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Abstract

We consider the third boundary value problem of static elasticity theory (stiff contact
problem) in a rectangle, for solution of which we use a difference scheme of
second-order accuracy. Using this approximate solution, we correct the right-hand
side of the difference scheme. It is shown that the solution of the corrected scheme is
convergent at the rate O(|h|™) in the discrete [,-norm, provided that the solution of
the original problem belongs to the Sobolev space with exponent m € [2,4].
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1 Introduction

The problem of accuracy is the main problem in the theory of difference schemes as well
as in applications. One approach for obtaining solutions with improved accuracy is rep-
resented by the idea of refinement by differences of higher order, which was offered by
Fox [1]: the right-hand side of the difference scheme is corrected by the solution obtained
on the first stage and the scheme is repeatedly solved on the same grid. This empirical
idea is simple, although its theoretical foundation encounters essential difficulties. This is
shown by Volkov’s papers [2-5], where the above-mentioned method was founded only
for the Poisson and Laplace equations, besides, the input data in the problems were chosen
so as to ensure that the exact solution belongs to the Holder class Cg 5 (S2).

In the development of the mentioned method there are two possible difficulties. The
first one consists of finding the correcting addend, and the second is related to obtaining
an a priori estimate of convergence. To overcome these difficulties we use the method for
derivation of estimates for the convergence rate of difference schemes developed in the
last 30 years by Samarskii and other authors (e.g., see [6—10]), in which the convergence
rate is compatible with the smoothness of the solution of the original differential problem.

For elliptic problems, such estimates have the form

IU - tllwgiw) < el lullwpy, m>s =0, 5
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where u is the solution of the original differential problem, U/ is an approximate solution,
s and m are integer and real numbers, respectively, and || - Il (@) and || - || ws(e) are the
Sobolev norms on the sets of functions of discrete and continuous arguments, respectively.
Hereafter by ¢ we denote positive constants that are independent of |#| and # and can be
distinct in distinct formulas.

For obtaining a difference solution of the Dirichlet problem posed for elliptic equations,
in [11, 12] was considered the aforementioned method of correction.

In [13, 14] is considered the third boundary value problem of static elasticity theory (stiff
contact problem) in a rectangle. For corresponding difference schemes, when s = 0,1,2
and 0 < m — s < 2, there are accepted estimates of type (1).

In the present paper, for the same problem, we construct a correction term for the right-
hand side of the difference scheme. It is proved that the corrected scheme converges at
the rate O(|h|™) in the discrete L;(w)-norm provided that the exact solution belongs to
the Sobolev space WJ"(2), m € [2,4].

2 Statement of the problem
Below, everywhere we assume that index ¢ =1,2 and § =3 —«.
Let Q= {x = (x1,%2): 0 < xy <1y} represent a rectangle with boundary I'.

Consider the problem
5241 2,2 9241
A+2U)— + A+ p)—F— + +f1(x) =0,
(r+2u) 0 ( M)Bxl o o S )
2.2 2.1 2 @)
—+ (A + +(A+2 +f°(x)=0, xe€€,
Ho (A +w) S0, (A +2p) 02 f &)
oub
u“(x) =0, ; &) =0, xelLx,=0,l,. (3)
Ko

T is an unknown dis-

Here A, = const, ;& > 0. A > — are Lamé coefficients, u = (1!, %)
placement vector, and f = (f,£2) is the given vector.
As usual, by the symbol W3(2), s > 0, we denote the Sobolev space. For integer s the

norm in W3(€2) is given by the formula
s
2 _ 2 2 _ v 12
”u”\x/ﬁ'(ﬂ) - Z |u|W£(Q)’ |M|W£(Q) - Z”D u”Lz(Q)’
j=0 Ivl=/
where DV = 9""1/(9x]9x,*),and v = (v, v,) is a multi-index with non-negative integer com-
ponents, |V| =v; + vy
If s =5+ ¢, where s is an integer part of s and 0 < ¢ < 1, then
2 2 2
1l = N5y + 11y
where

[D"u(x) — D" u(y)|?
lulws@) = Z/Q[Q PpYEET dxdy.

[v]=s

Particularly, for s = 0 we have W = L,.
We assume that solution of the problem (2), (3) belongs to W3*(S2), m > 2.
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Let us introduce the mesh domains

(l_)ot ={xa =iaha:io¢ =0,1,...,1’la,l’1aha =lowna 24}¢

Wy = Wy \ {0, lut}’ w; =wy U {lot}’

Vg = {x: (x1,%2) 1% = 0,8 € a),_«;}, Via = {x = (w1, %2) 1 % = Loy xp € wﬁ}’
V=¥ \ (V-o UVia) w=w X Wy, W= w1 X 0y,

o' =w Xo;, Y =0\ o,

Vio={x=@na) €y i =(a £1)/2}, wo=w1 xd  wp =d1 X v,

|12 = B2 + 13, By = hy when x4 € @y, By = hy/2 when x, = 0, 1,.

Further, we define difference quotients in the x, direction as follows:
Vg = (VD V) hay Vi = (V=VE)hey Ve = (Ve + Vi)I2,
where
VEW (x) = V(xy £ Iy, x0), VERD () = Vg, 20 £ o).

The notations V0%« will have a similar meaning. Let

V(x) + V) ()

I, V(x):= 5
Denote
2
T an, X € V_as angﬁ’ X € Vo
Ngo V' i= Vﬁ_caxou XED\ Yar AV = V;N%Z’ ¥ €,
2
5o Vier X € Vias ané’c,;’ X € Vig-

On the set of mesh functions we define scalar products and norms:

Y, V)s = Zh1h2Y(x)V(x), 1Yo = (Y, Y%, &Ca,
xew

Y V)w= Y halpY@VE, 1Yl = (V1)
XEW ()

By H,,(w) we denote a set of two-dimensional vector-functions V = (V1, V)T, whose
components are defined on @ and equal to zero on y,, respectively. Let H, be the set of
two-dimensional vector-functions, whose components are defined on the meshes w),
respectively.

Define in 131;, () the inner product and the norms:
Ul = (U, )",

U V) = (UL V) + (UL V) )

2
10200 = 2o (1 Ant* gy + [ a2ali® gy + 2 U, 1)

a=1
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For functions, defined on €2, we need the following averaging operators:

x1+h1

1 [
Sjule) = / wte)dn,  Tw)= / (= 1 — 1)t ) iy,
X 1 X

1 Jx1-In 1-h

2 [h
Tu(0,) = f (s — )ty %) dits,
1 J0

2 (b
Tvu(l,%2) = — / (= b + t)u(ty, %) dr.

1 Jh-l

Analogously are defined operators T5, S;. Note that these operators are commutative and

9%u du -
Ta@ = Mgcaxa, TQE = (Sabt)xa.

3 Difference scheme, correction procedure, and main result
At the first stage, we approximate problem (2), (3) by the difference scheme

O+ 2 AU + (A + ) AU + pApU' + FF =0,  x € wq),
UARL? + O+ AU + (M +20) AU + F2 =0, x€ ®(@2), (4)

U*(x)=0, xE€ VY F%(x) = Th Tof”.

Let us rewrite the difference scheme (4) in the operator form

L,U=F, UecH, FeH, (5)
where
L= (A +20) A + A9 (A + w) Az
(A + ) A1z A+ (A +20)Ago ’

u=W,ud)',  E=(FL,F)".
Lemmal [13] Theoperator Ly, : Hy, — Hyis self-adjoint, positive definite, and the estimate
1L,V > M||V||W22(w) (6)
is valid.

Due to the positive definiteness of L) the solution of equation (5) (or the difference
scheme (4)) exists and is unique. The rate of convergence of the scheme (4) is determined
by the estimate [13]

U —ullyz) < clh™ullwp@, 2<m<4. 7)
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To construct and study a corrector, we use the operators

[/S(V;m;;a): Xg € Wo \ {ha},
PV = [ﬂ(va'caxa - hjuv:?caxaxa): KXo = hayxﬂ € CUE:
Is(Viyz, + hy‘xvfcaa}aa‘ca), Ko =l

ZVi', x€v.a
BV = 1 Vi X € w,
_% Vxﬂ: X € Viar
Vkaxoﬂ X € W(a),
Dav = anx,, - %anxaxar PAS 37—017
Vigia + 22 Vi 5ot X € Vira

At the second stage, we use the earlier-found solution of the difference scheme (4) for

defining the correction term RU and on the same grid solve the difference scheme
L£,U=F+RU, UeH, FecH, ®)
where

A D+ 2 AnD, - "B g
R A +2u) 55 AuD2 + n 5 A0Dr —(h + ) (55 BraPr + 35 BiaPa)
- i H 2 2 :
A+ ) (L BuPL+ ZBuPa)  (h+20)5 AnDy + pS AnD,

The following theorem is the main result of the present paper.
Theorem 1 Let the solution of problem (2), (3) belong to the space W' (2), m > 2. Then

the convergence rate of the corrected difference scheme (7) in the discrete Ly-norm is given
by the estimate

10 - ullLyw) < clhl™lullwpe), 2<m <4 ©)

4 A priori estimate for the error of the corrected solution

Let
hz
Cooi=Tpu™ —u® — éDﬁua, X €, (10)
g
gfa = T,guﬂ —uf - EDﬁuﬁ, X € w(g), (11)
h? 7%
{10[2 = SlSzu"‘ —Illgu"‘ + éplu“ + épzua, x€w'. (12)

By Z =u - U we denote the error in the solution of the corrected difference scheme (8).

Lemma 2 The error Z is a solution of the problem

LiZ=TRZ+ WV, (13)
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where Z = u — U is the error in the solution of the scheme (4) and
A 0 ! A 0 :
W= (420 1 {121 i 22 5222
0 A22 {22 0 All {11
0 B !
+(A+ @) 12 5122 .
812 0 512
Proof From equalities (10), (11) we have
%u” /7
T1T2<W> = Agou® + éAaa(Dﬁu“) + Aaall, %€ W@, (14)
32ub h,23
T1T2< 2 ) = Agott® + EAW(D,_«;LJ‘) +Aaall, x€wp. (15)
It is not hard to verify that
m( 2 Cpa(sisu), xe (16)
= u*), x€awp.
142 3, 9%, 1219192 (B)
Besides,
BIZ (11121/!0{) = Alzl/la. (17)
Indeed, in the case x, = 0 we have
2 L) 2 (1) 2 (@) 42
By (Lbu?) = —(hbu*)” = = (Lu*)s ™ = |~
12( 1ou ) hz( U )xl hz( 2U )xl Iy ) %
9 2\(+13) _ /2
2 (W s e
hy 2 % X1%2
It is easy to verify also the other cases of (17). As a result from (12) we obtain
32u” n? n
T, T = Apu® — =BuPiu® — 2B Pou” + Biall, ¥ € wp). 18
1 2(3961 8x2> 12U ow U o U 12812, X € W) (18)

Let us apply the operator T} T, on the equations of system (2) on the grid points wq), w(),
respectively, and then use equations (14), (15), (18). The obtained results may be compactly
written as follows:

Lyu=F+Ru+WV. (19)
Subtracting (8) from equality (19) we obtain the required equality (13). O

Theorem 2 For the solution of problem (13) the following a priori estimate is valid:

2
1Zll250) < C<|h|2||Z||w22<w> 2 (1l + N5l + N Hw+)>~ (20)

a=1

Page 6 of 11
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Proof First, note that based on the inequalities

c;t R | P c;! 0 Bu)l_1
0 Agg 2 By 0 2
implied by (6), we have
2
|t | <) (14w + 18520 + I5],0)- (21)

a=1

Further, the operator L, is positive definite and self-adjoint, therefore,

- (RZ,V)|
L'RZ| = -—
“ g H ||§/li§0 1LV

(22)
Using the equalities obtained by partial summation,

(AaaDpZ*, V) @) = (DZ% Aoy V) (), since Z%, V¥ =0 for x € y,,
(AﬂﬁDaZa, Va)(a) = (DaZa, Aﬁﬁ Va)(a), by definition of Aﬁﬁ,

(B1aPoZP, V) ) = (PuZP, Vaii ot since V¥ = 0 for x € y,,
(BiaPsZP, V) ) = (PsZP, Vi ot since V¥ = 0 for x € y,

and after considering the Cauchy-Schwarz inequality, for an estimate of the numerator of
(22) we have

(RZ,V)| < clhPIZINVI 2 - (23)
Taking into account (8), (22) from (21) we obtain

| L' RZ] < clhPIZIl 3. (24)
Inequalities (21) and (24) together with

IZI) < | £ Rz + ] £
complete the proof of Theorem 2. d

5 Proof of Theorem 1
To determine the rate of convergence of the corrected finite difference scheme (8) with the
help of Theorem 2, it is sufficient to estimate the norms of ¢}, {55, ¢ on the right-hand

part of (20). To this aim, we need the next lemma.

Lemma 3 Let the linear functional (1) be bounded in Wé‘ (E), where k = k + €, k is an
integer number, 0 < € < 1. If l(u) equals zero on polynomials of two variables with order
equal to k, then there exists a constant c, dependent on E, but not dependent on u(x), such
that |l(u)| < C|”|W§(£)'
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This lemma is a particular case of the Dupont-Scott approximation theorem [15], and it
represents a generalization of the Bramble-Hilbert lemma [16] (see, e.g., [8]).

Lemma 4 Let u € WJ}'(2), m € [2,4]. Then for the expressions defined by equations (10),
(11), (12) the following inequalities hold:

L “(a) < cl™||u| W) (25)
25y = el [ Wy’ (26)
&3], = el ]u] Wy (Q)” (27)

Proof Let us denote by 3 the set of third degree polynomials. In the cases x € y.4, taking
into account boundary condition, let us represent the values ¢, in the form

o o h/s ou*

g‘a(x = ;-aoz +— .
3 8.?65

Particularly,

X €Y.

Let e = {& = (£1,&2) : |&1 — x1| < 11,0 < & < 3hy}. By u(f) we denote a function obtained
from u!(&) by changing the variables &, + ¢,/,, and mapping the domain e onto E = {t =
(ti,t2) : |ta] <1,0 <ty < 3}. Since ul(§) = u(x1 + t1h1, %2 + tyhy) = u(t), the expression ¢
turns into

1 9i(0,0)
3 axz

1
gh=2 / (1= £)i0, &) dts — (0,0) -
0

1 1

-5 (#(0,2) - 2(0,1) + (0, 0)) + I (#(0,3) - 3@(0,2) + 3u(0, 1) — (0, 0)).
Consequently, |¢};] < cl|#llcig) < cllillwy e as W3* C C' when m > 2. Utilizing the fact
that ¢, as a functional of #, vanishes on 3 (which can be verified directly) and using
Lemma 3, we obtain || < clitlwzr gy, m € (2,4]. Reverting to the old variables, this yields

|Zh ] < el (o)™ u m e (2,4]. (28)

gy
)
In the case x € y,, the estimate can be obtained analogously.

When x € w, we have ¢}) = Tou' —u' - (h3/12)u}, , . In this case the elementary domain
e={& =(&,&) : 16w — x| < hy}, and we again obtain the estimate of the form (27) (see, e.g.,
[17]). Consequently, we have

”5111 ”(21) = Zh1h2|§111i2 < clh" Z|“1|?v2m(e) = C|h|2m|”l|fv5"(sz)'

Q) ®Q)

The case o = 2 in (25) can be proved in the same way.
The proof of the inequality (26) is also clear, so let us obtain the inequality (27).
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Using the Taylor expansion we can show that

S1S;u—Lhu= —(g 227? + %%)NELO@) for u € 3 (29)
On the other hand, each of the following expressions:
hy hq
Uz 8o Uxyxyg — juiuxaxm and  uz,z, + 7”&@,2&
equals %250) for u € m3. Therefore,
Pou=1g 9205 = a2 on 0% when u € 3. (30)

0x2

2
o axa

From (29), (30) it is easy to see that the expressions ¢}, as linear functionals with respect
to u%, turn into zero on the polynomials of third order and are bounded when u* € W}*(2),
m > 2. Therefore, for them we have again the estimates similar to (26), whence follows the
validity of (27).

Lemma 4 is proved. O

In view of (20) and the inequality (7), taking into account the Lemma 4, the validity of
Theorem 1 is obvious.

6 Numerical experiments
Now, we present some numerical results to demonstrate the convergence order of the pro-
posed method. The experimental order of convergence in the discrete L,-norm is com-

puted by the formula

Yy — uell

Ord(Y) = 10g2 m,

where u is the exact solution of original problem, while Y}, denotes the solution of the
difference scheme on the grid with step 4.
Below, the symbols U, {1 denote solutions of the difference schemes (5), (8), respectively.

Example 1 Consider the problem (2), (3), where l;,/, =1, =5, u =1, and
() = 4c; sin(ay) cos(mr ), f2(x) = 4cp cos(xy) sin(rxy), o =m22A +4p).

For calculation of the right-hand side of the difference scheme note that

2 mh
T, (sin(nxa)) = csin(mx,), T, (Cos(nxa)) = ¢3 cos(xy), Cy = _— sin -
T

Therefore,

F=TiTof* =c3f%, a=1,2.
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Table 1 Experimental order of convergence

h |Up - ull Un - ull ord(l) Ord(D)

1/4 3.743333e-02  1.865509e-02  1.8843 41817
1/8 1.013944e-02  1.027991e-03  1.9739 3.9656
1716 2.581113e-03  6.579804e-05  1.9936 41623
1732 6481292e-04  3.674768e-06  1.9984 3.9866
1/64  1.622098e-04  2.318145e-07

To solve the difference schemes £,Y = ¢ we use the iterative method of minimal resid-
uals

y &) _ y(®) .
+ LYW =9, k=0,1,2,...,VY? e H,

17
where
£, Res®) Res®
Tk = (L : /)< , Res® = £, Y% ¢,
(L Res®), £, Res! ))

It is clear that the exact solution
ul(x) = 4 sin(x,) cos(xy), u*(x) = 4 cos(mxy) sin(rrax,)

belongs to W (), therefore, for the refined scheme the fourth order of convergence is
expected.
The results of the calculations are given by Table 1.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Author details
'A. Razmadze Mathematical Institute, I. Javakhishvili Tbilisi State University, Tbilisi, 0177, Georgia. *Faculty of Exact and
Natural Sciences, I. Javakhishvili Tbilisi State University, Thilisi, 0186, Georgia.

Acknowledgements
This work was supported by the Shota Rustaveli National Science Foundation (Grant FR/406/5-106/12). The authors
sincerely thank the referees for their helpful comments.

Received: 14 April 2015 Accepted: 19 November 2015 Published online: 03 December 2015

References

1. Fox, L: Some improvements in the use of relaxation methods for the solution of ordinary and partial differential
equations. Proc. R. Soc. Lond. Ser. A 190, 31-59 (1947)

2. Volkov, EA: On a method of increasing the accuracy of the method of grids. Dokl. Akad. Nauk SSSR 96, 685-688 (1954)

3. Volkov, EA: Solving the Dirichlet problem by a method of corrections with higher order differences, I. Differ. Uravn.
1(7), 946-960 (1965)

4. Volkov, EA: Solving the Dirichlet problem by a method of corrections with higher order differences, II. Differ. Uravn.
1(8), 1070-1084 (1965)

5. Volkov, EA: A two-stage difference method for solving the Dirichlet problem for the Laplace equation on a
rectangular parallelepiped. Comput. Math. Math. Phys. 49(3), 496-501 (2009)

6. Lazarov, RD, Makarov, VL, Samarskii, AA: Application of exact difference schemes to the construction and study of
difference schemes for generalized solutions. Math. USSR Sb. 45(4), 461-471 (1983)

7. Lazarov, RD, Makarov, VL, Weinelt, W: On the convergence of difference schemes for the approximation of solutions
of elliptic equations with mixed derivatives. Numer. Math. 44(2), 223-232 (1984)

8. Samarskii, AA, Lazarov, RD, Makarov, VL: Difference Schemes for Differential Equations with Generalized Solutions.
Visshaya Shkola, Moscow (1987)



Berikelashvili and Midodashvili Boundary Value Problems (2015) 2015:226

. Jovanovi¢, BS, Sili, E: Elliptic boundary-value problems. In: Analysis of Finite Difference Schemes, pp. 91-243. Springer,

London (2014)

. Berikelashvili, G: Construction and analysis of difference schemes for some elliptic problems, and consistent

estimates of the rate of convergence. Mem. Differ. Equ. Math. Phys. 38, 1-131 (2006)

. Berikelashvili, GK, Midodashvili, BG: Compatible convergence estimates in the method of refinement by higher-order

differences. Differ. Equ. 51(1), 107-115 (2015)

. Berikelashvili, G, Midodashvili, B: Method of corrections by higher order differences for elliptic equations with variable

coefficients. Georgian Math. J. 23 (2016, to appear)
Berikelashvili, GK: The convergence of the difference solution to the third boundary value problem of elasticity
theory. Comput. Math. Math. Phys. 38(2), 300-304 (1998)

. Berikelashvili, GK: On convergence of difference schemes for the third boundary value problem of elasticity theory.

Comput. Math. Math. Phys. 41(8), 1182-1189 (2001)

. Dupont, T, Scott, R: Polynomial approximation of functions in Sobolev spaces. Math. Comput. 34(150), 441-463 (1987)
. Bramble, JH, Hilbert, SR: Bounds for a class of linear functionals with application to Hermite interpolation. Numer.

Math. 16(4), 362-369 (1971)

. Berikelashvili, G: The difference schemes of high order accuracy for elliptic equations with lower derivatives. Proc. A.

Razmadze Math. Inst. 117, 1-6 (1998)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 11 of 11



	On increasing the convergence rate of difference solution to the third boundary value problem of elasticity theory
	Abstract
	MSC
	Keywords

	Introduction
	Statement of the problem
	Difference scheme, correction procedure, and main result
	A priori estimate for the error of the corrected solution
	Proof of Theorem 1
	Numerical experiments
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


