exists a Kan extension (R; �) of T along K . Then from (3.2)

we have that Hom(I; A)(T ) ≈ 0, which means that T | Ker K ≈ 0. Since R is unique up
to isomorphism with the property that RK ≈−→T , from the exact sequence (3.3) we
obtain that ]Hom(K; A) is a monomorphism, so that  =0 in (3.3). Now we shall show
that ’= 0 in (3.3), from which will follow that HomGr(Coker dkr K ; Ker dA) = 0. Let
� ∈ HomGr(M0; A1) and ’M (�) = 0; therefore we can consider � as a morphism of
internal functors � :RK −→RK . By Proposition 2.2 we have a bijection Hom(R; R)↔
Hom(RK; RK). Thus, there is a morphism � :R−→R with �K0 = �. In diagram (3.2)
we have � ∈ HomGr(C0; A1) and Hom(K0; A1)(�) = �. From this it follows that ’= 0,
which completes the proof of the theorem.

In the case when A; C;M ∈ Cat(Ab) the condition an injection I0 : KerK0 �→ M0

has a retraction can be replaced by one of the following conditions:
(i) A1 is injective in Ab;
(ii) C0 is projective in Ab;
(iii) dC is a split epimorphism;
(iv) dA is a split monomorphism.
We do not state here the proof of this theorem, since it is based on analogous argu-
ments as for the connected case given in [4, Theorem 3:4], where we use the groups
Ext1Cat(Ab)(A; B) (extensions of internal categories or equivalently of crossed modules
in Ab) and their properties.
Note that the condition (iv) means that A is internally equivalent to the discrete

internal category 0−→Coker dA (see [2, Proposition 4:4]) and if (iv) holds then the
condition HomGr(Coker dKer K ; Ker dA) = 0 is automatically satis@ed. Analogously, it
can be proved that condition (iii) means that C is internally equivalent to the con-
nected internal category Ker dC −→ 0, i.e., to the abelian group Ker dC considered as
an internal category.
Suppose that all categories A; C;M are connected internal categories in Gr with

only one object, i.e., A0 = C0 = M0 = 0. These conditions imply that A1; C1; M1 are
abelian groups, internal functors are abelian group homomorphisms and an isomorphism
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between internal functors is an equality. In this case the notion of an internal Kan
extension reduces to the notion of a unique extension of a homomorphism in Ab

In both cases where K is mono [4] and K is epi our theorems give the corresponding
well-known results for abelian groups.
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