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Mathematical Modelling and Analysis of Interaction
Problems for Piezoelectric Composites ('k'* :r ;

Ansrnacr. 
- $7e investigate three-dimensional transmission problems related to the interaction

of metallic and piezoelectric ceramic bodies with regard to thermal effects. $7e give a mathematical
tormulation of the physical problem when the metallic and ceramic sub-domains are bonded along
some proper parts of their boundaries. The corresponding nonclassical mixed boundary-transmis-
sion problem is reduced by potential methods to an equivalent strongly elliptic system of
pseudodifferential equations on manifolds with boundary. lVe investigate the solvabiliiy of this
system in different function spaces, On the basis of these results we prove uniqueness and existence
theorems for the original boundary-transmission problem. \)fle study also the regularity of the
electrical and thermomechanical fields near the curves where the boundary conditions change or
rvhere the interfaces intersect the exterior boundary. The electrical and thermomechanical fields can
be decomposed into singular and more regular teffns near these curves. A power of the distance
from a reference point to the corresponding edge-curves occurs in the singular terms and describes
the regularity explicitly. \We compute these complex-valued exponents and demonstrate their
dependence on the materia.l parameters.

1. - INrnooucnoN

The paper deals with mixed type boundary tansmission problems arising in the
modelling of complex composites consisting of piezoelectric matrix with metallic
inclusions (electrodes) when thermal effects are taken into consideration. Modern
industrial and technological processes apply widely such type composite materials. The
phenomenon of piezoelectricity is essentially used in measuring and conrolling devices,
electro-mechanical converters (transducers) and in the so-called "smart materials"
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ffansforming mechanical loadings into electric effects and vice versa. In particular, stack

actuators are used in injectors for common-rail engines as vaporizers and valves.

Therefore investigation of the mathematical models for such composite materials anC

analysis of the corresponding mechanical, thermal and electic fields became very actual
and important for both fundamental research and practical applications. \X/e remark here
that during last years more then 1000 scientific works have been published annually (see.

e.g., [La1J).
\7. Voigt [Vo1] was the first who constructed a linear mathematical model of an

elastic medium taking the interaction of electic and mechanical fields into account anC

derived the corresponding system of differential equations. In their works R. Toupin, R
Mindlin, L. Knopoff, S. Kaliski andJ. Petikiewicz suggested new, more refined models of
an elastic medium, where a polarization vector and its gradient occur [To1], [M2], [Mi]l
(see also [No1], [Pa1], [Qi1]).

In this paper we study the following problem: Giuen is a tbree-dimensional composite

consisting of a piezoelectic (ceramic) matrix uith metallic inclusions (electrodes). Deioe d

linear model for the interaction of the elastic and electrical fields witb regard to tbermal
effects and perform a rigorous rnathematical analysis by potential metbods.

Similar problems of the classical theory of elasticity have been studied by G.Fichera in
[Fi1] with the help of functional variational methods.

Here we apply the Voigt's linear model with regard to thermal effects in the
piezoelectric part and the usual classical model of thermoelasticity in the metallic part
to write the comesponding coupled systems of governing partial differential equations. As

a result, in the piezoceramic part the unknown field is represented by a 5-component
vector (three components of the displacement vector, the temperature disffibution and
the electric potential function), while in the metallic paft the unknown field is described
by a 4-component vector (three components of the displacement vector and the
temperature distribution).

Therefore, the situation becomes complicated since we have to find boundary and
transmission conditions for the physical fields possessing different dimensions in adjacent
domains. The main difficulty in modelling was to find appropriate boundary and
transmission conditions for the composed body and to formulate them in an efficient
way. Mathematical theory of such a general boundary-ransmission problems is far from
being complete.

Note also, that crystal structures with central symmetry, in particular isoffopic
structures, do not reveal the piezoelectric properties in Voight's model [Vo1].
Therefore the piezoelectric problems should be investigated for anisoropic media.
This also complicates the investigation. Thus, we have to take into account the composed
anisotopic structure and the diversity of the fields in the ceramic and metallic parts.

In this paper u/e apply potential methods which lead to boundary integral (pseudo-

differential) equations. The solutions will be constructed with the help of an indirect
boundary integral equations method, writing them as layer potentials in the ceramic and
metallic parts with unknoum densities. The densities are to be determined in such a way,

that the transmission and botn&;
of the resulting boundan-inIti.r-
Bessel potential (H;), and Be--r j

from the representation of tl:e .<'.t:

near curves where the bouni:.:-' ;.
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2. - Fmro EQL.:l-- ": :'-ri

2.0 List of Notation

R.e - P-dimensional s:::3 --

C* - /e-dimensional s:f,--E :
k_

a . b:Doibi - ::.. :
i- 1

b: lbt, .. ', brl e '."''.
D - domain occuPiej i'' i :
(l-t - domain occul:ri ri
7@) - AQ\*) aag - :,':.:;:

parts;

n : (nt, n2, il1) - uflli '- -l-' '
u: (ur ,o2,t)1) - unit .--::ii:
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:':ar the transmission and boundary conditions are satisfied. The solvability and regularity
: the resulting boundary-integral equations arc anaryzed, in sobolev-stouoa.t.fr tw;i

3essel.potential (H;), and Besov (B|,r) spaces. The results for the original problem forJ*
::om the representation of the solution by boundary integrals. Drr. to stress singularities
.'ar curves where the boundary conditions change or the interfaces intersect the exterior
:oundarytherearerestrictionsto sandp.Theserestrictionsarewrittenexplicitlyinterms
-'i the eigenvalues of the principal symbol ma*ices of the corresponding pseudo-
.:itf'erential boundary operators.

The paper is organized as follows. In section 2 we collect the field equations of the
'inear theory of thermoelasticity and thermopiezoelasticity, introduce the corresponding
natrix partial differential operators and the generalized matrix boundary stress operators
Eenerated by the field equations, and derive a boundary-transmission problem in
appropriate function spaces for the composed body consisting of metallic and
piezoelectric ceramic parts. In section J we summarize some known properdes on
potential operators and prove the invertibility of pseudo-differential operarors acring
on the boundaries of the metallic and ceramic sub-domains. Section 4 is the -uin pr.t o1
this paper. Here the original transmission problem is reduced to the sysrem of
pseudodifferential equations involving boundary operators acting on the inter{ace f (*)

and the Dirichlet part f of the exterior boundary. Their principJ ho-og.n.ous symbol
matrices yield information on the existence and regularity of th. solution fields. In
particula-r, in Theorem 4.3, the global c'-regularity results are shown with some
CI € (0, j) a"n*a.g on the eigenvalues of these symbol matices. Note, that these
eigenvalues depend on the material parameters and actually they define the s6ess
singularity exponents. \il/e compute these complex-varued .*por.n,, and demonstrate
their dependence on the material parameters.
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2. - Fmlo peuATroNS. FoRrvruLATroN oF THE BouNDARy-TRANSMrssroN ,R.BLEM

two vectors a : (at, ..., al.),

2.0 List of Notation

Ra - P-dimensional space of real numbers;
Ca - A-dimensional space of complex numbers;k_
a . b: Doi b; - the scalar product of

i-l
b : (bt, ..1 , bi e ck;

D - domain occupied by a piezoceramic material;
g(n) - domain occupied by a metallic material;
7(nl - AQ@ n 0Q - contactinterface subsurface betu,een metallic and piezoceramic

parts;

n : (nt, nz, ns) - unit outward normal vector to 0f);
t,: (ut, D21rn) - unit outward normal vector to Ad)\,,);
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0: 0,: (01,02,4),A, :010x1 -partialderivativeswithrespecttothespatialvariables:
0,:010t - partial derivative with respect to the time variable;
p, p'''' - mass densities;
,,11,1, ,,ftt) - elastic constants; 7@\, tr1@) - Lamd. constants;
ep;i - piezoelectric constants;

ekj, e - dielectric (permittivity) constants;

lg, t!{) , y(*) - thermal stain constants;

nkj,KY\ ,rc@) - thermal conductivity constants;

2,7@) - specific heat per unit mass;

To, Tl*\ - initial reference temperature, that is the temperature in the natural state in
the absence of deformation and electromagnetic fields;

a :: pZ, o(m) .- ,@) 7{ml - thermal material constants;
g; (i : 1,2)) - constants charucteilzins the relation between thermodynamic processes

and piezoelectric effect (pyroelectic constants);
x : (xt,xr,x)' , y@\ - 1xl*l ,xl*\ ,xl.);r - mass force densities;
Xo, Xl*' - heat source densities:

X5 - charge density;

u: (ur,u2,ul)r , r(ru) - 1ul*),r)*),rl*\). - mechanical displacement vectors;
p - electic potential;
E :: - gradQ - electric field vector;
D - elecffic displacement vector;
0 : T - Tr, 0@\ :7@) - T[*l - relative temperature (temperature increment);
q: (qt,qz,qt), q(*) : el*),q)*\,q\*)) - heat flux vecror;
s1,1 :sp,ful:- )(A,,u1+0i up\,s'*t:sff\fu',,)::)@*u),t+eul,t) -srainrensorsi
o'{' : o';'tuh),0'''tl - mechanical stress tensor in the theory of thermoelasticity;
olri : op1(u,0,O - mechanical stress tensor in the theory of thermoelectroelasticity;
S, 5@l - entropy densities;
g (m) ': 1rl*\ , r)*) , u)*) , u)'\)r with u)*\ : g@).

(J :: (h,tt2,t4)?11)u5)t with ilq:0 and u5: Q.

2. l. Thermoelas t ic field equa t ion s

Here we collect the field equations of the linear theory of thermoelasticity and
introduce the corresponding matrix panial differential operators (see [No2], IKGBBll).
!7e will treat the general anisotropic case.

The basic governing equations of the classical thermoelasticity read as follows (see the
list of notation):

Constitutive relations:
(2.r) o@) : o@) : ,,fi, 'li, - tlf) st*t : ,!g\ ap{) - rlf, 0t*,,
()')\ g@) - y)1, ,li, + a(*) l7@) yt g(ru).

Fourier Law:

(2.3)

Equations of motion:

(2.4) '-t '

Equation of the entrt\:'. Ii

(2.5) . -

The physical sense of the ::'::e:,
these relations are detern:i:.i ;:-
are expressed by mean. .-: --:-=

relative temperature (ten:-::::
superscript -[ denotes I r.r::\-rs;

Constants invoh'ed i: :--: .i:

(2.6) clft1) : ,.,i. - -.- .

\(/e assume that the:: ::: r-
(2.7) -, i ='- 

j
for all (i1:11i, -\ € i.. : ' = l

In particular. the :-:': :-=

corresponding to the d:s:-=;=:

:-

is positive definite u'ith :-;ec

Substituting (2.1i in:.' I 'r

(2.8) ,l1la,a i. -'.
Taking into account ::- -i-'r.

entropy balance (2. j' .r-r: -::'<

12.9) rc1|"O,i,t' --
Simultaneous equations : I .l

theory of thermoelasticr:. -j i
time dependent, that is --=- :
(xr,x2,xt) and the mu.-:::--=:

have the Pseudo-oscil.;:: ': .-::
pseudo-oscillation equ;:: -'rs

equations bY the LaPl.li. :::--j-'
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2))

Equations of motion:
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s;*' : -rc)i') a1T@t;

o,o)it+X)*t : p''' 4u)'",

Equation of the entropy balance:

2.5) 7@) 6,9@t : -aiq)-) + xl*).

The physical sense of the material parameters and mechanical characteristics involved in

rhese relations are determined and specified in the list of notation. A11 these characteristics

are expressed by means of the displacement vector u@) :1ul*),ul*),r)''))' and the

relative temperature (temperature increment) 0@1 . Here and throughout the paper the

superscript T denotes transposition.

Constants involved in the above equations satisfy the symmetry conditions:

\2.6) ,:;t,' :,;Il :,;:f; y:f' :ylf'. nN" :,,)!'. i,j.k.t:1,2,)
\7e assume that there are positive constants ca and c1 such that

(2.7) ,|,[) €, €pt > ,o (ii 1ii, l1\ 1,1i > q (i 4i

for all, (a :|ii,\i€ R, i,i : 1.2,3.
In particular, the first inequality implies that the density of potential energy

corresponding to the displacement vector u('nt,

lrrut(rtvt.r''') -- c;t'iit st;" s;t"'

is positive definite with respect to the slmmetric components of the strain tensor

sl{) : z-r (o1u["') + aku;'')).

Substituting (2.1) into (2.4) leads to the equation:

(2.8) ,ll) a,o1u{t - y}1)a,0\*)+x}*' : pt*'E u;*', i: r,2,3.

Taking into account the Fourier law (23) and relation (2.2) from the equation of the

entropy balance (2.5) afterlinearization we obtain the heat ransfer equation

(2.e) n@t 6 6,6@\ - o@) 6,9(m) - T;*t i')f) a,a,"!*t + Xl'") : g.

Simultaneous equations (2.8) and (2.9) represent the basic system of dynamics of the

theory of thermoelasticity. If all the functions involved in these equations are harmonic

time dependent, that is they represent a product of a function of the spatial variables

(xt,xz,x) and the multiplier exp{rz}, where t:o*ia is a complex parameter, we

have the pseudo-oscillation equations of the theory of thermoelasticity. Note that the

pseudo-oscillation equations can be obtained from the corresponding dynamical

equations by the Laplace transform. If r: io is a pure imaginary number, with the so
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called frequency parameter rl; € R, we obtain the steady state oscillation equation:
Finally, if r : 0 $/e get the equations of statics.

In this paper we will mainly consider the system of pseudo-oscillations

(2.1o)
,l;) a,a1u!*\ - p@t ,, ,)*t - tli) a,7t*) + X)*) : g, j : t,2,3,

- rT[*t "t!/ a1u!*t + rcly\ a;ap(m) - r a@) g(tn) a y]n) : g.

In matrix form these equations can be rewritten as

Ao") (a, t) rJ @\ (x) + *('") 1x1 : g,

nhere U(-).:: (u@) alm)1r isthesoughtvrrtor,*t*) : (Xl*,,X).),X|*l ,Xln)Sr ,y@) :
:(Xl'),X)-),y)*l1r is a given mass force density, X)*t't" u giu..r li.rr.or... densin.
A@l(O,r) is the nonselfad;'oint matrix differential operator generated by equations (2.10).

A(*)(0,r): rali\@,r))q,+, Ali\@,r) : ,ffr\ 0t 0t - p0") f 6ir,,

A;?@,r): -tTl*) yff, a,, a)f{a,d: -y)r)0i, A;tr)@,t: rc)/ 0;01_ a@\ t.

whereT, k : 1,2,3, and 64 is the Kronecker delta.
By A(*\(A,r) we denote the 4 x 4 matrix differential operator formally adjoint to

A@) (a, r) , that ' t Ltm)* (0, t) :: lAt*t 1 4*1J r 
, where the over-bar denotes the complex

conjugation.
Components of the mechanical thermostress vector acting on a surface element with a

normal u : (ur, u2,q) rcad as follows

oli) oi : clfr) oi 0p{) - T}f) o;0@) , i : t,2,),

while the normal component of the heat flux vector (with opposite sign) has the form

-q)*\ u' : 4(n) o;010@) '

We inroduce the following generalized thermostress operator

2.2. Th ermopiezoela s ti c J't e "'i : ; :;'

ln this subsection \\': :r-
:hermopiezoelasticitY for a s=e
matrix partj^l differential o?':i:'

In the thermoPiezoelasti;:' ;
notation):

Constitutive relation s :

12.13) oii : oji : c:;. ', - : .

(2.14) S:"l,jsa--E':'

t2.15) Di:'ihrsi' -' i -
Fourier Law:

\2.16) .
Equations of motion'

(2.t7) -' ?,

Equation of the €flIrr'r ' l
(2.18)

Equation of static e'e;::-:
(2.te)

Fromthe relations (2.li : :;
theory of thermoPiezoe"r':: :::''

(2.1t)

where (for i, k : 1,2,3)

r ;i) @, ul : r,fe\ o, a,, T |f (0, o) : - t li),,, T |y\ ta, o) : 0, T l? (0, o) : rc);") u, 6,.

For a four_vector (J@) : (u@\,0(*\)r *ehare
(2.12) T(*\ (J(m\ - 1ol(' ,,, o)!'u,.

T(''\(a,d - lr;it@, u) lq,q.

V/e intoduce also the boundary operator
A@)*(A,r) which appears in Green's formulae,

i@(a,o,r) : f!f*){a,u,r) lq,q,

where(for7,k:1,2,3)

1l*'@,o,r) : ,ff) u, a1, \l*t@,o,r) : rT[d y!f) oi,

rr*i'O,o,t) : g, foY'tO,o,t) : rcli't oi 01.

o){)u,, -ql*\ u,)t .

associated with the adjoint operator

(2.20)

c4ru0,0. 1, -."'
-T -. .,.

- 
L f'-,._' .t

- eii; L).tr.:,, - ,

or in matrix form

(2.2t) {

where U '.: U.0-4'-. 'i = ''-

density, Xa is a given hel: --';:
differential operator ger': :.::=j

A(0. t\ = }" :

A'o(1'tl : -'
2.22\

Aqt()'rt : ''

Asq(\'tl: -'''".
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2.2. Thermopiezoelastic field equations

In this subsection we collect the field equations of the linear theory of
thermopiezoelasticity for a general anisotropic case and introduce the corresponding
matix partial differential operators (cf. [No1], tQill)

In the thermopiezoelasticity we have the following governing equations (see the list of
notation):

Constitutive relations :

(2.13) oij : oji : cijkt skt - etiEt - Ti; 0 : c;1p101up * eq 01Q - Ti 0, i,i : 1,2,3,

(2.14) S : Ti su * gEt + alTol-r 0,

(2.r5) Di : eiktsplleTq * ei0 : eikt)pp- e1t)ft-l gi0, i : 1,2,3.

Fourier Law:
(2.16)

Equations of motion:

(2.17)

Equation of
(2.18)

the entropy balance:

Equation of static

(2.te)

T 0$ : -Qq1 * Xa.

electric field:
)iD; - Xs :0.

From the relations (2.13) Q.l9) we derive the linear system of pseudo-oscillations of the

theory of thermopiezoelasticity:

crp0i 0r uk - p12 ui - T,t 0i0 + e6 0Pi0 + Xi : O,

* r To lir 1pi I rct & Ofi - r a 0 + r To ei 0;Q -l Xq

- e;p10;07up - gi 0i0 * e710;01Q * X5 : g,

form

A(O,t) U(x) + X(x) : s fu, o,

where U 2: (u, 0, O)., X : (Xr, Xz, Xt, Xo, Xr)', X : (Xt, Xz, Xt)a is a given mass force

density, Xa is a given heat source density, X5 is a given charge density, A(0, t) is the matrix
differential operator generated by equations (2.20)

(2.22)

A(0,r): ll,*(O,t)]r,r, A1t(0,r): c;ip0i01- pf 6i*,

4c(0,r) : -li, 0i, Ai5(0,t) : e1;1010;, Aap(0,r) : -tToTtt0t,
Aqq(0,t) : rc,t 0; Q - a'c, Act(A,t) : rTs g;0;, A5p(0,t) : -eipt 0i4,
Asq(O,t) : -g;0;, Ass(0,r) : e,t0i4, i,k:1,2,3.

q;: -g1 017, i:1,2,3.

0;olr |_Xi : p 4ui, j : 1,2,3

1,2,3,

(2.20)

or in matrix

(2.21)
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Clearly, from (2.20)-(2.22) we obtain the equations and operators of statics it r :0.
constants involved in these equations satisfy the symmetry conditions:

cijkl : cjikl : cklit eik: eikj, ei : eji, yi.i : li;, rci : Kji, i,j,k,l : 1,2,3.

Moreover, from the physical considerations it follows that (see, e.g., [No1]):
(2.23) c;i*r €,a C*r ) co (u 11 {or 

^11 
(u : (7., € R,

(2.24) eijrt;llj> rrlrtl', rci1i?lj> rrlrtl, fot all ry:0tt,42,ryr) e Rr,

where ca, e, and c2 are positive constants. In addition, we require that (see, e.g., [No 1])

(2.25) eu4ii1++l(l' -2n((efi)Zrt(142+lrtlr) foral (e c and tt€c)

with a positive constant ca. A sufficient condition for (2.25) to be satisfied reads as followsa0
3Tr- 

g' > 0, whereg: max{lgrl,lgrl,lgl} and c1 is the constant involved in(2.24).

By A-(0,r) we denote the operator formally adjoint to A(0,1, that is A-(0,r):::: fi(- 6.il1r .

In the theory of thermopiezoelasticity the components of the three-dimensional
mechanical sffess vector acting on a surface element with a normal n : (h, n2,4) have
the form

oii n; : cilk ni )tuk I e6i n; 1tQ - yii n; 0 for j : 1,2,3,

while the normal components of the electric displacement vector and the heat flux vector
(with opposite sign) read as

-Dt ni : -e;H n; 01up -l E;1 n;01Q * g; n10, -qi ni : rc,1 n;010.

Let us introduce the following matrix differential operator

(2.26)

where (for7, k: 1,2,3)

T (0, n) : lTi,,@, n) 
f ,,r,

(2.21)

T7(0, n) : cgk ni 0t, Tiq(O, n) : -li n,, T,>(0, n) : eb ni At,

Tap(O,n) :9, Zq(0,n) : rc,;ni01, 4s(0,n) : O,

T>*(0,n) : -e;p1 n;01, Ts+(0,n): -&ni, Ts>(O,n) : e,;1 n;01

For a vector IJ : (u,Q,0)r wehave

(2.28) T(0,n)U: (od/ti, 6i2ltit ofitxi, -4in;, -D1 n;)r.
In Green's formulas there appear also the following boundary operator associated

u,ith the differential operator A*(0,r),

i 1a, n, rl : lf,1,ta, n, r) 
) j,5,

where (for7, k:1,2.),
=,^\e@.n,t):c11pt1 i' -

fqp(0,o,r) : 0. i- ,..,

2.3. Mathenatical moJe. , :::, :

problent

Let Q@) and Q be :"--'-:'-,

Euclidean space R, ri'irh ( ' s-'

let 0Q and 7Ql*) have " :..:r

AQaAQ@) : f '^.mer. 1- '
surface. Throughout tl:e :.i:r:
and on AQ@\, respecti'e-., !-":

\X/e set St'\ '.: UQ -
open, nonempty, prop.: .i'
following decompositio: :i =,:

,,e =i
Throughout the pa:.: : :

aQ@r. oe. ijj -
Let O be filled bv an .::-sr{:

andQ@) be occupied b,.'-:--. -i:r
inclusion). These nvo bo:c. :"::
domain d)(*t wehate a:c::-:::-
veclorut*) : (rt"".:.- .:,..

domain () we have a ii'. e ::--=
u : (ut, uz, ul)r , the te:::,=:.=--

The physical intera.-:: --: :::
systems of linear p.r-: , - :
piezoelastic domains \\i:: :r::
on S(-), [('), S, and I-

Solutions to this k:::; :--r=
electrical characteristl;: -i : -

which the type of bou:.;-:. :'--r

the exterior boundan .-: :.-.,3 .

solvability of the mix.i :.--::.i
and analyse regularitr rrr'r<r-J
the stress singularin e\:'J:.=--
dependence is quite nc:::.'. -r-
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;:ere (for7. k: l'2')l

i1/O,n,r): cutknt0t' 4o(0't''r):TTolarti' iis(\'n'r) - -e61 n;fi'

itp(O,n,r) : 0, iqc@'n'r) : Ktln;0t' ios(\'n'r) : 0'

i5p(0,n,t) : e&tnt 0L' f>q(L'n't) : -7Ts g; ni' Gs(\'''r) : e'Lni0t'

).),Mathematicalruod,elofthepbysicalproblenl:Formulationof*eboundary-transmission

Problem

LetQ@)andQbeboundednon-intersectingdomainsrcfthethree-dimensional
Euclidean space Rr *rirl &"-..rh boundarie. a"oj4 0o(''), respectively' Moreover'

.,et 0Q and 0Q@) have anonempty intersection }l,l .,1.6 a positive measure, 1.e.,

Oe a aet,,\ :76 ,meas l-(') > 0. From 
"gY 

ot 7-tz) *11 be referred to as an interface

surface. Throughout 'ht 
Ouptt n-an! u'ot'a fot 

't.r" 
outward unit normal vectors oo 0Q

and on aet*),respect;Jh.'Evidentlv' z(x) : -u(1!!r :n :t*t' -
1il/e set 5{m) .- 0;',';;\V6 and s* ,- ?a\Fd' Further' we denote bv 'l- some

oDen. nonemno, o,.,'ot' )* t#i,o* tf ;:;; ltt's ':s. \r Thus' we have the

;Jilil;'o-potition of the 
louidary 

surfaces --- =--
ao:76 uiu7, 69td -- Y(m) s5tm)'

Throughout the paper' for simplicity' we assume that

ael*),0Q, aS@), ar\''),0f ,05 e C*' and 69@\ nl:@'

Letobefilledbyananisotropichomogeneouspiezoelectricmedi.rm(ceramicmatrix)
arrde@:tbe occupiedby an isotropic o, u.iroffiio*"*"s elastic medium (metallic

inclusion). Tht" *t u?it''i'i*t"tt 
'o "uth 

o'itl;t"' ir'" l,tefiace f'0") ' In the "metallic"

domain o(.) w" hare;;;;;;.rrio.,ut rt.r-o.irrriJri"ta described bv the displacement

\ector utn\ : trl*, , ,!,")';; ,; nd th. t".np" ;;;;;;';' :- 0 "'' , while in the piezoelectric

domain o we have "ir.i**ranal 
physical field describeo ol 

* 
displacement vector

u : (ut, uz, ut)r 'tf't ttt''O"t^' ,,re u1 t:0 and by the elecffic potential us ": Q'

The physicat i".*;.;;^;.oUt".n ,"a* .'.IJii".Jo" it ies'ribed bv stronglv elliptic

systems or linear ;;i;i .tt" ::*,:::':l; H:T;*I::il#,:'J'::':-tT1
oi.ro.lrrtit domains with approprlate mlxe'

t 
il:ril ;j',fl?ru;}o mixed boundary value problems and related mechanical and

electrical .hu.^.r".irii* ,.rully have singularities in a neighbourhood of curves across

which the ,vpt tf Ut'"iuf-t-ot'a"on' tt'ut'gt C g 
' 
All-::'*l"X the interface intersects

the exterior borr.dury of th" .o-p*ir" uJJy t"i..g., atrt*t )' our goal is to study the

solvabilityofthemixedboundaryt.u.'.*i,,ionp,obl"*inappropriatefunctionSpaces
and analyse regularity properties "r 

rotr,ion.] iriprt,i."r^t, we d"scribe dependence ot

the stress singularity exponents on the '";;;tJ iutu**t"' As we will see below this

J.P.rrd.t"t is quite nontrivial'
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Throughout the paper the symbol { .}+ denotes the interior one-sided limit on 0O
(respectively 69tm)l from f) (respectively e@). Si*rlurly, { . }- denotes the exterior one_
sided limit on 0o (respectively aQ@)) from the exterior of o (respectively e@)).we will
use also the notation { . }}o and {.}ia^ for the trace operators on do and ae@) .

By Lo, tVl H'r, andB|,, (with r ) 0,s€ lR., 1 < p < oo, I < q <oo) we denote the
well-known Lebesgue, Sobolev-Slobodetski, Bessel potential, and Besov function spaces,
respectively(see,e.g.,tTr1l).Recallthatli|r:W5:BL,z,H):B),r,Wi:B,o,,and
Hi:Wf , for any r ) O,{or any s € R, for any positiue'and ro.-iri.g.. i, un{io, uny
non-negative integer A.

Let Mo be a smooth surface without boundary. For a smooth sub-manifold M c Mo
we denote by H;(M) ana4;,rllvt) the subspace s of H)(Mo) and B),r(Mo), respectively,

u;tUt : {c: c € H;(Md, supp I cM}. E;rtUt: {s: s € B;.q(Md. supp s c MI.

while H}(,AZ) and B).r(M) denote the spaces of restrictions on ,M of functions from
H)(Md and B'r,r(M o), respectively,

H;(M):{r,f : f e H)(Mo)}, B;,q(M):{r,f : f e B),r(Md},

where rn, is the restriction operator on M.
Now, we come back to our boundary-transmission problem, restricting the fields to

the metallic and ceramic sub-domains, denoted by g @) : (uhl , uhtlr and
{J.:(u,uq,u>)r. Moreover, we assume that the initial reLrence temperatures Ts and
T[*\ in the adjacent domains g and e@) are the same: Ts :tmt. The mathematical
problem reads:

Find vector-functions

g(n\ -6|"),u)-),r!*\,r!*t1r ' g@) -ga andu: (ut,uz,u1,u4,u5)r : ,(J-rc,

belonging to the spaces l\vltat*t[4 and lw;@)i5 with 1 < p < oo, respectively, and
satisfying

(1) the systems of partial differential equations:

(2.2e)

(2.30)
lA(*)(a*,r)[@)],: x)*' in e@), i : r,2,3,4,

l,q(a.,r)ulr: Xr in Q, k:1,2,3,4,5,
6) the boundary conditions:

(2.31) ,,,,,,{lr(*\(0,0)IJ@\ li]* : e]*t on S(.), j : 7,2,3,4,
(2.32) r,{lT(0,r)Uli}* : et on .!, 7 : r,2,3,4,
(233) r,{lT(0,n)Uls}+ * []{u5}+ : g on S,

(2.34) r,.{u1,}+:fr onf,k:I,2,3,4,5,
(2.35) r,,,,,{u;}+ : froo) on r@),

(iii) the transmissiott :.,': ;::: :

(2.36)

(2.37) r,,",,{lT@. n'L' '

where z : -u on f'"' . -', .-t : i
0Q, and from nou' on th:. -::.'-'
on S, that is

(238)

and

yrm\sI rO-,rj ! L-^,j:

/23c)\ Qre Br):s ','

Q)*te_Br-jtt-

Note that the funcrio:s i '
compatibility conditions. \ -:::,.

from S(-) onto S-' - f: ,--.a

-onto S l) f\t4) .-,l 1-. thc ir- :'.=

(2.40) F)-'-i, _4"
In the classical (contir::.-'r

compatibility condirr.':: F

j : t,2,3,4.
V/e set

Q= Q't:

.[:'.t 
t, t'

(2.4t) f'"' : .-.-

Q"': 'zrt 
r

F,,,_ l.

A pair (U'"' . L' : ''t : '-

boundary-transmissior: : : ]t,<
The Dirichlet-npe :.-:-: =:

values of the vectors L' - E'
Neumann-type conditii:-= I i
values of thevectors T * '-' t
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6il the transmission conditions:

(2.36) ,,,,,,{ui}+-r,.',,{r}*,}* :70n) on 70n)

(2.i1) r,.,,,,{lr(a, dL} ),}+ +r,,,,,11r{*) {0,d[Jwt ]r]* : p(n) on 70n\

wherc n: -D on f @), fr is a sufficiendy smooth, real valued, nonnegative function on

0Q, andfrom now on throughout the paper we assume that / does not vanish identically

on .1, that is

(2.38)

and

ll*0, f 20 on S,

x)*' , Lp(Q1")), j :1,2,3,4, xp e Lp(Q), k:1,2,3,4,5,

gr e n;)te{s), fr, € B;li'[), fl*' . a]t,!'lrtd), k: 1,2,3,4,5,

,i:1,4'
'i:lA,

(2.3e)

(2.4r)

Q)*t . B;,)tt6t-tr, r|*' . n;ltttr@)),
11j : 1,2,),4, 
,,* p: ,

Note that the functiont F;*', Q, and pld ti:.!,2,3,4) hygto satisfy some

compatibility conditions. Nrm"ly, for any "ri...io., Q)*' , B;)lp1y*t tt r1dl of Q)*t

fromS(-' ontos-'u-..nt andforanyextension Qi e S;)IPtSul*) uf) of Qrfroms
- 

-onto S u Ttnt U 1-, the following inclusions have to be fulfilled

(2.40) F;'' _ lr, -,,0:'' -r,,..,Q,)e r,,.,B'.irrt*tt. i:1.2.).4.
In the classical (continuous) setting these inclusions correspond to the natural

compatibility conditions rl*){x) - lQdli + O(r)l : o for all x € 0r0"),
j :1,2,3,4.

rWe set

Q: (Qr, Qr'Qt.O, Qt). e trr,l/P{s)15,

f : Ur,fr,fi ,fq,.fr)' e 7n|$' lr))5,

f @J - (fr('"\ ,fr(-) ,.ft'"" ,fr'"" ,fr"")r e lB\ol,!'{rt*)115 ,

g(d _ (Q?) ,Qy),Qy,.Q'i" tr e lB;)otp(St*tt14 ,

p@\ * {Fl*) ,r)*) ,r}*t ,F}*))r e lB;}tp ["")))1 .

A pair 1g@),g1 e lw){a(*\))a xl'W}(o)l5 .r.ilI be called a solution to the

boundary-transmission problem (2.29) Q.31).
The Dirichlet-type conditions (2.34), (2.35), and (2.16) involving boundary limiting

values of the vectors (J@) aod U are understood in the usual trace sense, while the

Neumann-type conditions (2.31), (2.32), (233), and (2.37) involr'ing boundary limiting

values of the v ectors T 0') {J @) andT[J are understood in the functional sense defined by
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the relations related to Green's formulas

({r (*) 
@, o)[J @)]* 

, {v @t}+) 
^o,*, ,:

).1. Layer potentials

Denote byY(*)t' .:'- Y )
matrix-functions of the Ci::.:*:
details, see IBCNll anJ r(:.:--:

A@\(g",r)y,,,,,t:_ r : :

At*) (a,
J

gtn)

?,

t)(J@) .V@) dx

(ry\ 
. rrmt I K;f' aju;*t ap;*)

*, o@) r[*\ r)*) +.t)f\ {t r{t a,"f' r? - u?, qry l] a-,

({r@,,)u}*, {v}*)rn ,: J 
aO,r)u .v dx +lleu,o) + pl u .u

QA

+ yjt (r Ts 01u1ua*uo \irt)+,rt 1iuaffi+e1;1 @p> \ipt -0iu1 O1r5 7

I r u uq U - St (rTs 01u1 u+ + uq a,r, l + t)11 0;u5d*7 r-,

where y@\ - 1u@),u]*\)r 
,e .lly;,\a:*)),14. ,"{ v:(u,uq,us)r elW},@)15 are

arbitrary vector-functions, u@) : @l*\,r)*),r\*\)' , p - (?r,u2,u))r , B@l1r@,;*11 :
:,ltrr\ a,uld alrp u"dE(u,D):cukl;uiAtuk Here \.,.)aab,, (respectively (.,.)aa)
denotes the duality between the function spaces.

By standard arguments,it can easily be shown that the functionals, "generalized traces"
tr@@,du@t1+ e la;)/eoat')11a and {T(a,n)u}+ e ra;}letaallt u.. correctly
determined by the above relations, provided that A@)(A,lg\"t e lLot7@)]a and
A(0,r)u e l4t}l5.

\7e have the following uniqueness theorem for p : 2.Thesimilar uniqueness theorem
for p 12 will be proved later in Section 4 (see Theorem 4.2).

Tueonan 2.1: Letr: rJ liatandeitbero > o ort:0.Tbebomogeneous boundary-
tran.stnission problem (229) (2.37) (X|*):9, Xr,:0, e)*t :0, er,:g, fl*) :0, fr:g,
F)'":0. i -T,+. k-TSl bas only lhe rriuial ,olrtiin in th,e'space\w;e,i,ii11o*'
xllx/)(Oll' , prouided meas ^l- > 0.

Pnoop: It follows from the corresponding Green's formulas.

J. - PnoppnrrEs oF poTENTTALS AND LA\GRpoTENTTALS

Here, we establish basic properties of the layer potentials and certain boundary
integral (pseudodifferential) operators generated by them. \7e recall also some necessary
information concerning the theory of pseudo-differential equations on manifolds with
boundary. These results are crucial to develop the potential method to the boundary-
transmission problem (2.29)-(2.37) and prove the comesponding existence and regularity
results for solutions in different function spaces.

t.
+ | lE@t1rt*t,Dtry)l + ptmr

., 1

g\rt)

where d( ') denotes Dirr;''
Note that, if bv Y "' '

A(')'(a,r), we have then ::

y'.\'(x,71 : lY'"'rx.: 
'

aa

lyrtm\11r{m\11*1 _

W,(h)(x):

where h(*) : (h't' . i,

potentials.

\'."'

1I-':

I'

\r'-

are continuous

For the readers con\..::i.-:
potentials and the corrc-":-:j--

\7e recall that 0Q. tlQ - :

Ttrronrt'a ).7'. Le:1 < : '--

: :-:

Y

Similarly, the matrix Y' '" :
adjoint operator A'10.: . -:'-,j I

Let us introduce the si:-;-t ::
ntm)(0,r) and A(0.rt:

t
ytntl6tm\y*1 _ I yr-.-.J

J
aa

tr
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).1. Layer potentials

Denote by Yt*)1. ,r): lYt'\ ( ,r)7q*q andY,( .,r): lY p1( ,r)1r,, the fundamental

matrix-functions of the differential operators A(*)(0",r) and A(0,,t), respectively (for

details, see IBCNI] and references therein),

A@)(A*,r)Y@\1* - !,r) :6(x - y)Iq, A(0",r)Y(x - !,r) : 6(x - y)Is,

where d(.) denotes Dirac's delta function.

Note that, 1f by Y@)* 1., r) we denote the fundamental matrix of the adjoint operator

A@\*(A,r), we have then the evident equalities,

yt*,r(x,11 : ly\dlx.i\lr , yt*'( - x.i) - Yt'\xJl Yt'r(x,rl = 7v*'t -- *.r11' .

Similarly, the matix Y*(x,r) ,: lV\,trepreselts the fundamental matrix of the

adjoint operator A*(0,'c), andY(x,d : IVT:ii]r, sinc" Y( - x,7) :'y@n.
Let us introduce the single and double layer potentials corresponding to the operators

x@\(0,t) and A(0,r):

yrmtqrr*)1\x) : I vt*ttx - y,t) h@:){y) drs, V,(h)(x):'.t
Aeor

t
W)*)(b\n,t)k): I'.t

aebn

\v,\h)(x) : I S iO,, n(y),t)lY(x - y,dfr ft bty) drs," .t'
AO

where htu):$l*),h)*\,hld,lr|,"11r and h:(h,b2,h3,bq,b)r arc densities of the

potentials.
For the readers convenience, here we collect some results concerning these layer

potentials and the corresponding boundary operators needed in subsequent analltsis.

\fi/e recall that 0Q, 7Qt') e C-.

I r* - y,r) b(:y) drS,

00

7i'*'@,,,o$),illYt')(x * y,r))r )' bodty) drs,

Trreonsu

are continuous
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Pnoop; For regular densities the proof for the potential s Vld and 1y7 @) ,*be foundin lKGBBll, in the isotropic case, and in tJNli in the anisot.ori. .ur", while for thepotentials V, and \f,/, the proof is given in tilCtl, [BCNSll.
Note that the main ideas for generalization to the ,.a1. of B..r.l potential and Besovspaces are based on the duality and interpolation techniq,r. urJ is described in there.f;renc; [se1] using the theory of pseudodiffer.ntiur op.ra,.r, .., smooth manifolds

wrrnout boundary. 
tr

For the boundary integral (pseudodifferential) operators generated by the layerpotentials we will employ the following notation:

l1l'r lhtd llx) ,: I *,*, ,* - y, d h(*) (y) dys , x e 0e@) ,

0Qtilt

rcld{ht'ilt1xt :: I lrr*,ru.,o(x))y@)(x * y,r)l h@)(y) drs, x e 0d)@\ ,

ae\rn

ti'\r thr*'11*) ,: I Li""'(a,t)(y),i)lv(*)(x - y,r)fr l, h,*,(t) drs, x e 6d)(*t ,

oQt

Ll*)tbt'"t11*,,: 1T@) 1a,,u(x))tx/0d (b(*\li y*, x e ild)(*t,

11,(h)(x) ,: I v& - y,r) h(y) dys, x € 0e,
.t

0a

K,(h)(x) ,: 
J lr{a", n(x))v(x - y,r)l b(y) dys, x e 0e

aa

E;rt lt*l,: I I i@r,n(y),z)ly(x - y,r))r l, h(r) drs, x e 0d),
aa

L,(b)(x) ,: {T(a.,n(x))w,(h)(x)}+, x e 0e.

^ 
The layer boundary operarors 'H!*'' 

, H, and, L|'") ,.c, .are pseudodifferentiar operators
of order -1 and 1, respectively, *hii. the operators rclt:,17Ta., r; ;; El;ffi;;;;;
integral operators (pseudodifferentiar operators of order 0) (fo. d.tuit, see tJN1i, tBclr).

Tnaonslr 3.2: Let 1 < p <oo, 1 ( / ( oo,

h"'' e lsr.i;taQt''')f4. e,,,, ,la)-i(xet*t\14, tt e fao;oallr. gela),i@al1r.

Tben

{v;*t"'"" }-: '

{f@)@.rr\'_- : -

{wl'"k'"' .- = 
-

{v-tt t\- : '.. ;
[, r,,,,,

{Tt\. nt\'- i' . 
=

{w,tgt}= - =:-
where 11, slands for tl:, ': ': ,,,

Pnoor: It can be fou:.c -:. .I

The operators L-*' :.:.: -
proposition.

Lnnua).3:Let 1<:. r

Then

{T\'t@.1-rlt,'-- 
i ?

and
I r ,,.,,';'-I'

PRoor': \We prove the .e;.-u:,-

Let \x/(x) :: \\",'i ' :'= i.
By the integral repre:e:.:j: 1: a

r-
I I ro..,:,', .: "? '.

.l '
aa

I
- lY't- :

.,
i)!)

t^,
- | | ro .,:'. | '.? 

'.

.,
aa

I+lY:'.- :
J

i )!)
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Tben

{V:*)$(*)))* :1V}*)lt@1}- :y@) 1r@) on 0Q@\,

1T@@,o)vld{hr*t)}n : [ * 2-tla + 17tm\) 1r@ on 0Q(*),

{W:"\k@\}+ : l+z-th * E:*'. f s@) on 0Q@) ,

{v,(h)}+ : {v,(h)}- :H, h on oQ,

{r@,n)v,{b)}n : [ + 2'Is + K,) h, on oQ,

{wJe)}* : l+z-tt: + rcll g on od),

uhere Ip stands for the k x le unit matrix.

Pnoor: It can be found in tDNSll, UN1l. !

The operato rs Ll'") and L, are well defined in accordance with the following

proposition.

Lsut,ra )3: Let I < P < cc, 1 ( t .--cr, and

t"'e ln),!@e\d))., te Ya),;oal'.
Then

1r@@,D)w:''$"'')). : { Tt*)(a,uS\y@t16@1} on 0Q(*\

and

{r@.n)w,tb)* - {r@,n)w,(b)}- on oo.

Pnoor: \X/e prove the second relation.

Let \V(x) :: W,(b)(x) be a double layer potential uzith sufficiently smooth density /:.

By the integral representation formulas in the domains 0 and R' \ O we have:

| 1 io,.nQ).illvk - ).r)l I {\Yzr,rr}+ /,s
., '

aa

-I
aa

a.
.Y€ Rr\o.

Y(x - y,t) {r6r,a(r))lVtr I }.r,, :{ f'.'' ll fi; , O,

- | lro,n(v),r)lY(x - v,r))r ]'1wtri1 d's

aa

+ Jvu- /.r)t T@r,n(yt\wt-ur )-/,s :{t,,r,: '
ao
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By adding termwise these equalities and applying the jump relations for the double layer
potential 'W(x) :: W,(h)(x) we get

\v(x) : I ,O - y,d l{16r,n(y))w(y)}' - {T@n,n(yDw(y) }*] dt
,J

aa
t-+ I l i@y,1x(y),AlyrQ-?,r)lrl' b{y) ds, x e eottRr \CI1.., '

AO

Since IZ(x) :: W,(h)(x), we conclude that

f
I vk- y,t) l{T\0,,,v(o))rp(o)}* - {T@,,v(o))q(o)}-)6t :0, x e eo tRj \ 12I ,.t'

AO

which shows that the single layer potential v,(e) with the density
e,: {T(\y,n(y))w(y)}* - {r@r,n(y))W(y)}- vanishes in,f2 and R'\R.Thereforl
{TV,(c)}* : 0 and {fVJd}- : 0. Then due to the jump relation for the single layer
potential (see Theorem 1.2) it follows that {TV,(c)}* - {rvJs)}- : 8 : 0. Thus the
theorem holds for smooth densities.

By standard Jimiting and duality arguments this result can be extended to the Bessel
potential and Besov spaces. n

The following mapping properties of the above introduced boundary
pseudodifferential operators are well known (see, e.g., [Sel], [DNS1], UN1l, [BGli,
IBCNSl]).

Trrponru 3.4: Letl <p < oo, 1( t 1@, s e tR. Tle operators

H:*)

O{*\,d.)*

n bn)Lr

,J1,

rcr,Ei,

L,

la;,,toa@))14 - lB;\t @e@)fo,

ln;,,@a@)14 -, lB;,,@e@)fo,

la;1I {aaodlll - lB;.t@e@))4,

la;,,taal15 --. 7n;*,t laa)5,

la;,,tao15 .- 7n;.,ta}15,

lB;+,1 @O15 - 1a;,,{ao))5,

are continuous.

The operators
properties.

71|*), -2-rIq+KY) and ?1, possess the following invertibility

Tneonarlt ),5: The ofr':t 'l

..-

t-.I.- i--

1-

areinuertibleforall 1<: < r '-

Pnoor: The Proof tor ::< ---
papers tJNll $/hile for the c:"3:'i:'

the reference IBCNSll

Tneonsla ).6: Tl:e 'r:t'i;: 
"'

uith zero index for all 7 < : < t

Pnoor: It follorvs fron l'-."::

3.2. AuxiliarY Problet;s i't'i ':1r:

Here we assume that Q : = :
needed for our further ;::::':*cs

3.2'1. Auxiliarv ;:":'t-
u[d1r :9@) - (]a rvhic:':e,r
differential equation and i"--'::' i

0.2) ' -

where X@) -- (l'{"'/; ': '

formulae it can easih' 'r< 
':'':"-

possesses onlY the trivit' ti':::
Recall that on 0Q 

-'' 
:!-'= :':r

From Theorem l '5 r::i ::': i
immediatelY follorvs

Lptr.lue. 3.7: Lrt tl : =

tJ,,t €l\X4@''' t)' :..:-: -.:

the single laYer Pote'::::'

(3.3) u'"' ':: :
uhere the densitl t'ec:t' 't
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Ttreonptl 3.5: The oPerators

rll*', ln;.,@a@\)]4 -- [B;11 
(a Q@))fo,

_2-t r,t + K?' ,7a;,,{aa@)))4 ,- lB;./a7@\)fo,

't1, tlB'p.t@Qtl' - [a;1'toorl5.

are iruertible for all 1 < p <oo, 1 ( t I a, and s e'R'

Pnoor: The proof for the operators Tl|d and -2-t La + K':t can be found in the

papers lJNll while for the op..uro. H, itisvzord for $,ord of the proof of Theorem J '6 in
tr

the reference tBCNSll.

Tneoneu ).6: Tbe operator _2-rls + K, : lB; ,t}'Q) ]' - lB; ,oo))5 is Fredholm

uith zero indexfor all I < p < cx,, I < t < :x, and s € R'

PRoor,: It follows from Theorems 1.6 and).1 in the reference [BGNS1]. tr

3.2. Auxiliary problems and teptesentation formulae for solutions

Here we assume that $t r : o > O and consider tuo auxiliary boundary ualue problems

needed for our further Purposes.

3.2.l.Auxiliary problem I: Find a vector function 11@):@l')' u!d-' '!*)'
,16)f , gt*t -, i--a *hich belongs to the space l-W)@@)) la and satisfies the following

differential equation and boundary conditions:

(3 1) At*)(a.t)[.J@) :o in Ql*),

0.2) {Ttntt 
gtnt }* : Y.(*\ on ad)0"),

where y.(*) : (x?',x?'. tY'./.Y'). .7tl;i@a@)]a. witt' the 
.help 

of Green's

for-rrlu. it can easily b. .hoo.n that the ho-og"n.orrs version of this auxiliary B\rI)

Dossesses onlv the trivial solution'

Recall thut or, lQt*) the normal vector D is directed outward'

From Theorem J.5 and the above mentioned uniqueness result for the R\rI) 3 '1\'O '2)

immediately follows

LEuun).7:Let$tz:o>0and1<p<oo,Anarbitran,solutiotl
Uti-e fW;b@\1a to tbe bomogeneous equation (3.1) can be uniquely represented by

the single layer Potential

(33) Ut*)Q):V:*''( [- 2-t to + KY))-'xt*\)(x)' x e Q\''t '

wheretbedensityoectory@) satisfiestherelationr@t: {T@)g@t1* e Iar-itagrmtlfa
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3.2.?.Auxiliary problem II: Find a vector function IJ : (ut,12,13,14,15)
(2 * c5 which belongs to the space I w]@)r' ^;J.;;.fi;""f"rffing conditions:

A(0,r)U :0 in A,

{fruli}* : xi on ae,

{LTU1>}* + lt {ur}* : x;

(3.4)

(3.5)

(3.6)

j :T3,
on AQ,

LEr,rna 3.9: Let J? r : ; >

tbe bomogeneous equttlio,: .r :
x€Q:U(x):V,(P-1 7 ,

x: qtru t,)- .

3.3. Some results for Psi:,-; J::,

In this subsection t'e s:.'" :
elliptic pseudodifferentid =c-:i
Besov spaces which lr. :.:i
boundary-transmission ::--i,e
investigation we neeC St-rr.3 l

differential operators or ! it1

[Esk1], [Grb1], [Shi;.
Let lV e C- be :r ----(:-:

boundary 0M e C- a::i .< .

operator of order t, : i. ':- l.
matrix of the operator -{ ::, --

Let,tr(x),'''.Lr'.r l= ::=

I a'r''t i '

and introduce the .c:i:-:c
branch in the logari::::.:.- :'

-n<ary(<tt.j:'-. 
r"

inequality-l12< i.'.r: < - -

on the choice of the lor:, ---:
case when o/x. .i) is g ::.:::-,
havedr(x) :Ofor'--__
numbers for an1' .t € .\ 1.

The Fredholm pro:'"='<:
characterized by the to.',,--.'. .::

TttEoRru ].10: L,: - =

pseudoddferential o;i,;: ' :

J?o1(x, 1)( (>c --"'t.
(3.e) ,4 , [fr:r.tr -
are Fredholm oPer.i!','. '--.:r :'

1(1.10) --:- t*'
p .'

yherl xi €-H?'@a) for j :1;. Here / is a nonnegative smooth rear valued scalar
function which does not vanish identically,on d0 (see 1Z.lS)).

Denote x:: (x,r,zz,xt,xq,xs)r e l+;rOa\5.
By the same arguments as in th. pioof of Theorem 2.r we can easily show that the

homogeneous version of this boundr.y ,ur,r. p.obrem possess., o.rly J" trivial solution in
the space lW)@\5.

\7e look for a solution to the auxiliary BVp, II as- a single rayer potential.
U(x) : V,(ft,xl. where/ : (A,.[z,.ft./+,/r).-e 

lU;iq62r1, h r rJugf,t d.nrity.
The boundary conditions (3.5) and (3.6) lead it * ,o ,f,J .y.,.- oi equations:

l(-z-'Is*K,)fli:xi on ae, i:rA,
, l( -z-rrs-tK,)flr+ltlH,f)r:x, on ao.

Denote the operator generated by the reft hand side expressions of these equations by p.
and rewrite the system asp,f - / orrdQ. where

with I(ll) : diag{0, O,O,O,lJ}.

Lsurrra 3.8: Let ffir: o > 0. The opelators

(i.8) n,: lu;taa)l'- [ u;*toat)5 [lr;,,ro,], _ [Bi],(ao)15],
are inuertible for all I < p <oo, 1 < t I q, and. s €.R.

Pnoor: From the uniqueness result for the auxiJiary BVP II it follows that the oDeraror(3.8)isinjectivefors: -),p : t :2.Theoperator.il.,, yultaal]t _ H:i(;6I;:compact. By Theorem 3.6 wethen conclude that the lnde, ofthe opl.u,o, (3.g) equr1, 1.
ze_ro. since P, is an in;'ective singular integral operator of normal typ. *ith zero index itfollows that it is surjective. Thus the op.i,o. il.S) i, invertible.

invertibilityof theoperator (r.g) foran l <p < oo, r < t <oo, ands € Rthen
follows by standard duality and interpolation arguments for the ciregrlar surface 0,f2(see, e.g., [Ag1], [Se1]) !

As a consequence u/e have the following
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Lerrrra3.9: Let wz: o >0andl <p <x.Anarbitrary solutionu e llx/)@)15 to
', ::omogeneous equation (3.4) can be uniquely represented by tbe single layer potential for
=- Q: {J(x) : V, (p;' x)G), uhere

/: qlru 1,)*, . ... $ruhj*, llrrJJ;)* + lt {ur}*)' e lao.Soa\'.

| ). Some results for pseudodffirential equations on rnanifolds with boundary

In this subsection we shall present some principal results from the theory of stongly

=-iiptic pseudodifferential equations on manifolds with boundary in Bessel potential and
3esov spaces which are the main tools for proving existence theorems for mixed
:oundary-transmission problems by the potential method. In particular, in our
.:\'estigation we need some results describing the Fredholm properties of pseudo-
.:itferential operators on a compact manifold with boundary. They can be found in
.Eskrl, tGrbll, lsh1l.

Let .Al € C- be a compact, a-dimensional, nonselfintersecting manifold with
:oundary 0M e C* and let "4 be a strongly elliptic N x N marix pseudodifferential
rperator of order u € lR. on IZ. Denote by oa(x,() the principal homogeneous symbol
:lratrixof theoperator,4insomelocalcoordinatesystem Ge .1u4, (e R'\{0}).

Let 71$),. . . ,1"ru(x) be the eigenvalues of the matrix

lot(x,0, . . ., 0, +1) l-1 LotQ,O. ,0,-1)1. xeAM,
and introduce the notarion dr(x) :nlOxi)-llnL;(-r)).i:1.....N. Here the
branch in the logarithmic function ln i is chosen u'ith regard to the inequalin'

-n<arg(4ft, i - 1,"'.N. Due to the strong eilipticiti'of ;1 u'e have the srong
inequality -I12 < fi(x) < 112 for.v e J4. Nore that rhe numbers d;(x) do not depend
on the choice of the local coordinate svstem. Moreover, remark that in the particular
case when od,(x,4) is a positive definite matrix for every x e Jt4 and ( e R" \ {0} we
havedrtx) :0forj:1...'.N.sinceall theeigenvalues ).1(x)(j = t.,ntf arepositive
numbers for any x e "/r4.

The Fredholm properties of stronglv elliptic pseudo-differential operators are
characterized by the following theorem.

Tueonsru 3.I0: Let -r € lR, 1 < p < oc. 7 < q < a, and let A be a strongly elliptic
pseudodifferential operator of order o € R, that is, there is a positiue constant co sucb tbdt
W oa(x,€)(.(> csl(12 for x e Jv4, ( € R" with l(l: t, and( e CN. Then

(3 e) "a,,ln;t,v\]N - [H;-,(I4)]', llE;r'r' 1',- ;n;-:,r,,rzr1^].

are Fredhobn operators with index zero if

(1.10) 1-rt_ sup d;(x) <r-f.1. inf d;(x).
P xe)M, l<iSN Z P x-qM.La i<N '



-178-

. Moreouer, tbe null-spaces and ind.ices of the operators (j.9) are the same (for all ualues o/
the parameter q e 11,-lxl) prouided p and s satish the inequality (3,.10),

4. - ExsrpNcEAND REGULARTTy RrsuLTS

1.1. Reduction to boundary equations

Let us return to the boundary-*ansmission problem (2.29)-(2.37) and derive the
equivalent boundary integral formulation of this problem. To this end from nov/ on
without loss of generality we assume that the -u.rlo... densities, heat source densities
and charge density vanish in the corresponding regions, that is,

Xl*' : o io e@) for k:TV, Xi : o n e for j: 15
Otherwise 'u/e can write particular solutions to the differential equati ons (2.29)-(2.30)
expiicitly in the form of volume Newtonian potentials:

[]['dtx),: ! w,,tt* - y,t) Xid(y) d.y, x € d)0,),

9tn)

uo(x) :: 
.l*r- - y.t) xg) dy, x € d),

o

and introduce the new unknown fields u (/z) 
- [.J[*l and u - uo in order to reduce the

nonhomogeneous equations (2.29)-(2.30) to the ho-og.r.olr, or...
Keeping in mind (2.41),let

(4.r) e[*' : el:{) , e[r) , elr, , elr,f € lB;l/e @o(\]1
be some fixed extension of the vector-function a,,:: : (el*) , . . . , eld), e
e 

,la;jletst*))]o on,o ae('"t. Note that 
-6g'*t 

-svn)t)T\til).It is evident that an
arbitrary extension of gtml onto 0e@) has the form Qt*l : eld i'j@t, *hr*
(4.2) 1r(ru) - thl*),b)*),b!d,h;*t', e fE;unqt*tl1t
is introduced as an unknown vector-function. Analogously, let

(4.3) Qo : (Q0,, Qoz,Qot,eoq,eo)' e ln;)tttaa\5
be some fixed extension of the vector-function e - (er, ez, et , eq,er )r e lB;j/e $ )5onto E,f). Note that ao : 3 v T\''t l)r-. It is jd.n, that every extension of e onto 0t)
can be represented then as Q : eo * y * b, wherc

(4.4) v : (vr,...,v)' e lF;;lrttrl)5, h : (hr,

are introduced as unknown vector-functions.

"' ,b)' e l*;|htrt*\)15 ,

Note that there shoulC bt s.a:

\232), (2.37))

,, lQ- _a

\'X/e develop here the :o .--:-*
for a solution pair {U "' . i' --i :

with X(-) :0 and X : 0 ::. 'it

14.5) gtm) - iJ;''.. ..'-'.-

\}/e have to find the u:.-: --
(4.2) and (4.4). \7e recal ::.:: ::.
the physical meaning in r:----:i;

Let us remark rhat t:. : q--'

X:0) are satisfied au!o::,:::.a-
The remaining bou:j,:, :

equations for the unkno;:. '.:::

(41) ,, lll,P-: ,-, -;
(4 8) ,, ,,l')1,1).' 

'.., - '
(4.9) ,,-,,lH,P- , -'

(4.10) ,,,-b)'':F- -'
where

:-(4.11) fi,-f, -'.-:-l

14.12) /r''' ': .i ,* - - -

(4.13) l''' ,: i.* - ' -

(4.14)

F:""...F- --
The last inclusion toll.'':- :: -r:

Let us inftoduce th. .,-:.i:!-

(4.t5) A,::H-P-'. 5-
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Note that there should be satisfied the following compatibility conditions (see (2.11),

(232), (2.37))

,,,,,,1A;*) + Al - P)*' r r,.,,,,E;}lttr@). i :T3'

\7e develop here the so-called indirect boundary integral equation method. \X/e look

for a solution pafu ((J @) ,U) of the mixed boundary-transmission problem (2.29) (2.37)

with X@) : 0 and X : 0 in the form of the corresponding single layer potentials

(4.5) g@) * 1Jld,...,Uld). :V|*'{- 2-'lq + rc:*\]-t InJ'"' + h'*t)) in d)o"t,

(4.6) IJ :(Ut,...,Ui)' :V,(p;' l9r+v+h)) in a.

.il/e have to find the unknown vector-functi ons b(*\ , b aod ry satisfying the inclusions

(4.2) and(4.4). \7e recall that these unknown densities Q[*) + b@:) and Qo + V -f bhave

the physical meaning in accordance with Lemmas3.7 aod).9.

Let us remark that the homogeneous differential equations (2.29)'(230) 1y@) : O,

X : 0) are satisfied automatically as well as the boundary conditions (2.31) (2.T).

The remaining boundary and transmission conditions (2.34)-(237) lead to the

equations for the unknown vector-functions y, h and h@\ ,

(4.1) r,. lH,P;' lv, + b)fr:/p on r, k : rJ,

lu,p;'lv + h)1,: i|*' on t@\,

Lu,P;' lv + b))1_,,,*,lrlt l-2-'L + rc:d) ' lb'*\7,
:/t'') on f t'". j: 1J.

(4.10) ,,,,,, hj@) :F;*' - rr*u hi on r'"''. j :1.4.

where

(4.11) 7r,: f r - r,lh{,P;\ Qdk €Bi;tteV\, k:1J,

(4.t2) /rt*t '- |t*t - r,,,,,l'tl,P;t Qo)5e Bt-tlp(r(m\),

(4.t3) 7j@) 
.: f )*', * r,,,,,,1H1*' f- z-' 14 + Kl-\)-' Qt*'f ,

(4.r4) - ,,,,,,,l1l,P,' Qo)i€ 4-tltlrt*\), j : lA,

F;*t ,: F;*' - r, *,e0. ,,,",,Q[7' , fi-t1t17tntt.i -Tn
The last inclusion follows from the compatibility condition (2.40).

Let us inroduce the notation

(4.8)

(4.e)

r,r,,

r

(4.15) A, ::11,P,1 , Bl*) '.: It l''l-z-tIo+
I rot, o

rcl-:)f-')+*a Io]+*r

[ 0 ]r,r
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We can rewrite the equations (4.7)_(4.10) as

r,.A,lV * b] :/ on r,
tra,t At lv + n1 + r,,,,, B!'d h : !@) on 7(*t,
r,aa hj * ,, ,,,, hj@) : F;*, on r@) , j :TV,

where

(4.19) 7 ,: r/r,. . . ,7r), e l$;1/t1r11s ,(4'20) g@) '- (zld ,- .- ,ild)' e lB);r/tq7t*t11t ,(4.2t) f @) .* (Fl*t ,. . . ,Fl*\, e t1;lb1rt*tya
with

(4.22) s;*) ::f,t,"t + ,,,,,,W!*, l- z-, Iq + K:*)l-r lF,*,1],, r :TA, Z@\ 
_i@).

Now' our goal is to show that the system of pseudodifferentiar equations g.16)-@.8)
is uniquely solvable in appropriate function spaces.

4.2. Existence tbeorems and regularity of solutions

t, A,

rrr,aLAr+B@l

x5 /r,*, Iq*5

x;:: l4,ev)15 x lF;*17tn)1f ,lE;ntr@\)+,
y| :: 1s;t1r)15 x lB;+,ttr{d)p ,lE;,V0")))0,

X|,, :: r4,,tr)1, ,l*;,,tr@))1, * l*;,,V@\lo,
Y),,:- LB'e|lV)P x lB'ol,1tr{*t\; x l{;,,17t*tyt.

Evidently, we have the following mapping properties

(4.23) N, : X)--y) lX|,,*y|,,],
fors € R, 1 <p < oo and 1 <, < oo: due to Theorems 3.4_3.6and Lemma J.g.Evidently, v/e can rewrite the system (4.16)_(4.1$ as

(4.16)

(4.17)

(4.18)

(4.24) N,Q: Y,

l[:t"'r";Jf , h, h0")1t e x] is an unknown vector and y ,: (, V@), 
p@)1r e y] is

As we will see belou'the .':=:.r:i
a < s <E of invertibilin' Ce;e:..:: --

determined by the eigenvalu- --: ;-
homogeneous sl,rnbol matic- :: ::r:
the numbers y' and',r' defi:. ir'
original boundary transmisslo: :: i'
(see Theorem 4.3 and Rema:.: -'l i

\ile start with the follou:::: =s.

Tuporcru 4.L: Let tl:e :r' :t:,:-.:

Let us put

f ,,A,
I*,,: I r,,*,A,

l',,,,' Lo)a

Moreover, let

r,lo15.al [r o o o ol
r,,*,Lo)5,41 1*.,:lo I o o ol,,-;,',.",;;".J,,.,0',-' -13 

3 ; ? s.J

be satisfied uith i" anJ ', 4: z: -,

(4.26) .\.'- I"

are inuertible.

Pnoor: \X/e prove the ti:.::.-, -:
are Fredholm u,ith zero inc.:,. i:.i I

spaces are trivial.
Step 1. First of all let us t=ir::t

/, A, .. lE;;r '' .' - .-=.-

are compact.

Further we establish :.-.,: :: = . I

r,A,, lfi;112{rt1' -'H, 
t :''

are strongly elliptic pseu iL\:-:--': :=:
that the principal homoge:.: ,. -..:

For an arbitran' solu::': -' -. .

A(0, r)U:0 in O uith ::= ::-: :r
standard manipulations \r-. i.:

(4.25) 1<p<x' '- 
',

(4.21) n (tL'l

Substitute here U : I'-- :,-
:P,'H;t {ui- u'e have

constant c*. Therefore. b'. ::.

W (11,P-1w. ru\ ) c'. ,-, I

. j,.:
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As we will see below the operator (4.24) is not invertible for all s e R. The intervali < -t < b of invertlbility depends on p and on some parameters y' and, y,, which are
ietermined by the eigenvalues of special matrices constructed by means of the principal
homogeneous syrnbol matrices of the operators ,4. and ,1,, + nli (see (4.15y;. Note that
the numbers y' and y'' define also the smoothness exponents for the solutions to the
original boundary ffansmission problem in a neighbourhood of the curves 0f (.) una af
,see Theorem 4.3 and Remark 4.4 below).

\X/e starr with the following theorem.

TrlgoRr^a 4.1: Let the conditions

(1.25) 1<p<oo, 1(/(oo,

be satisf.ied aith y' and y,, giuen by (4.29), (4..r0), and (4jl1). Then rhe operators (4.23),

11,,tl
p-r*Y" <s/-:-r1ll'

(4.26)

are inaertible.

.A/, : X| - Y| [x],, - y],,] 
,

Pnoor: \x/e prove the theorem in several steps. First we show that the operators (4.26)
are Fredholm with zero index and afterwards we establish that the coresponding null-
spaces are trivial.

Step 1. First of a-ll let us remark that the operators

r,.A, : l4;.,tr@)15 -* tB;:1(r)lj, r,.1,nA, , l*,,,[)]j -lB;:t(rt*)}',
are compact.

Further we establish that the operators

,,A,,1fi;1/'(f)lt - Ul)ZtDl5, r,r,,lA, + B:*)l : lfi;1/217t*))1, _- lH!2qt*t11s
are strongly elliptic pseudodifferential operators of order - 1 with index zero. \x/e remark
that the principal homogeneous symbol marices of these operators are strongly elliptic.

For an atbirrary solution U e lH)@)J5 = lW)@)1, to th" homogeneous equation
A(0, r)u : 0 in o with the help of Green's fo.mJu and Korn,s ir,.q,r-r1ity lFilJ and by
standard manipulations we ger

(4.27) n (lul+, lrul+),,, > ., ll u ll?ryor, - ,rllu llr*1,o,,, .

Substitute here [/:V,(p,td^ u,ith r/ €lH;112@A)]5. Due to the equalitv r4::P,H;r{Ll}* *" have ll vllr,,.1.ror1.s..il{u}* lllr,,,,ro,,, u.ith some poritir.
constant c*. Therefore, by the tra6e theorem from t{.27r iri".lrit,obtrin

W. (H,P,tw, ,t),n ) ,illwlllr ,,,,uo)), + ll fJ (Hp.t0;,lu.toot - c, l\,,(p,tv)llrrug@n,.
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In panicular, in view of Theorem 3.1 for arbitrary y e Lfi;t/217)15 we have
(1.28) W (r,.H,P,try, v),,o ) ,i llv lll,i,1/21y11s - ,i llv llrlg ,urrrr, .

From (4.28) it follows that the-oper ator r,. A, : r, H,p,r , lfi;rl, [)1, _- lH;r/2 (l-l:,is a strongly elliptic pseudodifferential Fredholm operator with index zero.
Then it follows that the same is true for th. op..uto, A, + n;*,'r^ce the principa.i

homogeneous symbol matrix of the operat or B:d'is ;"""*",rJ'
Therefore, the operator (4.26) is Fredholm with index ,Iro fo. s : _l /2, p : 2 anct:2.
frrp , \x/ith the help of the uniqueness Theorem 2.r viarepresentation formulas (4.5

and (4.6)_wlth ej.) :0 and eo:0 we can easily show tirt th. operator (4.26) isinjective for s: -112, p:2 and l:2. Since its index is zero, we conclude that it issurjective. Thus the operator (4.26) is invertible for s: *112, p:)-^nd t: Z.t!'o 3 To complete the proof for the generar case u/e p.o...i u, tltour.. \x/e see tharthe following upper tiangular operator

is a compact perturbation of the operat or N ,.Therefore we have to investigate Fredholmproperties of the operators

r,.A, : l};.,tn'-, lB;:1(,r)l' , r,\,,tlA, + B:*)l I lE,,,,V@\)5 --. lB,+l1yt*t1y.
LetdlQ,&,b) t: o(A)(x,&,c)bethe principar symbor matrix of the operator,4.

and s.)L)G) 0_:Tj) be the .is;;;r.. of tl. -ut.t" L6te,0,+1)l-1 d;.x,g,_1) forx e 0f (for details see [BCN1]).

. Similarly, letdz&,&,().: 
,o,(A, + Bl*))(x,tt,b) I>ethe principal symbol matrix ofthe operator A, + B|'o) and s')2)tx) v- : 1,-, be. the .ig.ruar,,., of ,h" .or...ponding

marrix 162Q,0, +1)l-1 62(x,0",_1) for x € 0f @).

Further, w.e set

t .. 1yii: ,lnf _ i urs )")1)txl. !1,,:: sup :xedf .I. i15 2ft " *r,,r,r.r;., 2n
t .. 1Tz:: _,inf i_ ure s")2){*), yr,, ,: supx€Af \,,1 

,1< j<5 Zlt 
x€Af \,,) ,7< j<5

Note that Ti and yj' ( j : t,2) depend on the material paramerers, in generar, and belong
to the interval f -1 1\

\ 2 2/'wenut
(4.31) 7/ :: min {yi, yl}, y, :: max{yi,, yl,}.

From Theorem 3.10 we conclude that if the parameters .r,/ € ll(, 1 <p < oo,

| ,rA, r.[0i:,t t, [0]>,+ I
I/:'' ,: 

1r,,., lOlr., r,,",,1A,- B:dl ,,,,,10J5,a1
lrr,,,, l0)a > r,,^14.> r,,,,,, Iq ) rr^ro

1 ( t ( oo, satisfy the ;oc
.. 11

-L^,.tt .- , .- 1+ I - 
-,1 th.:. -_-.tt 12 t 2 

| i2.

r,A, '. fu;-r[l' -'-H- r
r,,.,,1A.+B:')l , lA-' r -

are Fredholm operators \\':--:. -:-
Therefore, if the conCi::c::s -

with zero index. Consequc:--.. ::

invertible due to the resul:-' c'i::-i

Now we are in the pos::: .': : --

the boundary-transmissio:. : :..:

Tusoru,t',1 4.2: Let tl:t :': :.':.: :

(4.32) :

Tben the boundary'trars"::.:: z

represented by formuhs

(4.33) IJ : V,\P,t '! -
(434) g{n\ - 1--" - -

ahere the densities ty. i: :':;' ; "
tbe system (4.16)-(1. 1S

Pnoor: The existenc-. I : :'
satisfying (4.12) foilou's j:,:"= 

.

1,, 1

-- < r' 1t" 1- \\'e :.i',i2',2
solvability for p :2 is a .'.r.eq

To show the unique:-. :=
proceed as follou's. Ler ; ;-:
(435) , -

with p satisfying ({.)J :< ,i

problem.
Then, it is evident ri:;: :l-.,t-

(4.2e)

(4.30)

arg ))1)(x),

* *u s.)r)tx).

(4.36) iu"'\-=
{T'' L' -
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1 ( r ( oo, satis{y the conditions 
;-:. 

y'r' < , .! +)+ ti and

- ),2" 1, . i* )+ il,then the op".rro.,

11
___ lp 2'

r,A, : lfi;-t[)]5 -lH[(t-))5 [tr;;1trll5 
--lBi,,[lt),

r,.,,,1A, + s|'\ , lfi;,[@))]' -- lH;[0\)5 ll*;-,'tr@)))' - B;,V@)\t)

are Fredholm operators with index zero.

Therefore, if the conditi ons (4.25) are satisfied then the above operators are Fredholm

rvith zero index. Consequendy, the operators (4.26) arcFredholm with zero index and are

invertible due to the results obtained in Step 2. D

Now we are in the position to formulate the basic existence and uniqueness results for

the boundary-ransmission problem under consideration'

Trmoruy 4 .2: Let tbe inclusions (2 39) and compatibility conditiort Q.a}) hold and let

44
</h</-

3-2Y"-r-l-2Y''
Then the boundary-transmission problem (2.29)-Q.37) bas a unique solution wbicb can be

represented by formulas

(4.r) U : v,(P,t lQ, + y, + bl) in d),

(4.34) gtm) - vl,^ ( ,2-, Iq + K:*)l-' lQt*, + b@,)) in d)@\ ,

wbere the densities ty, h, and h0') are to be deterrnined from the system (4.7)'(4.10) (or frona

tbe system (4.16)-(4. 18)).

Pnoor': The existence of a solution pa ((J@r,U) e lVlto\*'))o , lw;(g)5 with p

satisfying (4.12) follou.s from Theorem 4.1 with s: I -p-1. Due to the inequalities

-!<r,<y,,<1 .r.. hr... D:2e(-l*,.l-). Therefore the unique
2-t -t -2 -\l_2y,, l_2y,)

solvability for p :2 is a consequence of Theorem 2.1.

To show the uniqueness result for a1l other values of p from the interval (432) we

proceed as follows. Let a pair

(4.35) ([J@),U) e nV.1rO(-)))4 " lW]@)15

with p satisfying (4.32) be a solution to the homogeneous boundary-transmission

problem.
Then, it is evident that there exist the traces

{gt*t1* eWl,iraa@il. {U}- € tBj,:(ao)l'.

{T{*)g(*) }* e Wr,i{aat*'1,. {TU }- € tBi-i(a-o)lt

(432)

(4.36)
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and the vectors [J@) and[J in Q@l and (2 respectively are represented in the form (cf.
t1r|(4.34),wlth pj') :0 and Qo :0),

\137) gon\ - V|*) fi - 2-' lo + rc:*\)-' h,*t, in Q(*\,

be a unique solution pair of tbe
X;*t : o, j : tJ and Xp: e,

Pnoor: The proof of itt=.: :

To prove the item iri' 
"r = 'r<

(4.4I) C"(M):B" . -"i :

where c is an arbitran s:.J r
(k :2,3) smooth man::r- j
a't-klr>O,andu- -1'

From iii) and the embe:'::::;
Bearing in mind ({.19 --: :.r

(.r.r8) rJ : v,(n;l lh + yl) in d),

due to Lemmas 3.1 and 3.9.
By the same arguments as above we arrive at the homogeneous system Nr@:0.

u.here @ ::(V, b, 1r@)1r EXri. Ou. to Theorem 4.l, aD:0 and we conclude that
g@\ -oinQ(*) and U:oino. -

Finally, we can prove the following regularity result for the solution of the boundary-
transmission problem.

TtrEonrrrt 4.3: Let the inclusions (2.39) and cornpdtibility condition (2.40) bold and let

(43s) ;il.p.:2y,. I<r(oo. 1(/(oo, i_ :rv" <s.!t)+v'
Furtber, \ry g@) €lw;@@)))a and U e lW)@))5
boundary-transmission problem (2.29)-(2.31) witb
/^ 'j-=

Then the folloruing hold:

tif
Qr, e Bi,'(s), f1, e B),,(f), fl't . Bi,,(r@), e)*t . B);,(s0"\), rl-, , Btr,t(r@)),

and tbe comparibility condition F;*'_ 1r,,.,,0;:t*r,,-,,Qr)e r,,,,,8;,1{f,d\ is sa-

tisfied, then L)tnt € LH)-+62rmt, )a and IJ e Lgi-i(o)J5;

1i) if

Q*e Bi;'$), fee Bi,,[),fl*, ,B),,(r@\), e]*r.Bi,r$(*)), F]*', .B),r(r@),

and the compatibility condition F;*, - 7r,,,,, Q)*, + rt \,,) Aj1 e r,orEilr{rt*,y ', ,o-
tisfied, then

(4.40) U@telBijilet*t1,t, uefn)Ii@));;
11i) if a > 0 is not integer and

QA € BL-L(S), fr, e C'(T), fl*' e c'[htl, Q]*' .B[-l1sr'r;, p]*, . BE,\V@\),

and the corupatibility condition F;*, _ 1r,,,,,Q)*t +r,r,,Q.t)e r,,_,E;)*lf@)), x
satisfied, then

u@t€ )lc"'tel*'llo, u. 0 lc''(A)l', whererc:min {",)*r'}ct<tc at< r

put

(4.42)

and

/t :(AA4\ ctr l- ---" .' 
\, 1
\,

By 4.40) for the t6[Lr;1.-: 'ri
withs+l:o-t-a i:::l

(4.41) holds. In the last rri< .-

either
-.i

L-

or

u,,,= {1
in accordance with the L.i'r."a-:
k :3) yields then that ei::,=:

L- = = -i'
or

L -_.-

implying g(m) qlC'-'-t C'
Since r is sufficientlr -,::. I

the proof.

Rstrta.m 4.4: l"tlore ie:' '.i
(see ICDl], [CD2] I sh.''" :l-r
data say) the PrinciP'r1 :i-j'--i'
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Pnoor: The proof of items i) and ii) easily follows from Theorems 4.1, 4.2 and)'l'

To prove the item iii) we use the following embedding relations (see, e'g'' [Tr11)

(4.4r) C'(M): B'L,*(M) .- B;,'t(M) cB:,i(M) cB\;'(M) t 6a-e-ktrge11'

where e is an arbitrary small positive number' M c Rl is a compact A-dimensional

(k:2,3) smooth manifold with smooth boundary' 1 S / < oo' | 1r < a'

a - e - kfr > O, aod u * e - klr are not integers'

From iii) and the embedding (4.41) the condition (4.40) follows with anv s I a - e'

Bearing in mind (4.39) and tulrng , sufficiently large and e sufficiendy small, we can

put

(4.42)

and

(4.$)

tf +-:.^i" < a-, <!*)*r',

-11n ;*1-tt'<a-e,

By (4.a0) for the solution vectors we have g\d E .n'ji1O,@))fa and'IJ e lAili(fZ)t5

with s +l:o-r++if rt.tzt holds, and with s -:t(i-)*r",';'| *l,') tr

(4.41) holds. In the last case \\'e can take '*l:'r*'r-y' - t:' Therefore' we have

either

Ut,, €.8i.,-:pt*t114, U e l\i;'*+lZl)5,

or

11tnt , i pi-;'-,1et*t1)a, U e lni1i*r'-'(fz)]',

in accordancewith the inequalities A.42) and(4.43).T\elast embedding in (4'41) (with

k :1) yields then that either

grni a lc,,_,_ite*t))4, U a t6,-'-,;tA))5,

or

g(n) rro-.-;'-i1D1)la, u e ld-,nr'-i1D)J5'

implying g@) E 76''-'-1\tl''))a . ! q l(.-rl(o) 15, wher e rc :.t': {'
sin.. ,"i. sufficiently large and e is sufficiently small, these inclusioris

the proof.

Rlnr,c.RK 4.4: More detailed analysis based on the asymptotic expansions of solutions

(see fcD1l, [cD2]) shows that forsufficiently smooth boundary data (e'g', c--smooth

Jro ,^rl ti. p.i.r.ip4 singular terms of the sol*tion vectors IJ @) and U near the curves

, n (1 -L* r" ,L *)* r')

1 ".,11r, ('
comptete

tr
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0l-@) and 0l- canbe represented as a product of a"good" vector-function and a singular
factor of the form tlnp(y) )*,*tlp(x))aj+il]i. Here p(r) is the distance from a reference
point x to the curves 0f (*) or d1-. Therefore, near these curves the dominant singular
terms of the corresponding generalized stess vectors 7 @) g (m\ 

and TU are represented
as a product of a"good" vector-function and the factor llnp(x)l*,-tLp(x)yt+a1+i[], .^16r.

numbers lli arc dtfferent from zero, in general, and describe the oscillating character of
the sress singularities.

The exponents ay * i l)1 arc related to the comesponding eigenvalues by the equalities

o,:! *arg )i . B,: _ ln V'il 
.-r 2 2tt ' t-/ 2x

Here )., e {s"!t\(x),...,,1"j1){r)1 for x e 0f , and )., e 1s"r2)(x),... ,1"}2)tl)} for
x e 0f (*).In the above expressions the parameter mj denotes the multiplicity of the
eigenvalue ,17.

It is evident that at the curves d.i- 
(') 

and 0f the components of the generalized stress

vector behave like O (llnp(x))*o-Llp(il-*,'), *h... mg denotes the maximal
multiplicity of the eigenvalues. This is a global singularity effect for the first order
derivatives of the vector" g@\ and U. In contrast to the classical pure elasticity case
(where y' : y" : 0), here y' aod y" depend on the material parameters and are different
from zero, in general (see the example below). This is related to the fact that our
ftansmission problem and, consequently, the corresponding strongly elliptic system of
pseudodifferential equations are not selfadjoint. This implies that the eigenvalues 7)k) urc
complex numbers, in general.

Rr,uenx 4.5:It can be shown that the eigenvalues ,t]1){"):1 for all xe 0f and
L!z),{*l : .t for all x € 0r@1. Moreover, the eigenvalu"s {2r11)1x;}r1-, for x e 0f and

15")'z)txlfi.., for x € Af @) do not depend on the thermal constants. However, they de-

pend on the elastic and piezoelectric material parameters, in general.

If yL < 0 and y'f ) 0, A : 1,2, (see (4.29) and (4.10)) then the smoothness and the
singularity exponents are actually defined only by the eigenvalues {/",I1)txt}ra=, a"d

11")'?\t*1fi-r,sincearg,r"]1){r):0forall xe Ar andarg s"r2){*):0forall xe \it').

Exallpr-E

Here we apply our approach to practical examples to show the dependence of the
characteristics yi and y'; (k :1,2) on the material paramerers.

To compute the smoothness and the singularity exponents mentioned in Theorem 4.J
and Remark 4.4, we have to find the eigenvalues )")t) a-r'd l,)') , i : t J .

\(/e assume that the domain Q@) isoccupied by the isoropic metallic material siluer-
palladiurnalloywithLam6constants,l.:1.0.1011 Paand p:3.11 .1010Pa,whereas

the domain ,(2 is occupied by different piezoelecric media. \X/e consider the
piezoelecric materials BaTiO3 (with the crystal symmetry of the class 4mm ), PZT 4
andPZT -5 A (with the crystal symmetry of the class 6mm). Their material constants are

given in the tables belou''

crr(Pa) r1; P:

BaTiO3 2.75 '70t1 i -:
PZI-4 r.39 . 10tt . !,
P7:l-5A 1.20. 10rt ; ):

et;rC:-:
BaTiOr 21.)0
PZT-4 12., 0

PZT-54 12.2e

'il/e remark that the co:->:::

where

f(tt):t, f(22) :2. t' ) : :
Moreover, for the abor.e :-=;'ta

a,, 
-,'-- - =Lkl 

- 
tJE\ trt

€24: €!5, €)-: ;"' !
et:€22. €t::i.' = t:

Global regularitr :== "
global regularity ProPerr' -': :-:*

H6lder smoothness e\Pta::'': -
r1

number r: min { a. : - '

t'
The calculations h,rve =: -'

depend on the reference :::-:
above mentioned Piez.'--;-c
(,1'f) and ).t!' savl are I:--: : i

"tLt ,t/'i':exp'-':'
another two eigenvalues ::3 a-
y'e<O,l'p>O.and;. = -,

The computed r alu<= -:

follows ;

14.44)

Therefore, for ;' := n::' ' '

a
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given in the tables below:

crr (Pa) cn(Pa) crs(Pa) cr(Pa) - cqq(Pa) coe(Pa)

BaTior i.1's . to" i.l'g 
"to" 

t'.sz ' to" i"eg '16" 5'43 'fiil 1'13 ' 1011

pi-+' 1.lg 1011 z.so roro 7.40. 1010 1.15 . 1011 2.56.1010 3.05 . 1010

in >1, 1.20. 1011 l.i).rcr, 7.51 . 1010 1.11 . 1011 2.11 . 1010 2.26.1010

es(C/m2) e',t(C/m2) er(C/m2) err(F/m) ry(F/m) '

BaTiO; 21.30 -2.69 3.65 lJ5 ', l}-s 9'89 ' 10-10

PZT-4 t2.70 -5.20 15'10 6'50' 10-e 5'60'rc-e

PZT 5A 12.29 *5.35 15'78 8'14' 10-e 7 32'rc-e

We remark that the constants cikti eikt, and cpq, epq are related by the following rule:

ct'tiilf tPk : cijkt, eif (kh : eiH'

where

f (tt)--r, f (22):2, f (r):), f (23):f (32):4, f 1i-3):f ot):5, f (jI2):f (21):6'

Moreover, for the above piezoelectric materials there hold:

ckj: cjk, c1.t: c22, cD : c2), c41 : c55' ''l= 0 .f"l'-f.j ,^:d 
i'i :4'5'6\

€24:€15, €3r:€)2, eu:e2j:elk:Ofot i l5' i +4' k>1;
tl : E2?, elz : tD : eZl :0'

Global regularity result. Here we give the numerical results concerning the

global regula.ity p.op"rty of the solution vectors U and U(')'grr,t to Theorem 4'3 the

H<;lder smoothness .rpon".r, in the closed domains A and Q(*) is calculated by the

( l, ",,\number rc: min \o, ,*, I.
The calculatio.,, tiu" shown that atg'tlr)(x) and 

^'g42)Q) 
(l:l'2'3'4) do not

depend on the reference point x. Moreoveq the computations have shown that for the

,bou. me.rtioned piezoelecffic materials BaTiOl, PZT-4, andPZT-5A two eigenvalues

(1f) and )"f) say) are mutually inverse complex numbers:

l.f) : 
"*p {-i 0&)}, lf) : t*p {i 0&\}, 0(r) > 0' k : l'2;

another two eigenvalues are equal to l: )'f) : trf\ :t' Recall that )'|k) :t' Therefore'

/1, 10,l'p ) 0, and y'n - -T'k, k : 7,2 (see (4'29)-(4'30))'
" Th" Jo-prt.d uulir., of ii u"a 7, cor."spording to the considered three cases are as

follows 
BaTiol PZT'4 PZT iA

(4.44) it -o'12 -0 'r2 -0 't)
y; -0.06 -o'08 -o'09 '

Therefore, fot y' :: -i" {li, yz} we have (see (431))

BaTiOr PZT'4 PZT'54

Y -O'12 -0'12 -0'l) '
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Consequendy, if the boundaty dat.a of the ransmission problem under considerarion are
sufficiently smooth (e.g., u ) 0.5, see Theorem 4.3),then for the H<;lder smoothness
exponent rc we derive

BaTiO3 PZT-4
rc 0.38 0.38

PZT-5A
0.37 .

Thus, in the closed domains the solution vectors have C"-d-smoothness , where d > 0 is
an arbitraily small number. This shows that the smoothness exponent depends on the
material parameters.

Local singularity effects at different edges. Here we compare the dominant
stress singularity exponents calculated for the curves d.1- and 0f (*) 

. Note that the factors
of type lln p(v1)*'-t I p(x) )o'*' 

b' uppru, in the singular edge terms of the stress fields (see

Remark 4.4). Recall that p(x) is the distance from a reference point x to the curves d7-(.)
or 0f . The exponents ai * i bi are related to the eigenvalues by the equalities

I ars ).; ln r2'lai:-r*;.bi:-;

where 
,,lr- 

e {.t{1)(r), ... ,s,}t)tx)y for x € 0f , and s., e {s"12)(x),... ,lrat*)} for
x e 0f @\. The number mi denotes the multiplicity of theeig iniulr. )"1.

As it has been mentioned above the calculations have shown that the arguments of the
complex eigenvalues, urg )")tl(*) and arg l.)'z)lx) (l :1,2,3,4,) do not Jep.nd on the

reference point x. Keep in mind that ,1]1) : 7,,2\ : 1 for all values of the material parameters.
Moreover, the calculations have shown that for the above mentioned piezoeleclic

materials BaTiO3 , PZT -4 , andPZT -5 A the paramete rc bi , 
j : Tl , Gharucteriztngthe so-

called oscillating singularity effects) vanish, which means that the modules of the
eigenvalues equal to 1. Moreover, two of them (,1f) and )"fl say) are mutually inverse
complex numbers:

,1f) : 
""p {-i 0@}, trf\ : .rp {i 0@}, 0&'t > o, k : t,2;

another two eigenvalues are equal to l: ),f) : Slf' : t. Therefore, yL < 0, T,1 > O, and
yL _ ;.y'i'k:1,2 kee (4.29)-(4.30)). It is evident that the comple* eigenval,res /.11)

and )"tr') with the negative arguments 0o and 0(2) correspond to the dominant s6ess
singularity terms at 0f and Af (*\, respectively.

Thus we have two simple complex eigenvalues,. trln,:.*p {-i0&)} and ),f) :
: .rp {i 0(k)}, and one eigenvalue of multiplicit y 3, ),ft - ).\f) :- 1.,;t : ,.

Therefore, near the curves o1- and 0r@) at the edge singular terms there appear the
factors of ,.type Llnp(x)l2lp})l-i which .o...rpond io the .ig".,rul,r., ,tf) ::t):s'f':r.

Moreover, near the curve where the type of boundary conditions,change (the curve
0f) in the singular terms there appears the factor of type I p.xll-i+t, corresponding to
the eigenvalue,l!1), while the factor of type lpQ)y)+t'),corresponding to the.ig".,uulrr.
).f) , uppears near the curve where the interface intersects the exterior boundlry (the
ctwe 0f (*)).

It is easy to see that tl:e

defined by the factors i /.r'''r
The computed valuc= cj

presented in table (-1.-l-l'. .''.:

near the curves f and f -

Stress singularin' esl.':-=:::
Stress singularin' exP.':-=:-:

Note that the stress singu--r:::-=

change are higher than r.:: ----=

boundary.
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It is easy to see that the dominant stress singularities near the curves .l- and l@) is

defined by ih. factors I pQ) l-i+ t' and' I p(x)l -l *'i ..rp".tir.1y.
The computed values of y, and 7j .o...rpo.rding to the considered three cases are

presented in table (4.44), which gives the following principal sffess singularity exponents

near the curves 1- and f (*):

Stress singularity exponent at f
Stress singularity exponent at f @)

BaTiO3

-0.62
-0.56

PZT.4

-0.62
-0.58

PZT.5A

-0.63
-0.59.

Note that the stress singularities at the curve Ef where the type of boundary conditions

change are higher than near the curve 0f (-) where the interface intersects the exterior

boundary.
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