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ABSTRACT. tr'or the corrcsponding iterative scheme, in the Richar6son,s cyciicitcrirti'c methoir instend of zeros ol' the rirised in lrorver /k chebyshev porynomial r{ k)v'e suggest to take r'" mtr l(2k-1)-nlultipre zeros of the spccial r.aiserlln power l polyno_mial R1- ix; ' lve achieve acccrcr*tion of the conve rgencc in the Richardson,s method,but the cycle itsclf elongates, nlthough in hottrr cases nurnber z of rlifl.erent zcrosrcmains as fi-rcd as rhc gcncrrrr ordcr of ;lo rvtt ,ttr o[thc ,,rrnomirrrs.
Kcy rvorr!s: tnodulus-ntrxiuutilr. cyclic iteration. superpositional substitution. /c-mul-tiple zero, nonnarized chebvshev polvnorniar. 
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Consider the linear equatioir

;1rp : .,f
rvhose eigen nrunbers t1),,| areon the segmenl

fuu. t\,11. t\f > nt > $ .

According to the notatiol :: .-:,:i

cqual to the abscissa of tltat pc;:.. . -;,-
transformation of the segmenl i .:l;

-.:

^ _As 
for the values a and.r,. tha_. ":: .:of tlre polvnomial (6) ,* .quni ..-:,=

ilbove-ntenliorred rrrodulrrs_nrirrrr: ..,: .

Thc follouing stulelllcnt holcr
. .Staternent l. lf for the real n,-r::,:e:

rlie inequaliry,

approxrrnateh,, 1ve cau applr- the l?.icirarcison,s cyclic
cne to construct on the seglrent (2) rhe raiserl in:nomial

(l)

O)
iterative
por.ver /r

6

T,f 1x1=

with y.=(.r=1.....r) -urultiple zeros /i a14to

L(P' = Q, t ---1.1q., 
,v/,1

satisf,'ing the condition Tu*,:T,(.r=1....,r). Alter A iteratir,e cycics are compieted (see [21).
lxlrl,lti,3l, 

approximation io ihe cxact solurion $,e obrain ty sclr"r,.,e (4) rhe foltor,ving

,, ll1l
;lP*,, -'Pll<:J

'Ihe rnaximurl on the rigirt_irand side of
analogous cases) on the scgment (2).

lnstcad of the polynornial (3) with /.--rnuliiple zeros n,e take the poll.nomial consideredin [3J in tlrc particrrler case uitir singlc and :l_t_uruttiptc ze165. [11 case n is even, lve canllrite this poivnouial in lcrms of

lr['
appl,v

l.-. t i

11ia\11,; (-r)J.

inequalio, (5) is taken (ust

(3)

the iterative scheme

(4)

(5)

as below in all

rs ftrlfilled" then the ineclualifi,

lr ..', :

ruaxll l-:ll r-1, 1"a1j\ a )\ :

u'ill likervise be fulfilled. If the incqu.rl::
opposite ro (g) rvilt likeivise b" ;rifi;
Rr1, Qn) = lnrn g,t yl= 

iazr (-rn )i. R., (.i-
left-hand side ofinequaliry (g) ,r.n, ou, ,sponding superpositionai substitution, *rng lhe abovc re.rrrark in{o accouri.'.,,.-.
::gment [a.b] is embedcled into the sesrs(6)uith rcspecl lo thc rnodrrh,r_n,u*i",*I
in this case rve consider nvo subsegmenuof o,e subsegment will be ,".";;i;;
subsegment r.vill be zeros of the pol-vnomr
the follor.ving

. Staternent 2. For lhc seqnlerrt lrr , i
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According to the not:iliou iutroduced in [3]. the r,alue lt appearing in fonnula (6) is
l

.qual to tlte abscissa of thal point rrtieh corrcspolds i.o the nonnalizaiiou point x=0 upon
transfor!ilation of the seglncnt (2) into the segrnett [- i . 1l using the linear sr.rbstitrltion

2x*ll -n
' = 

-,1*,,, 

*

As for tlie values r ald.i," thc), are chosen in such a $ a,v that all r-t' I rnodulus-rnaxitt a

of the pol.vnomial (6) are cqual alnong themselr.es. and tiris eusures inaxirnaiit.,, of tlle
above-mentioled ruodulus-nraxirra itr trhe conditron undcr corrsirleraiion.

The follou,ing stateurent holds.
Statcment 1. lf for thc real nurubers o attd b (b>a>0) and for the nalriral nuurbcr k>1

lhe inequali[,

( ,t 2r -.\! -trr \ f rt lx-.\l - ttr \:t r

ICoS AICCOS( -- -il IcOS irrccos -,9 I

\ 2 \/-rtr ) 2 \[ -trr ]
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b , /'2li-111', __1_l'
a'I i-r ,1.- k)

( -1)

is ftrlfilled" then the inequalitr,

i, ..,, ..':r rl i, ..r(, -',(l
'u.'i[ 

t ':l[ r-ir l-,,,., l[ ,-rl[,-ill ,.0,.r,,i1i( ,,Jl t,) I ;';:;;tl\ nl( h)t,

u'ill iikeu'ise be ltlfilled. If the inequalitv oppositc to {7) is fulfilled. ttrten thc inequaXi6,
opposite to (8) rvill Ukervise be hrlfilled. in case fa.blc-[m.]fi and the conditic.ns

R.1,(nt) = jn,*1,12;l= in.r(-fu)i. R*(-I,,) = 0, are fulfilleci. rhen tire pol-vnoruial on tire

lefthar-ld side of inequalitr- (tt) lurns out to be the initial polr.nornial r,vhich afler the corre -
sponding superpositional substitutron (scc [3 [) results iu the polvnornial (6) for r>2. T;rk-
ing the above rcrtrark ilto account" \\/e can eslend Slaternent i to the case. rvhen the
seglrenl [a.b j is ernbedded into tilc seglnerr (21. and then cornpare poivnornials (3) and
(6) u'itir rcspect to the rnodtilr-rs-maxima on tlie entire seglnent (2\ for n:2. (It is clear iilat
it.r this case rve consider nvo sr,rbsegrnetrts on tire segment (2) The etbscissas of the eircls
of oue subsegment rvill be zeros of tiie polvnonrial (3). rvhile those of thc sccoud
subsegtnent rvili be zeros of thc polvnomial (6). In the casc undcr considcralion r,te havc
lhe lollouirrg

Stirterncnt 2. For tltc segmeilt [rn. iv|) (,\,1>nr>A1and for natural nurnbers /,:>l there
exists a function yz(/r) such that if the inequalitr
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is fulfilled. the inequalih,

,rrrrll?,, r.ti< nrarlrJ rrtlt_^tl_,1

rvill likelise bcfulfilled. and if the inequalitv oppositc to (9) isftilfilled. the inequalitl
oppositc to (10) rvill be fuifilled as u'ell.

Rcmarl< to Stittcmcnt 2. Using the corrcsponding sr"rperpositional substitution" lve
can extend inequalitr' (i0) 1o the case r>2 (scc [3 ]). It should be noted that unlike condi-
tton (7) rve har.c not rnaragcd to establish Lhc ftrnction rftk) in condition (9) explicitly. rys

har,e succcedcd onlr, in cstablishing the exact lol'cr bounds for everv hxed ft using the
"cshaustive" tnethod (ltere. under "exhaustive" is rneant yarialion of the value IIlm ttnd
checking the validitl of inequalitv ( l0) for thc fixed fr).

In thc Table belou,. for natural nuurbcrs /r>1 and rr=2 n,e present values of the finction
y(/r) rvhiclt appears in condition (9). For every scparatclv taken i- and for the segments of
t1'pe (2). I"hese values shol' the eract lou,er bound of thc Todd nurnber r,alucs starting
lrorn *tich incqualih' ( l0) is fulfilled. 

Tabie I

Iuequalitv (10) n'ith rcgard lor inequalitl,(-5) gives us all grounds to prefcr as iterative
paralncters the zeros of the polvnordal (6) to those ol thc polr,nornial (3 ). if iterations are
pcrlorrned b1' the scherne (1) lor a nunrber of o'cles nrultiple to /,'. i.c.. equal to //i. In lhe lalter

case insteacl of incqualitr, (i0) there takcs pltrcc the incqualitl, marl,Rrr, 1r;l/ < maxlZ j trl'.
lor uhich for sul{icientlr' [argc / ouc can expect csscutial decrcase of tnodtilns-rnaxinra in
case \\'e take thc poll'nornial (6) instcacl of thc polvnomial (3) and, respectirely, essential
practical gain decreasing the rroluure of calculations. Along u'ith the above said, it should be
laken iuto accorult thal i[ in schenie (-l) rve use z-eros of the pol.vnornial (6). the leirgth of the
o,clc incrcascs /i tinres {akirrg /irz insteacl of n (the munber r of diffcrent zeros renrains fixed).
artd thcrcforc in constructing thc lrolvnomial (6) it is not desirablc to take large l.

Table 2

50 70 125 181) 22() 3(X) 180 420 450 492

n,u* 
lz ,f '1 .-li 2x10-l 2x10-'r 2x1 0 2xl0-10 l(lr .l\I0-r 2sl0-2r 10-21 -lxI0-r' 2xl0-2

,,,.rlnl r.*tl 2xl0'! 7xl0-u 7xl 0-ro 6x1 0-1 7x1 0-1 9xl0-13 l0-28 I0-31 9xl0-34 7x10-37
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::: Cifferent values ca .:. :

.' ,,; and also i: . -:
=-'cintegral l' uprn :i.:- -: -

:rrm partitroning of th: c:, :::
:-qnlent of the spc:::"-::

- _'1
_j" r, 1

The adr.anta_se Lri ii-_i. :,:.r:{::*ui :r }
:ciueving sntali moduir<-r. :,--n; ! rt itrrEtrH
Jtions \\'e ma\ irave ri-.. ::.::_-_ -

j, 
. :'.

.:i rrhich one ha\e to pli -i:,: _-:--.,:E .t_

-:e pol.vnomial of order "--r- -,i:---: -r .-jrl 
arr,ln

.:: poi\er 2i'-1. andrhc d ---:::. .. .. :,, ..i -

. llher essential. i.e.. equal rc . - -

Tlre follorring staterrient i: \ :-rl
Statement 3. If for real nur:k:-: : ::d :

inequalitl.

(10)

li 2 3 + 5 6 8 9 t1 t2 t: 4 15 16
t14 li Il 5l 1.1 9 1l 13 14.9 16.8 I9 21 27 24.4 l.o. -:r 30.1

4 I0 ti IB 24 ?() 32 4L) 45 50

l,- kl . .il]la\lt ii (.Y ll 2xl0-r 4xl 0 2xi 0{ l0-1s 3x I 0-r1 2xl0-11 [0-ri 4x 1 0-18 2x I 0-ro 2x10-22

,',.rrr11?l. r'l| ^" I

3rl0' 5r l0 7r l(') 5xl0-l 9r l0 16 7x I 0-ie 9r I 0-: 9xl0-i6 7x10-2e 5r10-3:
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lhc seccrnd and thc third lines of rable 2 give for fixed,Mhn=500,n=4 andft:2 the
:s of uroduhis-nlaxiura, respectiveil,. of pohnornials (3) and (6) raised iin por'ver I rvhoseo rrra.urrro) runf,

.i.s are gir.en iu the hrst linc
Tlte conditions in Table 3 are thc salne as those in Table 2 r,vith the only exception that

:ieaci of tire conditiol /i:2 ive take ft:16.
Iltrodr.rce into our consideration the vahre [;l]

lyr;..a,\7
:rere [2,] are assurned to be uniforml], distributed on the segment (2). By (11) one can
-isc to n4rat extent the polvnom"ll P,,()) is good for the Richardson's method, since the
.lLrc (11) isbyitselltheerrol ronnof ther-th approximationof equation(1)tolheexact
,uiiorr. provided tile relation

f = AT.r, =Li,r,
ii

-. tllfilled.
Table 4 reproduces the

rlLrcs ol'(ll) lor R!,,e,;

.:rd. respectiveh,. 1o. f ,l'Q)
.:' diffcrcnt valrres ol'rr. A', /,
-' tn and also of the

. rbiutegral k upon lhc rrni-
:,'rrn parl,itioning of thc entire
:.-qment of the spectruln
-, r1l
-.' \il.)

The advalrtage of the polynomials of type (6) over the polynomials of tlpe (3) in
,rciueving sntall modulus-maxirna is so appreciable tlmt under additional strengthened con-
litions'we may har;c the inequality

,oxlnr,,1r)l < -orlr,l* 't.r)l
rn which one hate to pay special attention to the fact that on the left-hand side there is
the polynomial of order /cr" l4iile on the righf-hand sirle the polynomial of order r raised
-11 po\\rcr 2lt-1. atdthe differencc iu power order for the above-mentioned polynomiais is
ialher essential. i.e.. equal to (k-l)n.

The following statement is vaiid.
Statement 3. If for real nurnbers a and b (b>a>O) and for the natural number /r>/ the

rnequalitv 
I

n | (4ktk 1l
->l ", , ] *t (t3)d I (k +lrr r_l

l

(1 1)

Table 4

t1 k I lll nt h

6 6 30 0 9x10-o 7x10-'
IO 6 30 0 9x10-rE 3x10-'
2 6 30 0 0.40908 1 680-52
l0 u 16 0 4x10'' 2x 0
6 8 20 0 8x1 0-' 3x 0'r
8 8 16 0 ) 9x1 0 3x 0
4 16 20 025 2 3x10' 2x 0-4

8 2 70 497 4xi0-'o 2x 0-t

(t2)

s,
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is flrlfilled. then the iirequalily
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ABSTRACT. In thc given $orl rhr I
is based on the theorf of holomorplui rrm
the conncction rvith rcgular singul.r.r pn

Key words: quanfulln coutpu::: i ::rrtrm
fuernann surface.

This model by its features is ;":&E- J
offered by P.Zanardi and M. Ras::: :.rd, sl,
K.Fujii [2] and, on the other hanc :.- :e r
rnvestigated by M.Freedman. A K::*- s r

Our construction. as in the :::,r :lri tr
:lraractcr and is based on exisl;;::o :: -ru ,

u hich in our case will be a connc.;-- - : "rr"r
r ector brurdle,

The present work is a first sre; .;-* ,L.i.

We consider rvell-knorvn quar:;::- :lllia*

rn the context of non-Abelian gaug< -:rs;r:
non-Abelian gauge theories is prcr:,tii{ t,i
quantutli mechanical evolution opc:":--,r I
Hamiltonian is played then br tle- -_S ;
eleinent of the (enveloping algebra c: :-:rl _

known that the space of phvsicalir ;j*d:N
Cartan subgroup of G. Therefore. rh: ;.;,iu
:ase is nalurallv described br the se:(::__i

Let.Ybe a compact Riemann su;::;r an
I connected reductive Lie group. Ir :s i:cr
5etrveen isomorphisfli classes of toptirulcn
see [5]), this correspondence being es:,-:o;x

and its simply connected neighborhooc i' R.
:s trivial since G is connected and rf .-;r xr
there r.vill be no obstruction to the er:s:lai
Consider the cover of -Y r,vith trio e.e;rn
transition ftinction. Let ybe a positrre :mr
class of a loop which goes around _1.- i.- p;E
the homornorphisrn of fundamental g:1,;;
called the characteristic class of tire bu..].is

(14)

rvill be ftilfilled likervise. and if the inequaliq,oppose to ( l3) is ftrlfilled. then the inequalif
opposite to (14) r,r,ill be ftrlfilled as u,ell.

Just as aboYe (see Statemcnt 2). rve can conlpare for n:2the polynomial of type (3) of
order 2(2k-l) with that of type (6) of order 2t rvith respect to the modulus-uraxima on the
entire segment (2), and then rve shall have the follorviug

statcment 4. For the segment !n, tt:{) (M>nD}) and for natural nurnbers ft>5 there
exists the function ar (/r) such that if the inequalilv

1\,1

- 
> rr(/i)

maxinrl i.r;l < maxiT;* 't.r)I,

nl.rlit-Iy11
re [.r.b.l a ;,- l. l:6;f r -r)' (t -i,' 

l,

is fulfilled, then the inequalitv

(15)

(16)

i

li

h

rvill be flrlfilled likewise" and if rhe inequalih opposite to (15) is ftilfilled, then the inequal_
it1, opposite to ( I d) rvill be fulfilled as rvell.

Remarli to Statcment 4. Using the corresponding superpositional substitution, rve
can extend inequali6, (16) to the case n>2 (see [j]).
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