THIN SHELLS WITH LIPSCHITZ BOUNDARY®
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In [Dull] we have revised an asymptotic model of a shell (Koiter, Sanchez-
Palencia, Ciarlet etc.), based on the the calculus of tangent Giinter’s derivatives,
developed in the papers of R. Duduchava, D. Mitrea and M. Mitrea [Dull, ?,
Du02b, DMMO6]. As a result the 2-dimensional shell equation on a mid-surface
¥ was written in terms of Giinter’s derivatives, unit normal vector field and the
lamé constant, which coincides with the Lamé equation on the Hypersurface .7,
investigated in [Dull, ?, Du02b, DMMO6].

The present investigation is inspired by the paper of G. Friesecke, R. D. James &
S. Mller [FJIM1], where a hierarchy of Plate Models are derived from nonlinear
elasticity by I'-Convergence. The final goal of the present investigation is to
derive 2D shell equations in terms of Giinter’s derivatives by I'-Convergence.
As a first step to the final goal in the paper of T. Buchukuri, R. Duduchava
& G. Tephnadze [BDT1] was studied a mixed boundary value problem for the
stationary heat transferA mixed boundary value problem for the stationary heat
transfer equation in a thin layer around a surface % with the boundary. It was
established what happens in I'-limit when the thickness of the layer converges
to zero. In particular, was shown that the I'-limit of a mixed type Dirichlet-
Neumann boundary value problem (BVP) for the Laplace equation in the initial
thin layer is a Dirichlet BVP for the Laplace-Beltrami equation on the surface.
For this was applied the variational formulation and the calculus of Giinter’s
tangential differential operators on a hypersurface and layers. This approach
allow global representation of basic differential operators and of corresponding
BVPs in terms of the standard cartesian coordinates of the ambient Euclidean
space R".
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INTRODUCTION

Modern interest in shell theories has blossomed with the ubiquitous presence of thin
films in science and technology. Thin structures encounter in engineering applications more
and more often and there emerged numerous approaches proposed for modeling linearly elas-
tic flexural shells. Started by the Cosserats pioneering work (1909), Goldenveiser (1961),
Naghdi (1963), Vekua (1965), Novozhilov (1970), Koiter (1970) and many others con-
tributed essentially the development of the shell theory. Ellipticity of the corresponding
partial differential equations was proved later by Roug’e (1969) for cylindrical shells, by
Coutris (1973) for the shell model proposed by Naghdi, Gordeziani (1974) for the shell
model proposed by Vekua, Shoikhet (1974) for the shell model proposed by Novozhilov,
Ciarlet & Miara (1992) for the model proposed by Koiter (cf. [Cil], [Ci3]-[Ci6], [Del] for
survey and further references).

Inspired by the books and papers of Sanchez-Palencia [Sa90, Sa92], Miara & Sanchez-
Palencia [MS96], Ciarlet & Lods [CL1, CL2, CL3], Ciarlet, Lods & Miara [CLM1] and
exposed in details in Ciarlet [Ci3, Ci5] we have developed in [Dul1] asymptotic analysis of
a linearly elastic shell based on the formal calculus of tangential Giinter’s derivatives, devel-
oped in the papers of the author with D. Mitrea and M. Mitrea [Dull, ?, Du02b, DMMO06].
As aresult the 2-dimensional shell equation on a middle surface . is derived written in terms
of Gunter’s derivatives, unit normal vector field and the lamé constant, which coincides with
the Lamé equation on the Hypersurface .7, investigated in [Dul 1, ?, Du02b, DMMO06].

The present investigation is inspired by the paper of G. Friesecke, R. D. James & S.
Mller [FIM1], where a hierarchy of Plate Models are derived from nonlinear elasticity by
I'-Convergence. The final goal of the investigation is to derive 2D shell equations written in
terms of Giinter’s derivatives by I'-Convergence

Let us consider an example: a surface .# be given by a local immersion
©:w—., wcCR", (0.1)

which means that the derivatives { g, = ak@};j are linearly independent, i.e., the Jakobi

matrix VO, has the maximal rank n — 1. Thus, { gk}:: is a basis (or a covariant frame
if the basis is enriched with 0) in the space w(.¥) of all tangential vector fields on .. The
system { g’“} 4, Which is biorthogonal (g, g *) = §,) forms the contravariant basis (the
contravariant frame) in the same space w(.¥) of all tangential vector fields on .. Let

v(2) = (vn(2),...,v;(2))" be the outer unit normal vector (the GauB mapping) to .7 at
2 €. (see§ 4 for detalls)

The Gram matrix G.»(2) = [gjx(2)]n—1xn-1> 9jk = (7;, gk), is then positive definite,
responsible for the Riemann metric on . and is called the covariant metric tensor. More-
over, it has the inverse matrix G (2) = [¢7*(2)]n_1xn-1,» ¢°F := (g, g*) (cf. (2.4), (0.2)),
which is called the contravariant metric tensor.

The Gram determinant
G(010(x),...,0,-10)(z)) = det G (), r€wcCR! (0.2)

is responsible for the volume element do of the surface, which is the vector product of the
tangential vectors

do = |81@ VANPIRAN an,l@\ =\ det Gy dl’, (03)
dr =dxry--dx,—1 .

I'-CONVERGENCE R.Duduchava et all
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The surface divergence and the surface gradient are defined in the intrinsic coordinates
by the equalities

divy U = [det 6] 3 0,{ [det 6] 03}
=1

ne1l 0.4)
Vo f= 3 (9%0;f) 0
jik=1
(see § 6 and [Ta96, Ch. 2, § 3]). Their composition is the Laplace-Beltrami operator
n—1
Ay f=divyVof = [det G, 3 o{ g [aet G ]P0}, fe i),
k=1
0.5)
which is self-adjoint
A*y - (v;ﬂdchy)* = (diVy)*(Vy)* == VydiVy = Ay . (06)

The intrinsic parameters enable generalization to arbitrary manifolds, not necessarily im-
mersed in the Euclidean space R".

On the other hand sometimes it is more convenient to record these operators in Cartesian
coordinates. To set the conditions for precise formulations let us consider the natural basis

e :=(1,0,...,0)",...,e":=(0,...,0,1)" 0.7)

in the Euclidean space R" ({ej }?:1 is also called the Cartesian basis since it is ordered).
Each point z = (x1,...,z,)" in the Euclidean space R" is represented in the Cartesian basis

o n J . . .
x = )i , 2’e; in a unique way.

Let the operator (the matrix)
Ty R > w(S), wot)=1—-vtw' (t)= 5 — Vj(t)l/k(t)}an, te.” (0.8)

denote the canonical orthogonal projection 7%, = 7 onto the space of tangential vector
fields to . at the point ¢ € .7

(v, mov) = Zl/jvj — nyykvk =0 forall v = (vy,... ,vn)T e R".
J Jik

It turns out that the surface gradient is nothing but the collection of the weakly tangential
Giinter’s derivatives (cf. [Gu94], [KGBB76], [Du02a])

Vo=%9:=(D,...., %), D:=0;—vj(2)0, =g, (0.9)
where 0, := Z?Zl v;0; denotes the normal derivative. The first-order differential operators
D; = 0ai, 1<y<n, (0.10)

are the directional derivative along the vector fields d’ := 74€’, j = 1,...,n.

I'-CONVERGENCE
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Moreover, the surface divergence coincides with the operator

diveU =320,  for U= U €wS) (0.11)

Jj=1 J=1

and the Laplace-Beltrami operator coincides with (see also [MM84, pp. 2ff and p. 8.])

Ay =divyVap=Y o, ¢peC(¥). (0.12)

J=1

Relatively simple form of recorded operators enables simplified treatment of correspond-
ing boundary value problems, which require proofs of Korn’s inequalities or similar.

The Laplace-Beltrami operator (0.12) is the natural operator associated with the Euler-
Lagrange equations for a variational integral

1
u) :—§L||@u||2d5. (0.13)

A similar approach, based on the principle that, at equilibrium, the displacement mini-
mizes the potential energy (Koiter’s model), leads to the following form of the Lamé operator
Ly on ¥ (cf. [DMMO06])

LU = urydivy Vo U + (N + p) VodivaU + p 005U (0.14)

(cf. (0.8) for the projection w«). Here U is an arbitrary (tangential) vector fields on .7,
A, it € R are the Lamé moduli, whereas

HY = —divgv = — Z Div; =Tr Wy, Wy = — [.@juk}

j=1

(0.15)

nxn

Note, that 5% := (n — 1)"'5#2 and #» represent, respectively, the mean curvature and
the Weingarten mapping (cf. (2 19)) of .#. This identification ensures that the boundary-
value problem

ZyU=0 in .7,
(0.16)

Ul,=fel0s), f-v=fvr=0 on I':=07,

where U = Y7 Uld7 € w(.#)NH*T'/?(9.7) is the (tangential) generalized displacement
vector field of the elastic hypersurface .7, is well-posed, whenever p > 0, 2 + A > 0, and
0 < s < 1. Here H* stands for the usual L?-based Sobolev scale, v is the normal vector to

. and vr(t) is the unit tangential vector to . at the boundary point ¢ € I' := 9. and outer
normal vector to the boundary I' = 0.7.

I'-CONVERGENCE R.Duduchava et all
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Chapter 1

AUXILIARY

In the present chapter we have collected, for the readers convenience, some auxiliary infor-
mation, mostly from [Cil, Ci2, Ci3, Ci4, DMMO06, FIM1, Ta92].

1 DIFFERENTIATION AND IMPLICIT FUNCTION THEOREM

In the present section we expose implicit and inverse function theorems, which are ap-
plied later.

Let us recall some standard notation: N := {1,2,...}, Ny := {0, 1,...}. For a natural

number n € N let R" and C™ denote the n-dimensional spaces of vectors x = (z1,...,2,)"
with real 2; € R and complex x; € C entries and standard metrics, based on the scalar
product

(x,y) =Y+ + Yo for z,ye€C”
(z,y) =291 + -+ 2y, for zyeR".

N,, and Nj denote the sets of n-tuples & = (ay,...,qa,) with components from the
corresponding sets

lalgy (2
0%u(x) = dfu(x) : 0% u(z)

0
== 0; == — =1,2,... 1.1
613?161}70{"7 J axj77 J ) <y , I ( )

aeNy, |al=a1+ - +a,.

Let 2 C R” be an open domain. A continuous function & : Q — R™ is called
differentiable at a point z € () with derivative D®(z) : R"” — R™, if D®(x) is a linear
mapping (i.e., a matrix) and

(r+y) = (x) + DP(x)y + R(z,y), R(z,y) = o(ly]) (1.2)

for small y € R™, |y| — 0.

With respect to the standard bases of R" and R™ the derivative D®(x) is the matrix of
partial derivatives

D®(x) = [0;P4(2)]nxm (1.3)

7
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and transforms a column vector u = (uy,...,u,)" into a new column vector

Do(x)u = (i 8jq)k(x)uj) .

The matrix D® in (1.3) is called the Jacobi matrix. If n = m the corresponding deter-
minant is called Jacoby determinant or Jacobian.

® is differentiable whenever all the partial derivatives exist.

Let 2 C R™ be an open domain ({2 can be non-compact, e.g. 2 = R"). For r,m € Nj
by C"(Q,R™) (or by C"(2)) is denoted the r-times continuously diferentiable mappings
P : Q— R™and C=(Q,R™) =2, C" (2, R™).

The set of complex valued mappings will be denoted by C" (2, C™) (or by C"(2)).

The subspace C3°(£2) consists of infinitely differentiable functions on 2 with compact
supports.

A composition of functions
F=U0d: Q>R &: Qs #CR™, & : . .#—RF,

where @ is differentiable at a point x € €2 and V is differentiable at a point z = ®(x) € .,
is differentiable at a point = and the chain rule holds:

D(T 0 ®)(z) = (DU)(®(x)) DD(x). (1.4)

Let us recall that €2 C R" is called a star-like domain with respect to the point 2y € 2
if y € Qimplies zg + t(y — xp) € Qforall 0 < ¢ < 1.

The fundamental theorem of calculus, applied to p(t) = ®(x + ty) in a star-like domain
with respect to x € €2, gives the Lagrange formula

1
O(z+y)=d(x) + / DO (z + ty)ydt = ®(x) + DO (x + toy)y (1.5)
0
for® € C'(Q),ally € Q and some 0 < [ < 1.
Let us consider a function
o Q- R, deCt, (1.6)

which maps a domain 2 C R" to the same Euclidean space and ®(xg) = yo. It is important
to know conditions ensuring the existence of the inverse mapping

>l VoUCQ, @'y =y, yev (1.7)

and its smoothness properties, at least locally, in a neighborhood of some 1y. The next inverse
function theorem provides such conditions and, together with the Implicit function theorem
(cf. Theorem 1.2), represent most fundamental results of multivariable analysis.

I'-CONVERGENCE
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Theorem 1.1 (Inverse function theorem). Let €2 be a domain in R", £k € Nand ® €
Ck(Q2,R™). Let the differential D®(x) be an invertible matrix at xo € Q and ®(xy) = yo €
R™

There exist neighborhoods U C ) of xo and V' C R"™ of yo such that the mapping
® : U — V is one-to one and the inverse mapping ®=* : V — U is C*-smooth (i.e.,
&' is a C*-diffeomorphism).

Proof: Let
U(z) == (DP)(z0)] " [®(z0 + 2) — yo] - (1.8)

Then, obviously,

Thus, the case reduces to ®(0) = 0, )( ) =1, 0 € Q, which we suppose fulfilled. Then
we have to solve the equation ®(u) for small v. Due to formula (1.2) this can be written
as an equation

U(0)=0 and (DU)(0)=1.
(

w+Ru)=v, R0)=0, (DR)(0)=0 (1.9)
where R(u) = o(|u]).

with the mapping R € C*~(Q,R"). Solving (1.9) is equivalent to solving
Ty(u) =u, Ty(u) =v — R(u) . (1.10)

Thus, we look for a fixed point v = K (v) = ®!(v) and will show that (DK )(0) = I or,
equivalently, K'(v) = v + ¢(|v|). The latter implies that for all  close to the origin (small
enough)

1

(DK)(z) = (DU(K(x)))~ (1.11)

and taking further derivatives it follows by induction that X € C*. To implement this idea
we consider a metric space

M, ={ue: ju—v <},
where (cf. (1.2) and (1.9))
Ay = sup |R(w)| = o(|w]) = o(|v]) . (1.12)

|w]<2v]
Let us check that 91, is invariant under the mapping
T, : M, - M, (1.13)

provided that v is small enough. Indeed, since 7, (u) — v = —R(u) we only need to check
that |R(u)| < 47, for all u € 9, provided that v is small enough. Indeed, if u € 9, than,
| for a v small enough and

[R(u)| < sup |R(w)| = 4,

w|<2]v|

I'-CONVERGENCE R.Duduchava et all
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This completes the proof of the mapping property (1.13).

Due to the Lagrange formulae (1.5) and the property (DR)(0) = 0 (see (1.5), by taking
v sufficiently small, the mapping (1.13) becomes a contraction

T (u) = To(w)| = [R(u) = R(w)| = [(DR)(u + to(w — u))(u — w)]
<rju—w|, 0<r<l.

Then, by virtue of the fixed point theorem there exists a unique fixed point u = K (v) € 9,,.
Moreover, from u € 91, we conclude that

|K(v) —v| = |u—v| < o, =0o(v]).
This completes the proof. |

Theorem 1.2 (Implicit function theorem). Ler (2 C R™, & C R" be domains and k =
1,2.... Let U(z,y) : Qx & — R be a C*-mapping, V(xo,yo) = 0 and the partial n x n
Jacoby matrix D,V (z,y) be invertible at (x¢,yo) € 2 x &.

There exists a neighborhood Uy C Q) of xg and a C*-smooth mapping y = ¥(x), ¥
Uy — & (called the implicit function) such that V(x,(x)) = 0.

The function ¢ (x) is unique: If there exists another continuous implicit function 1
Ul — &, the functions coincide 1, (x) = (x) in the common neighborhood x € U° N U!
of xg.

Proof: Consider the mapping ® : 2 x & — R™ x R" defined by

P(z,y) = (z,¥(z,y)). (1.14)
The corresponding differential (the Jacobi matrix)
I D,V¥
(D(x,y))cb) - ( 0 D,V ) (1.15)

is, obviously, invertible. Therefore, by virtue of the foregoing Theorem 1.2, there exists the
inverse function ®~! : V% x Uy — R™ x R™ and at the point (z, 1) acquires the form

Yz, y0) = (z,%(z, %)) -

The function ¢(x) = 9 (z, yo) is the desired implicit function.

The uniqueness of the implicit function follows since, according to Theorem 1.1, there
exists only the unique inverse function to ®(x,y) = (z, ¥(x,y)). [

2 CALCULUS OF TANGENTIAL DIFFERENTIAL OPERATORS

The content of the present section follows [DMMO6, § 4] with a slight modification.

Throughout the present section we keep the convention similar to that in § 6: . is a
hypersurface in R"”, given by an immersion

©0: 00—, QcR! 2.1

I'-CONVERGENCE
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with a boundary I' = 0.7, given by the corresponding immersion
Or:w—oI:=0, wCR"?, (2.2)
such that the corresponding differentials
DOj(p) := matr[0:0,(p), ..., 0,-10;(p)], (2.3)
have the full rank
rank DO;(p) =n — 1, VpeY;, k=1,....n, j=1,...,M,
i.e. , all points of w; are regular for ©; forall j = 1,..., M.

Let . be a hypersurface given by a collection of charts {(5”], 0,) }jj‘il, where

M
0 :w—, =] wcRT, j=1...M (2.4)
j=1
(cf. (2.2)). The derivatives
g, = 0L9;, k=1,...,n—1, (2.5)

are then tangential vector fields on . and this system is a basis in the space of tangential
vector fields w(.). The symmetric Gram matrix

G () = [(g1(2), g (2)]n-1xn1 = [(0kO;(), 0O (%)) |n—1xn-1, (2.6)
T €w; C R

defines the natural metric on the space of tangential vector fields w(.’), which is inherited
from the ambient space R™. Namely, for arbitrary tangential vectors

up(z) = a0,0;(x) + -+ + a1 9,-10,(z) € w(H), al' eR, k=1,2,
the inner product is defined by the bilinear first fundamental form

(ur, us) = (G.yaq,as), ap = (a,lg, . ,aZ’l)T, k=1,2. 2.7

vr(t) is the outer normal vector field to the boundary I, which is tangential to . and
v(2) is the outer unit normal vector field to .#, which has the most important role in the
calculus of tangential differential operators we are going to apply. The unit normal vector
field to the surface ., also known as the Gaul mapping, is defined by the vector product
of the covariant basis

gi(2)N ... Ng,_(2)
v(z):== , reS. (2.8)
)= g ) A A g (7))

The system of tangential vectors {gk}Z;} to . (cf. (2.9)) is, known as the covariant
basis. There exists the unique system { g" }Z;i biorthogonal to it-the contravariant basis:

<gj7gk>: ik 5Lk=1,....,n—1.

I'-CONVERGENCE R.Duduchava et all
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The contravariant basis is defined by the formula:

1
9" = detGygl/\"'/\gk—1/\V/\gk+1/\"'/\gn—1> k=1,...,n—1, (2.9)

where G () is the Gram matrix (see (2.6)).
Next we expose yet another definition of a hypersurface-an implicit one.

Definition 2.1 Let k > 1 an w C R™ be a compact domain. An implicit C*-smooth (an
implicit Lipschitz) hypersurface in R" is defined as the set

y:{gz-ew : \Ify(%):O}, (2.10)

where U o : w — Risa C*-mapping (or is a Lipschitz mapping) which is regular V U (2°) #
0.

T2

Fig. 1

Note, that Definition (2.1) and Definition 2.1 of a hypersurface .7 are equivalent and
by taking a single function ¥ ., for the implicit definition of a hypersurface . we does not
restrict the generality (see e.g., [Du02b]).

It is well known that using implicit surface functions gradient (see (5.2)) we can write
an alternative definition of the unit normal vector field on the surface (see (2.8)):

v(t) ;== lim (V) (@)

AV e 2.11
(V) () 1D

In applications it is necessary to extend the vector field ¢ in a neighborhood of .7,
preserving some important features. Here is the precise definition of extension.

Definition 2.2 Ler . be a surface in R™ with unit normal v. A vector filed AV € C'(Qy)
in a neighborhood )5 of .7, will be referred to as a proper extension if .4 L= v, it is
unitary || = 1in Q.o and if N satisfies the condition in the neighborhood ’

0j M (x) = OpMNj(x)  forall z€Qy, jk=1,...n (2.12)

I'-CONVERGENCE
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Such extension is needed, for example, to define correctly the normal derivative (the
derivative along normal vector fields, outer or inner). It turned out that the “naive” extension

(cf. (5.4)
(VU5)(x)
v(t) = ool
AN CTE]
is not proper. Indeed (see [DST15]), let n = 2 and . be the ellipse

{2 = (21,25) € R?|Vy(21,25) := 2] 4+ 225 — 1 =0} .

€Ny (2.13)

Then
(VU)(x)  (21,229)

N (x) = = ,
S 165 R =
2372 T
O N(r) = —————r,
1 2( ) ({L‘%—{—ZL”L‘%)S/Q
Do Ni(2) = — 4120

(22 + 4x%)3/2'

Hence 01 .45(z) # 0241 (x) unless x1 = 0 or x5 = 0.

For the proof of the next Proposition 2.3 and Corollary 2.4 on extension of the normal
vector field we refer to [DST15].

Proposition 2.3 Let . C R" be a hypersurface given by an implicit function
S ={2eR" : Vy(2)=0}.
Then the gradient V® o (x) of the function
Sy(2 +tv(2)) =t 7 +tv(r) € Qy, (2.14)
defined in the parameterized neighborhood
Qo ={r=2+4+tv(s) : 2€, —-=<t<e}
represents a unique proper extension of the unit normal vector field on the surface

v(z) = xlgr% Vo (), 2 e

Corollary 2.4 For any proper extension N (x), v € Qg C R™ of the unit normal vector
field v to the surface . C Q.o the equality

Oy N(x)=0 holds for all x € Q. (2.15)

In particular, for the derivatives
9;6:0;@—%8%, kzl,...,n, (216)

which are extension into the domain s of Giinter’s derivatives &, = 0 — v,0, on the
surface ., we have the equality:

D = Oy — My = Outis Dk = DM, (2.17)
forall j k=1,....,n.

I'-CONVERGENCE R.Duduchava et all



14 2. Calculus of tangential differential operators December 1 1, 2018

In the sequel we will dwell on a proper extension and apply the above properties of .4".

Lemma 2.5 (see [DMMO06]) For an arbitrary unitary extension A (x) € CY(Qy), | A (2)| =

1, of v(2), in a neighborhood Q)& of ., the following conditions are equivalent:
i. Oy N =0 e, OyNj(x) = 0forv — 2 € S andj=1,2 ...,n
ii. [OpN; — 0j M) !5, =0fork,j=1,2,...,n.

The second fundamental form of . has the form
H(U(2), V(2)v(2) = 0uV(2) =05 V() = (I - 1s)0uV(2)
=(w(2)uyV(z)v(z), Ve, U,V cw(Y) (2.18)
and the Weingarten matrix (or the Weingarten mapping)
Wy w(S) — w(S), (2.19)
is defined uniquely by the requirement that
(WU, V) =I1I(U,V) = (v,0uV) = —(0yv,V) = —(0jv,V) (2.20)
VU,V cw(Y).

In the last equality in (2.20) we have applied the following: for a tangential vector field
V € w(¥)holds (v(2),V(2)) =0, 2 € . and, by differentiating,

(Opv(2),V(2))+ (v(2),0uV(2)) =0, rves, j=1,...,n, (221

forall U= Uid;, V=> Vi, d’=nye, 0f:=> U;%.

j=1 j=1 Jj=1

We can extend the Weingarten matrix #»(x) from the surface . to a neighbourhood as

follows:
Wy (x) = =VAN(2) = —[0;M(2)] T €Ny. (2.22)

nxn’

Lemma 2.6 The extended Weingarten matrix #'y(x) in (2.22) has the following properties:
i. Wo(x) N (x)=0forall xz € Qy;

ii. even if extension N (x) is not proper, the restriction to the hypersurface V/y| 5 coin-

cides with the Weingarten mapping of . and only depends on . (is independent of
the choice of the extension N');

iii. even if extension AN (x) is not proper, TT(Wy)‘y: HY, where FY is the mean
curvature of .
. Wo(x)V(x), x € S, is tangential to the level surface

o ={yeR"” : UVy(y)=C:=Vy(x)} (2.23)
for arbitrary vector field V : . — R™
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Proof: First, # ./ = V| A]|> = V1 = 0 in Q, justifying (i). Assertions (ii) and (iii)
follow from Lemma 2.5.

Next, (iv) is proved as follows:

n n

(N (@), Vo V(@) = =3 MOMWVe == (O Moo =0
k=1 k=1
due to (2.15), proved below. [
We remind that
Go(2)=G(2) = [gjx(2)]n-1xn-1, gix = (9}, 9

is the positive definite Gram matrix, which is known as the covariant Riemannian metric
tensor and defines the metric on the surface . (cf. § 4).

Let do = v/det G »dx and ds = +/det Grdz’ stand for the volume elements on .¥ and
I := 0.7, respectively (x € R"!, 2/ € R""2; cf. § 4).

Let

P(V)u=Y adu+bu,  a;beC (R™™) (2.24)
j=1

be a first-order differential operator with real valued (variable) matrix coefficients, acting on
vector-valued functions © = (ug)sz in R™ and its principal symbol is given by the matrix-
valued function

o(Pi&) =) a;§ &= {6} eRrR". (2.25)
j=1

Definition 2.7 We say that P is a weakly tangential operator to the hypersurface ., with
unit normal v, provided that

o(P;v) =0 on the hypersurface .. (2.26)

Next, call P a strongly tangential operator to . provided that there exists an extended
unit field N such that

o(P; A) =0 inan open neighborhood of . in R" . (2.27)

Note that in a strongly tangential operator the coordinate derivatives 0; can be replaced
by the Giinter’s derivatives ;:

P(Viu=)Y au+bu=Y a;Zu+bu=PQPu,  a;becC'R™™) (228)

j=1 j=1
Most important tangential differential operators to the hypersurface are for us:

A. The weakly tangential Giinter’s derivatives (see (0.9))

@j::@—yj(’“),,:@j—yjzykak, ]:1,,71

k=1
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16 2. Calculus of tangential differential operators December 1 1, 2018

B. The weakly tangential Stoke’s derivatives .#;, = v;0;, — 1;0;, introduced in § 5.

The Giinter’s and Stoke’s derivatives are tangent since the corresponding vector fields
are tangent

.@j::&ﬁ:dj-v, .ﬂjkizamjk:mjk'v,
di=nyel =€ —vyv=vA(vAel)= Z(éj —vv)er, (2.29)
k=1
myy, = e — ey,  (dI,v) =0, (mp,v)=0, jk=1,....,n,

where 7 is the projection on the tangential space to the surface (see (0.8)). Therefore ¥;
and .#;, can be applied to functions which are defined on the surface .# only.

The generating vector fields {dj }?:1 {mjk};l ., are not frame since they are linearly
dependent

n

Y vi(#)di(2)=0,  my =0, (2.30)

=1
but both systems {d’ }?:1 and {mjk}? ., are full in the space of all tangential vector fields:

any vector field U € w(.¥) is represented as follows

n

U(%‘):ZUj(%)dj(%') = > ele)mp(2). (2.31)

0<j<k<l
For example, the covariant vector fields g,(2) := 0:0x(2),...,9,_1(2) = 0,_10x(2),
2 € S,k =1,..., N on ., which generate the derivatives 0; = 8(1%., are represented as
follows
g;(2) =) gl'(z)e" =) g'(#)d™(2) (2.32)
m=1 m=1

and {em}fn:l is a Cartesian frame in R". Indeed, by applying the derivative to O we get
g; = Z gj'e™ = Z g;'d™ since Z g;'le™ —d™]
m=1 m=1 m=1
:Zggnlfml/=<gj,u>1/:0, j=1...,n—1
m=1

Let us recall the following result about surface divergence div ., the surface gradient
V. and the surface Laplace-Beltrami operator A .

Theorem 2.8 ((IDMMO06]) For any function o € C'(.%) we have
T
Voo ={ D0, Dops . D} (2.33)

I'-CONVERGENCE
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Also, for a 1-smooth tangential vector field V = Z?Zl Vie; € w(Y),

divy V ==V, V=Y 9,V (2.34)

j=1

The Laplace-Beltrami operator A 4 on . takes the form

Ay p=divy Vg = -V, (qup) — 3" 7 (2.35)
j=1
1 n
= M) = 5 N MGy Ve eCS). (2.36)
j<k k=1

An important operator on forms is the exterior derivative. The derivative of a 0-form,
1.e., of a scalar function

f: =R, fec(y), (2.37)

is a 1-form and maps
df (w) : T — R. (2.38)

Thus, df (w) is a linear functional df (w) € T5¥ over T, for all w € .¥: being a vector

df (w) = Df(w) = (01 f(w),...,0,_1f(w))" the differential assigns to a vector £ € T,
the number

n—1
df (1) =Y 0if(2)&, 0 f(x) :=0u, [(2), €, (2.39)
j=1

where {dz; = 8j®k};:_11 is the covariant basis on . and ©, : Q) = %, k=1,...,Nis

the surface immersion.

From (2.32) and the definition of the derivative 0; f(z) := Ou., f(x) in (2.39) follows
that (see for the differential matrix DOy,):

85” = (817 s 7an71)—r = (80{:1:17' . 7ad:tn_1)—r = (D(ak)—rveya
Vo= (Z1,.... %) or O, =Y (0,0) P, m=1,... 101

m=1

(2.40)

Let .4 be a proper extension of the unit normal vector field v to . (cf. Definition 2.2).
Then each operator &; and .#;, extends accordingly by setting

Dy =0;— Ndy, M= No— M, 1<jk<n (2.41)

In the sequel, we shall make no distinction between the operator &; or .#;, on . and the
extended one in R" given by (2.41). Note, that the extended operators Z; and .#;, becomes
even strongly tangent.

For further reference, below we collect some of the most basic properties of this system
of differential operators.
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Lemma 2.9 Let .V be a proper extension of the unit vector field of normal vectors v to .& .
The following relations are valid for j,k = 1,... n:

i My =0, My, = —Myj;
ii. O = Y Nyl + MOy = — Y py Nelly + N0
iii. Yy gy My = —N;HD, where H0(2) = —divy v(2) and Hy(2) = (n —
1)~ t#0(2) is the mean curvature at 2~ € . (see (0.15));

iv. .@j = z f/%v%kj;
k=1

=

My = N, D= NP

VI. Z J%@j = 0,'
j=1

m+1
VIl. Z o(r,7, k)N, = 2 Z o(r,j,k)Nilly, =0 form =2,....,n—1,
7.gk=m—1 {r.g,k}c{(m—1),m,(m+1)}

where o (r, j, k) is the permutation sign:

(

+1 if (j1,...,jx)is an even permutation of the strongly
ordered row (mq,...,mg), my < ... < my,
o(j1,-- k) =4 0 if j,=jsforsomer,s=1... kandr # s, (2.42)

-1 if (j1,...,Jx) is an odd permutation of the strongly

| ordered row (mq,...,mg), my < ... < my;

Viil. [Qj, -@k} = Z (%kf/yr)-@r + [e/%a/w/% — %84/%} Oy
r=1

ix. (25, D) =Y (MpH)Dr = M Doy, 0}) = N[ Dy, Ohl;

r=1

x. My = DNy = DN
Proof: The identities (i)-(ii) and (iv)-(vii) are simple consequences of the definitions. For
the equality (iii) we have

n

S M =3 M N =S (Nh — M) N
k=1 k=1 k=1
) 1
= M div A = SO (A |) = — N D,

as claimed.
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To prove (viii) we calculate
DD =(0; — N;0.x) (O — NO.x) = 0;0, — (0;M:)0.x

= [ M0;4)0, + N, 0,05 + N N 0,0) + N (04 M) Oy + N NeOy

r=1

== M0 M) 0 + N (D M)Ox + B

r=1

== M N) Dy + N;(Dy M)Ox + By, (2.43)

r=1
since

" 1 — 1
Z%(aj%)%aﬂ/ =3 Z‘/%i‘(aj‘/j{?)a/i/ = 5%(@”@% =0.
r=1 r=1

The operator
B = 0;0k — (05 M)0 = > [MeAi0,0; + NN 0, 0k) + N NeDy
r=1
is symmetric Bj, = By; and the desired commutator identity in (viii) follows from (2.43).

The first commutator identity in (ix) utilizes the facts that 9 ».4; = 0 (cf. Lemma (2.12))
and follows from the identity in (viii). The second commutator identity in (ix) applies the
same identity 0 .4} = 0, the identity 0;.4;, = O /#; (cf. (2.15)), and follows by a routine
calculations.

The identities in (x) are already proved in (2.12) and (2.17). [

The next Lemma 2.10 provides an useful and interesting example of restriction of the
differential form to hypersurface and to it’s boundary.

Lemma 2.10 Let © : Q — % be a smooth hypersurface in R™ with a smooth boundary

' := 0., while do and ds designate the respective volume elements on . and on T.
Letv(2) = (n(2),... ,yn(%))T be the outer unit normal vector to . at 2 € ./ and
vr(s) = (Vi (s),..., Vﬁ(s))T-the unit tangential vector to . at the boundary point s € T,
which is outward (unit) normal vector to the boundary .. Then
v;dS =Bl , | (2.44)
[yjullﬁ — ykuﬂ ds = 5ﬂf|r , (2.45)
where

Byi=ldai A Nday AL A dan| = (<1 e AL Adag AL A dy,,
Bipi=day Ao Nday AL Adag AL A diy|
= (=1 gy A Adag AL Adag AL A da,

and d/xjn denotes that the factor dx,, is dropped.
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The next Theorem generalizes Stoke’s formulae (see [Ta96, § 2.2, Theorem 2.1] for the
version on compact Riemannian manifolds).

Theorem 2.11 For any real-valued function ¢ € C'(#) and any 1 < j < k < n, there
hold:

/ Mipdo = 7{ [le/ﬁ — l/kl/ﬂgpds, (2.46)
K% r

where vr (&) = (V1(€),. .., VF({))T is the unit tangential vector to . at the boundary point
¢ € I' := 0. and outward (unit) normal vector to the boundary I' = 0.%.

Proof: With formula (2.44) at hand the integrand in (2.46) can be represented as a total
differential

(Mrp) do = (Oxp)w;

Applying the well known Stoke’s formula

[ B = /F 3 (2.47)

(see, e.g., [Dull]) and formula (2.45) we get:

////jkwdaz/ d[SDijHy;:/SOWMp:/ (vl — v o ds
7 % r r

and (2.46) is proved. ]
The formal adjoint (in R™) to P is defined by

7 (aﬁp)w’f’y = d[wwjk} ‘y

Puy=— Z é?jajTu +bu
J

If & C R" is a smooth, bounded domain, and if P is a first-order operator, weakly
tangent to OS2, then, applying (2.54) (cf. § 5), P can be integrated by parts over {2 without
boundary terms, i.e.

(Pu,v)q := /(Pu,v) dr = /(u, P*v) dx =: (u, P*v)q (2.48)
Q Q

for all vector-valued sections of vector fields u,v € CHQ).

For a weakly tangential differential operator () on a closed hypersurface . let ()%,
denote the “surface” adjoint:

Qs )y = f (Qurp, ) do = 74 (0 Qo) do = (0. Q) ,  (2.49)
B4 5%

for all vector-valued sections of vector fields ¢, 1 € C(Q).
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Corollary 2.12 The surface-adjoint operator P?, to the weakly tangential differential oper-
ator P in (2.24) is equal to the formally adjoint one

Pyp=Pp=-Y 0 o+b ¢. (2.50)

j=1
In particular, the Stoke’s derivatives are skew-symmetric
(M), = M=M= My Vi k=1, n. 2.51)
The adjoint operator to the operator 9; is
(D), 0=D0=-Djp+v 00,  peC'(F), (2.52)

where (n — 1) 0 (2) = Ay (2) is the mean curvature of the surface . (cf. (0.15)).
For any real-valued function ¢ € CY(”), any 1 < j < k < n and for vp =

(1/%, cee V?)T being the the same as in Theorem 2.11 the following integration by parts
Jformula

L (B = o(Z0) | do = ]g vy ds, (2.53)

holds. It is an analogue of the classical Gaufian integration by parts formula

/Q 0, (1)g(y) dy = fy vy () (r)g(r) do — / F)059() dy, 2.54)

which holds for arbitrary f, g € W(7).
In particular, the following GauBl formulae for open surfaces is valid:

/ Dipdo = fyﬁg0d5+/ v; o do . (2.55)
7 r 7

Proof: We start by proving (2.51): by applying the Stoke’s formulae
]{ (Mpf)(T)do =0,  jk=1,...n, [eW(S), (2.56)
5%

we get

é(%k%ﬁ)wdo = ]{@(//ljknpw) do — ]{w@(///jw) do = _7{ (M) do

5%
and the equality

( j*k)y = —Mix = M, 2.57)
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follows. Moreover, note that the formal adjoint to .#Zj;, = N} %), — N, D; is
= M.050 — N;Okp + (05 M) 0 — (M) 0 = —Misp

(cf. (2.12)), where p € C*(€2) is defined in a neighborhood of .. (2.51) is proved.

To prove (2.50) we note that, on .%,

Po=> a050+bp = a;[Z;+v0,]¢

J=1 J
= ;0 +bo +o(Piv)dyp = > a; P
j=1 j=1
= Z ajuk%kjw
G k=1

(2.58)

(2.59)

due to Lemma 2.9.iv and the weak tangentiality of P. The property postulated in (2.50)

follows from (2.59) and (2.51):

PLo= Y (M)yajvp+b o= (M) a]mp+b =Py

jk=1 jk=1

n

With (2.50) and with (2.12) we get
(2)50=0 =00+ Oh(NNop)
k=1

=—0,p + Z [Jg:/%gakcp + (z/%ﬁk%)go + ‘/16(6"7‘/%‘5) ('0}
k=1

=—Djo — N;Hpo+ (04 N)p,

where ¢ € C*(€.») is defined in a neighborhood of .¥ and

HY ==Y DM, HY(2) == Dw(z) for rES.
k=1 k=1

(2.52) follows since (cf. (2.15)) 0y #; = 0.
To prove (2.61) we apply

o)
j=1

n

Oy N

o
P j=1

k=1

k=1 S

N~ R

VﬁMﬂV:%VA:O.
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and proceed as follows
Z @kvk = Z <8ka — VL Z Vjajl/k> = —jf;; - Z 5]8]1 == —%59; .
k=1 k=1 j=1 j=1

For the proof of the last formula (2.53) we apply Lemma 2.9.1v, (2.51), the equalities

Z =1, Z vevf = 0 and proceed as follows:
k=1 k=1

7{ Do) do= Z]{uk WWU—Z]W M) d

kly kly

+Z ]{(V,fvﬁ — yrvp) e ds = j{w(@;w) do + f 1/%¢¢ ds .
= JT A r

Concerning the formula (2.55): it follows from formulae (2.53) and (2.52), if we insert
Y(t) = 1in (2.53) and note, that Z;1 = 0. n

Lemma 2.13 Let P be, as in ((2.24)), a first-order differential operator with C'-smooth
coefficients. P is weakly/strongly tangent if and only if the formally adjoint P~ is so.

If P is weakly tangent to . and P is defined in a neighborhood of ., then
(Pe)| = P(el~) (2.63)
for every C! function ¢ defined in a neighborhood of .. In particular,

9, 25(el,) ., Mo, = Mu(o|,),  Gk=1...n. (264

Furthermore, (2.63) is true for the adjoint P*, and
/ (Pp,v)do = / (p, P*o) do + ]{<0(P; vr)e, ¥) ds (2.65)
bz £% r

for any vector-valued functions @, € ..

Proof: The first assertion follows since o(P*;§) = —o(P;&) T, for each £ € R™.

Due to the representation (2.58) it suffices to prove (2.63) for only the operator ¥; =
d’ -V, where d/ = myel = N A (AN A e€) is at least C'-smooth vector field in a

neighborhood €2 & of ., tangent to the surface . at surface points (cf. (2.29)). Thus, we
have to justify the following equality:

ngp‘y = (d” V)go‘y =d’-V (Soly) =7 (gp‘y) ' (2.66)
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The vector field d’(x) = d’(6, ) depends on the signed distance 6 = dist(z, ) =

T |z — 27| continuously (¢ > 0 for the outer domain and ¢ > 0 for the inner one). Let .7 i)

be the integral curve of the vector field d’ and
Fhiy P Q= Q. Fhioy=Fu) + S =S (2.67)

be the flow generated by this vector field ¢y in the neighborhood €2~ (cf. § 2). Since the flow
depends continuously on the parameter 0, we get

. d d
= lim — ¢ (c%%(@,ﬁf)) o @t ¥ (Zas)l1=

(dj<97 %) . V)g& & 650 dt
=d’- V(@‘y) =7 (SOLW>

and (2.66) is proved.
Next, using (2.58), (2.53) and integrating by parts we get

/y(Ptp,@ﬁ) dff:zn;/y@@j%w d0+/y<bgo,@/)> do

:;///w, PDja] 1)) do + /y(wﬂ@zz) do + ;}Q%V@IW do

:/y@p, P*1p) da+j€<0(P;Vr)%¢> ds

and this completes the proof. [ ]

Remark 2.14 By iteration, an identity similar in spirit to (2.65) holds for higher order
weakly tangential differential operators which are higher order polynomials of Giinter’s or
Stoke’s derivatives (cf. Lemma 2.15).

In this connection, let us also point out that the strongly tangential operator-the Stoke’s
gradient

My =N NNy =N NN = { My, —Ms, M}, My|,=VANVy (268)
in R3 acting on scalar functions on ., is naturally identified with the skew-symmetric matrix
whose entries are the Stoke’s derivatives, in the sense that

3
1
uAd:§Z///jkdxj/\dxk: > Mpdu; Adzy . (2.69)
Jik=1 1<j<k<3

Further important examples of strongly tangential, first-order differential operators are
offered by

PU =divU - 9,U (U,v), with Pfo=-Vo+ (0,p0+ A0,
PU :=divy m,U, with PQ*QO =—-7m9Vaop, (2.70)
PU = 0,7oU — vV dU, with  Pjo = —7m50,0 — Honsp—S(VA ).
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Indeed,

o(Pi;6) = (&)=, v, ), o(Py8) = (&7mr()), o(Ps6) = (§v) mr—vV(EN),

so that (2.27) is easily verified in each case.

In the sequel we use the following standard notation

& =90 L De a e Ny,
-1
MO = M. MO B e NP m_%, (2.71)
where
Vo= (D,.... %), My = (Mo, . M) (2.72)
and the selected Stoke’s derivatives % := M1 o, ..., My = My,_1, are non—vanishing,

while the remaining non-vanishing Stoke’s derivatives differ from the selected ones only
by the sign. In contrast to the case of the usual derivatives 0% it does really matters in

which sequence we apply the derivatives @f 7 and A, ,f *1in (2.71), because they have variable
coefficients. In this connection let us write precisely what is meant under the dual operators:

(Z7)* = (Z3)™ .. (Z0)", aeNg,

(A7) = (=)W l) . (A1), B € NG, (2.73)
Note, that we use the same operators 4 = — M1 = —Mo,..., M, = — My =
— M1, Tor the adjoint operators to the Stokes derivatives, because these operators are
skew-symmetric (#Z; ;)" = —#;, (cf. (2.51)).

Lemma 2.15 Let G(2) be a tangential differential operator of the form

G(2) =Y 9.02" =) fsW)4' —teF. (2.74)
la|<k 1BI<k
Then
F(@ .0 ds = fle. (@) do. (2.75)
B B
where
G (2) =) (7)g9al =) (V) La’f]1 (2.76)
lee| <k |B|<k

and 9" and M* are the adjoint operators (cf. (2.52) and (2.51)).
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Remark 2.16 Note that the operators i.#;, j = 1,..., m with variable coefficients

M
Alx, Mp)u =Y bi(x)(id;)™b] (x)u, b€ [Co(F)N (2.77)
j=1
and polynomials with constant self adjoint N x N matrix coefficients

M
B(A4,)u = Zaj,///;nju, al = aj=const Vj=1,...,M, Vm;eNy, (2.78)

J
j=1

are all self adjoint on the hypersurface A%, (M) = A(A,.).

3 EQUATION OF ELASTIC HYPERSURFACE

One way of understanding the genesis of the Laplace-Beltrami operator A o on the
surface . (see (2.35)) is to consider the energy functional

£l ::/ IVulPdo, we (). G.1)
5

Then any minimizer u of the functional (3.1) should satisfy

d

:/ [(Vu,Vv)+(Vv,Vu) do
S

=0
:2Re/ (Vu,Vu)do ue C®(S), Vv e C (), (3.2)
7

which implies
Au=0 on .7. (3.3)

In other words, (3.3) is the Euler-Lagrange equation associated with the integral func-
tional (3.1).

Similarly, minimizers of the energy functional
s[U] ;:/ (14U + [5U1?] do, U € Auo(), (3.4)
5%

are null-solutions to the Hodge-Laplacian (cf. later (4.16)), while minimizers of the energy
functional

s[U] ::/ IVU|2do, U € w(s), (3.5)
52
are null-solutions to the Bochner-Laplacian (cf. later (4.17)).

Our aim is to adopt a similar point of view in the case of anisotropic and isotropic (Lamé)
system of elasticity on .7
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The Giinter’s derivatives {@j };l:l are tangent and represent a full system (cf. (2.29)-
(2.31)). But the derivative Z;V is not covariant and maps the tangential vectors to non-
tangential ones Z; : w(.¥’) /4 w(). To improve this we just eliminate the normal com-
ponent of the vector by applying the canonical orthogonal projection 7y onto w(.) (cf.

(0.8))

D7V =n,DV =DV — (v, D Vv = DV + (Ovv))v, (3.6)
where Oy := Z V020 = Z Vi) D
k=1 k=1

and obtain an automorphisms of the space of tangential vector fields

27 w(S) = w(S). 3.7)

J

The starting point is to consider the total free (elastic) energy

U] = /y E(y,27U(y))do, 27U :=[(2;U)], U c w(Y) (3.8)

xmn '’

(cf. (3.6), (3.7)), ignoring at the moment the displacement boundary conditions (Koiter’s
model). As before, equilibria states correspond to minimizers of the above variational in-
tegral (see [NHS80, § 5.2]). First we should identify the correct form of the stored energy

density E(x, 27U (x)). We shall restrict attention to the case of linear elasticity. In this
scenario, £ = (&, Def &) depends bi-linearly on the stress tensor S o = [Sj k] . and the
deformation (strain) tensor

10 , .
Def, = [D;] | Z)ijzzﬁ[(.@,fU)ij(.@fU)k}, jik=1,....n (39

nxn

which, according to Hooke’s law, satisty G » = TDef ., for some linear, fourth-order tensor
T. If the medium is also homogeneous (i.e. the density and elastic parameters are position-

independent), it follows that £ depends quadratically on the covariant derivative 27U,

e E(x, 27 U(2)) = (T27U(z), 27 U(x)) (3.10)

for a linear operator
T : MP*(R) — M™"(R), (3.11)

where M"*"*(IR) stands for the vector space of all n x n matrices with real entries. Hereafter,
we organize M"*"(IR) as a real Hilbert space with respect to the inner product
4,37

(A,B) :==Tr(AB") = “ayby,  VA=layl,,;. B=1[byl,; € M""(R), (3.12)
2

where BT denotes transposed matrix, and Tr is the usual trace operator for square matrices.

A linear operator (3.11) is a tensor of order 4, i.e., T = [¢;jx] e A0
TA = Zcijkgm] , for A= [ad],, € M"(R). (3.13)
o,

ij
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T will be referred to in the sequel as the elasticity tensor. It is customary to assume that the
elasticity tensor (3.11) is self-adjoint

(TA,B) = (A, TB), A, B e MV "(R). (3.14)

The condition rescaling (3.14), written in coordinate notation, is equivalent to the following
equality

Cijke = Cktig, V17]7]{:7€ (315)

Indeed, the equality

TA BT Z Cljkgakgblj = Z Ckgijakgbij = TI‘(A(TB)T)

i,5,k,L i,5,k,0

holds, for arbitrary A = [ay],, and B = [bx|,,, if and only if (3.15) holds: by inserting the
delta functions aye = O, b;; = 0;; we get the equality (3.15).

It is also customary to impose a symmetry condition, presented with two natural options:
T(A")=TA and (TA)'=TA VAecM™ " (R). (3.16)

Then (3.16) amounts to the following symmetry in the indices of the elastic tensor:
Cijke = Cijer and  Cijke = Cjike Vi, gk, 0. (3.17)
Remark 3.1 The conditions (3.14) and the first equality in (3.16) imply the second equality
in (3.16) as well as the conditions (3.14) and the second equality in (3.16) imply the first

equality in (3.16). This is evident if we apply an equivalent formulation for corresponding
tensors and matrices: (3.15) and (3.17).

A linear operator T in the energy functional of anisotropic elasticity (3.10) satisfies the
symmetry conditions (3.14), and (3.16). Equivalently, the corresponding elasticity tensor

T = [Cijkﬂ} it has the symmetries (3.15), (3.17) and, therefore, might have n+n?*(n—1)?/2
different entries only. ]

Remark 3.2 It is rather natural to introduce the deformation tensor as the symmetrized
covariant derivative (cf., e.g., [Ta96, V. I, Ch. 5, § 12]).

(Def, U)(V, W) :%{(GVU, W) + (dwU, V)}

:%{WU, W)+ oRU V)L VYW ew(s). (G8)

It is also worth of mentioning that the antisymmetric part of the covariant derivative df;

dU(V, W) = (dU,V A\W) = %{(35& W) — (95U, V>}, YV, W € w(),
(3.19)

is the exterior differential.
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By inserting the value (3.9) of deformation tensor Def U and applying the symmetry
properties (3.17), we obtain

4(TDef ,U (2), Def U (z)) = (T27U(z), 27U (x)) = E(x, 27U (x)) (3.20)

(cf. (3.10)) which means that the density of the elastic energy functional depends quadrati-
cally also on the deformation tensor.

The density of the potential energy of an elastic medium should be strictly positive for
the non-vanishing deformation tensor Def U # 0 (the energy conservation law). This leads
to the following.

Lemma 3.3 There exists a constant Cy > 0 such that
(T¢.¢) = Z Cz‘jkz@jzkz > Co Z |Cz’,j‘2 = Col¢[? (3.21)
3.kl ij

for all symmetric and complex valued (;; = (j; € C tensors ¢ = [Q]] e

Proof: The sum in the left hand side of (3.21) is real (T(,() = (T¢,() (easy to check
applying the symmetry properties (3.17) of the real valued coefficients). Dividing equality
in (3.21) by |¢|* = >, |Gm|* we find that it suffices to prove

inf CijkECijZké 2 CO > 0. (322)

=1
‘Cl i?jvkvg

If otherwise Cy = 0, we select a sequence J(.Z) = C,ig) € C,q=1,2,...such that
i Y emllGr =0, |¢9 =1,
Y
Since the space of tensors [( ;Z)]nxn is finite dimensional, there exists a convergent subse-

quence (9" — ¢!9 as r — co. Then we get an obvious contradiction
0) ~(0)
S emay =0, K01=1.
1,5,k,¢

which proves that Cy > 0. |

Theorem 3.4 The total free (elastic) energy functional (cf. (3.8)) acquires the form

EU] = /y(T@yU(y),@yU(y»da:éL // (TDef , U (y), Def U (y)) do, (3.23)
" U cw()

and the Euler-Lagrange equation associated with the energy functional (3.23) for a linear
anisotropic elastic medium, reads

ZyU = Def", TDef »U , Ucw(Y). (3.24)
Here again T = [Cijkg] ik is the elasticity tensor which is positive definite (cf. (3.21)) and
has the symmetry properties (3.15), (3.17).
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Proof: The representation (3.23) follows from (3.8) and (3.20).

The Euler-Lagrange equation (3.24) is derived from (3.23) as a similar equation €3.3 is
derived from (3.1):

S[U):=4 /y(TDefyU(y), Def, U(y)) do
=4 /y(Def;/]I‘DefyU(y), U(y))do =0

if and only if U € w(.¥) is a solution of equation (3.24) due to the positive definiteness of
the elasticity tensor T (cf. (3.21)). [ |

Next we will find the Euler-Lagrange equation associated with the energy functional
(3.8) for a linear isotropic elastic medium (Lamé equation) which is simpler. Such energy
functional should be invariant with respect to any rotation. For the elasticity tensor T this
results into the requirement that

T(BAB™') = B(TA)B™', VA, B¢cM""(R) andunitary B = B™*.  (3.25)
Examples of linear operators (3.11) satisfying (3.16) and (3.25) include

T=TA:=(TrA)] and TA:=A+ A", (3.26)

where I denotes the identity. The incisive step in the direction of identifying all such oper-
ators is the observation that any other operator of the type is a linear combination of these
two. Namely, we have the following.

Lemma 3.5 Let a linear operator T in (3.11) be frame indifferent (cf. (3.25))

T(BAB") = B(TA)B', forall A< M**® andforall orthogonal B € SQ(3)

and have the symmetry property: one of conditions in (3.16) holds.
Then T has the form

TA=A(Tr A +p(A+A"),  AeM,,(R), (3.27)

where \, i € R are some constants and it has both symmetry properties from (3.16).

Proof: Let us first show that any linear operator (3.11) satisfying (3.16), (3.25) is represented
in the form (3.27). By the previous discussion (cf. (3.26)), it suffices to prove that the space
of linear operators (3.11) satisfying (3.16), (3.25) has dimension two.

It suffices to show that

10 ..0
00 ..0

TD =aD +b(I — D) where D := (3.28)
00 .. 0
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for the identity matrix / and two numbers a, b € R. Indeed, consider the following types of
unitary matrices:

1 0 ... ... .. .. 0 10 ... ... .. .0
01 0 0 01 0 0
0 0 1 0 0 0 1 0
Ui =1 ¢ 1 0 o |+ W= 10 L 4 0 0
00 0 .. .. 10 0 0 0 1
|00 0 ... .. .. 1] | 00 0 L]
where the only non-zero, off the diagonal entries are at ( J, k) and (k, j). By multiplication
U, 1A exchanges j-th with k-th rows in A, while W; ; A, 7 <k, makes the same but changes

the sign of j-th row before shifting it to k-th row.
By applying the unitary operator U, j, we get

TE=Y» e"TU, DU} =Y e*Uy4(TD)U;

j=1 =1
=Y e"UiilaD - b(I — D)|U;} = aE + b(I — E) (3.29)

j=1
for arbitrary diagonal matrix £ = [;e] = > " €U, DU}, +. Since for any A €

M™"(R) we have TA = 1T(A + AT), thanks to (3.16), and since a self adjoint matrix
can be diagonalized $(A + AT) = UEU ™! with a suitable unitary matrix U, the equality
(3.29) holds for arbitrary A:

TA=TUEU ' =U(TE)U ' =Ul[aE +b(I — E)JU ' =aA+b(I — A).
To check (3.28) we again apply the unitary matrices U;_ ;, and W;_; . Set
A = TD, A = [aij]

1<i,j<n
and observe that D is invariant under conjugation by W;_;_,i.e. Wio,joDWJ ;, = D, as long
as i, # 1 and j, # 1. Thus, by (3.25), the same is true for A = T D which, in turn, eventually

implies that

Qi i, = ajojo? V’io,jo 7£ 1. (330)
The next observation is that D is invariant under conjugation by the product U;,; W;_; , i.e.
UipjoWijoDW,! 5 Ul = D, this time for every 1 < i, # j, < n. Hence, by (3.25), the
same holds for A = TD, which ultimately implies that a; ; = —a,,, for every pair of
indices 1 < i, # j, < n. Consequently,

a;,;, =0, forevery 1< i, # j, <n. (3.31)
Under the current assumptions, i.e. (3.25), the first condition in (3.16), the desired con-

clusion, i.e. that TD has the two-parameter diagonal form indicated above, now follows
readily from (3.30) and (3.31).
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Let us analyze the case when the linear operator T satisfies (3.25) along with the second
condition in (3.16). In this situation, let us consider the adjoint T* to the tensor T with
respect to the inner product (3.12) (TA, B) = (A, T*B). It can be readily checked that
the adjoint T* satisfies (3.25) and the first condition in (3.16), so the previous reasoning
applies. Consequently, T* can be represented in the form (3.27), which is invariant under the
adjunction. Hence T can be written in the form (3.27) also. In particular, (3.27) holds in this
case as well.

Concerning the equivalence of the first and the second condition in (3.16). Each of two
conditions in (3.16) along with the condition (3.25) imply that the linear operator (3.11) has
the form (3.27). Then, in particular, T is self adjoint. Since conditions in (3.16) are obtained
by taking the adjoint, they are equivalent and the proof is completed. [ ]

Remark 3.6 A posteriori, the conditions (3.16) and (3.25) imply that the linear operator
(3.11) has the form (3.27) and, in particular, is self adjoint, i.e., imply the condition (3.14).

Remark 3.7 The above proof can be modified to hold in the case when (3.25) is (seemingly)
weakened to allow only orientation preserving unitary matrices U. All one has to do in
this later case is to employ the invariance of D under con]ugatlon by Uk,ot,Uiojo Wi 5, (With
ko, Ly # 1), in place of conjugation by (the inversion) U; ; W;_ ;. as in the original proof.

oJo

We are now ready to derive the Lamé equations of elasticity on a hypersurface.

Theorem 3.8 On a smooth hypersurface . in R", modeling a homogeneous, linear, isotro-
pic, elastic medium, the Lamé operator £ is given by

gy =—-A v(y diVy -+ 2u Def*yDefy =\ diV_*y; diV{y + 2# Def}Defy. (332)
In particular, Ly is a formally self-adjoint differential operator of second order.
Proof: According to the discussion in the first part of this section, the elasticity tensor in the

case of linear, isotropic, elastic medium is given by (3.27), where A, i are the Lamé moduli.
Applying the following properties of the trace

Tr(A+ B) = Tr(A) + Tr(B), Tr(A") = Tr(4),
(A+ AT, A) =Tr[(A+ AT)AT] = %Tr [A% 4 24AT 4 (AT)?]" = %Tr(A + A7),

which are easy to verify directly, due to (3.10) the stored energy density is of the form

E(A)=(TA, A) = \Tr(A) + u(A+ AT), A) = ATr(A)(I, A) + (A + AT, A)
=X\ (TrA)? + gTr((A+AT)2). (3.33)

Further, by inserting A := 27U in (3.33) and recalling (2.34), we get
E(x, 27U (x)) = A (divy U)?(z) + 2u ((Def » U)(z), (Def U ) (z)) (3.34)
by (3.18) and since the trace

Te(V,U) = (U, hy) = Div,U (3.35)

j=1
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is the divergence and is independent of a basis {hj };.L:l. Thus, we are led to considering the
variational integral

sl = / \(div, U)? + 20 (Def, U.Def, U)| do.  Ucw().  (336)
5%
To determine the associated Euler-Lagrange equation, for a smooth and compactly supported

vector field V € w(.) (N Cy () we compute

d
ZEU +1V]

- 2/ [A div,Udiv, V + 2u (Def, U, Deny>] do
0 S

t=
By applying the GauB3theorem on the divergence div &

/Qdiv F(y)dy = f (v(r), F(7))do (3.37)

7

and taking into account that V' vanishes on the boundary I' = 0.7 we get

d
E@@[U + tV]

=2 / ((=AV ydivy + 2uDef},Def »)U, V) do
0 5%

t=

:2/ (LyU,V)do =0. (3.38)
7

Since the vector field V' € w() [ Ca() is arbitrary, from (3.38) follows that the dis-
placement vector field U satisfies the equality Z»U = 0.

That the operator £y = A\ div’, div.o+2u Def’, Def o is formally self adjoint, is obvious
from its structure:

(LU, V), = Ndiv,div,U, V), + u(Def,Def U, V), = (U, LsV)y.

4 THE SURFACE LAME OPERATOR AND RELATED PDO’S

The present section deals mostly with the identification of the deformation tensor
1 (@ o
Def,(U)(V,W) := 5{(8’{U, W)+ (03U, V)}, VYU, V,W cw(¥), @&l

and the Lamé operator (3.32).

Theorem 4.1 For the deformation tensor and the Lamé operator on . the following iden-
tities are valid:

nxn

1 1
@]k(U) = 5 (.@ij)k + (.@kyU)J} = 5 [.@]Uk + .@kU] -+ 6U (I/ij):| , (43)

[Defo(U)]" = Defy(U) and Defy(U)v =0, (4.4)
Lo=pursV Vo + N+ u)Vo Vi — u Wy
= Ay — AN+ p)Vodivey — u oWy . 4.5)

I'-CONVERGENCE R.Duduchava et all



34 4. The surface Lamé operator and related PDO’s December 1 1, 2018

Proof: Given the local nature of the identities we seek to prove, it suffices to work locally,
in a small open subset & of ., where an orthonormal basis 77, ..., 7,1 to w(.¥) has been
fixed. We extend the basis by the outer unit normal vector field 7,, := v so that {7} }1<j<,
becomes an orthonormal basis for R", at points in &.

Since Def o (U) is a linear operator (see (4.1)) it is represented by an n X n matrix in
the fixed basis {7} }1<j<, and the first equality in (4.2) follows. The symmetry property of
the matrix, recorded as the first equality in (4.4), follows from (4.1) since by interchanging
vector fields V' and W does not affect the definition (4.1).

For a tangential field U to . with supp U C & and arbitrary V., W € R" we have

WU=0, U, (OJUW)=(0 U r,W)

s T

and, by the definition of the deformation tensor (cf. (4.1)) obtain
(Def»(U)V, W) :=Defy(U)(rsV,meW), VV, W € R". (4.6)

Equality (4.6) implies the second equality in (4.4). Applying (3.18) and (3.6) we eventually
obtain the second equality in (4.2):

1, ; 1
Du(U) =5 |(# V), + (2/0),| = 5| 2U; + 2,0 + 00 (v |

:% (DU + DU+ 3 Ui Doy + 3 UGy
r=1 r=1

We proceed with the proof of the last remaining equality (4.5). If V' is also a smooth
vector field, tangential to ., applying (4.2) we get

/ (Def*, Def  (U), V) dor — / (Def, (U), Def (V) do
B B

"1
-y / (DU, + U+ B0 vym) | |2V + 2V + By ()| do . AT
B

jk=1
Next consider

/ -@;(ngk + .@kU])Vk do

k=1 jk=17

Z / (.@jUk—F.@kUj)(@j‘/k—F.@ij)dU:Q Z
4

=2 Z / [—Vk.@ka ~ VoD D U; — Hovi(D;U1) Vi — jfégyj(_@k(]j)vk} do
b

jk=1

= —2/ <AyU, V> do — 2 Z / [ngjgkU] + %;Vj(gkU])Vk] dU, (48)
7 54

J,k=1

since Y v;%; =0on.”.

J=1
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To proceed in the second integrand in (4.8): we employ the commutator identity from
Lemma 2.9.ix and recall that the fields U and V' are tangential to write

> / Vi2; D Ujdo = ) / [Vk%%Uj+Vk[9j,%]Uj]d0
k=17 k=17

:/ <VyleyU, V>d(7—|— Z / [Vkl/j.@kl/l—Vkvk.@jljl].@lUde
7 jki=1"

n

EE:'Z;‘@(QQVO[Q%OGLG)“(Q%Vﬂ(%}da

Jkl=1

= / (V ydiv,U, Vdo +
54

:/ (VodivyU,Vydo — > /(8kuz)(81uj)Uijda
S S

jkd=1

= / (VodiveU, V) do — / (WU, V)do (4.9)
5 4

on ., because Z v;U; = Z 1, Vi = 0 and, due to (2.21)

=1 k=1
> (@) @)UV = Y (0w U0 Vi = (WU, W V) = (#ZU, V).
Jilk=1 gl k=1

For the third integrand in (4.8) we use Lemma 2.5.i and that the field U is tangential:
S [ At ido =2 Y [ Vi[9t) - (2,)U3) do
k=17 k=17
= / A9 WU, Vido.  (4.10)
5%
At this point, we may therefore conclude that

Z/<@jUk+@kUj)(@JVk+@ij>da
s

jk=1

S

We now proceed to analyze the remaining terms in (4.7). More precisely, we still have
to take into account the terms containing either dy (v;v) or Oy (vjv;). We start with the
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identity
Z (@kUj)gv(Vij) = Z Vk<@kUj)gij + Z (gvl/k) [.@k (l/jUj) — Uj.@ij]
Jrk=1 J.k=1 jk=1
==Y (D) (Gun) = —(WZU, V), (4.12)
k,j=1

valid at points on ., because Z 9, =0, Z v;U; = 0 and 9,v; = P;vy. There are four
- .

j
such terms in (4.7), i.e. containing either Yy (v;vy,) or Py (v;v4). An inspection of the above

calculation shows that, on ., they are all equal to —(#2U, V). We still have to compute
the last integrand in (4.7):

Z Du (vive) Dy (vivy)
jk=1

= > [Ur(-@ﬂ/j)’/k + Ur(%uk)uj} [Vl(%’/j)’/k + W(-%Vk)’/j}
7.k, l=1

n

—oEU V)42 Y UT(@ryk)vlyk%@l (S 0)?) =220,

k,rl=1 j=1
on .. At this point we combine all the above to get

k=1 S S

Having deduced (4.13), we may now compute

4/<Def;,Defy(U),V>da:/(Defy(U),Defy(V»da
K% %

=4y /y 0k(U)D;1(V) do = 2/y<—AyU Vo diveU — A2H,U , Vdo

gk=1""
= 2/ (—1y A U — NV ydivy,U — 3W,U , V) do, (4.14)
54

since (W, V') = (1, W V) for a tangential vector field V and an arbitrary vector field W
(also note that the original operator Def%,Defy : w() — w(.¥) is tangential). We have
also applied that the vector #oW € w(.¥) is tangential or an arbitrary vector field W.
Thus,

4Def%,Defy = 219 Ay — 2V ydivy — 29y, (4.15)

since the tangential vectors fields U, V' are arbitrary.
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The first identity in (4.5) now follows easily from (4.15) and (3.32). The remaining
identity in (4.5) then follows from what we have just proved and from Theorem 2.8. ]

Next recall the definition of the Hodge-Laplacian acting on 1-forms, i.e.

Agpi=—-d”7d*, —d*d” : N'w(S) — Nw(.Y) (4.16)

where d” is the exterior derivative operator on .%, and d *, its formal adjoint. As explained
in §2, 1-forms on .% are naturally identified with tangential fields to .# so, from now on, we

shall think of Ay, as mapping w(.¥) into itself.

As pointed out in §2, the Hodge-Laplacian (4.16) is related to the Bochner-Laplacian on
S
App = —(V7)*V7, (4.17)

via the Weitzenbock identity
ABL :AHL—FR,le (418)

Our aim is to find alternative expressions for all these objects, starting with the Ricci tensor.
The Ricci curvature Ric on .7 is a (0, 2)-tensor defined as a contraction of R,

Ricy (U, V) :=Y (Ry(hj, VU, hj) =Y (Ry(V, hj)h;,U), (4.19)
j=1 j=1
VU,V € w(Y),
where hy, ..., h, is an orthonormal basis (of unit vectors) in w(.#’). Thus, Ricy is a sym-

metric bilinear form.
Theorem 4.2 For the Ricci tensor Ricy (cf. (4.19)) on . there holds
Ricy = W3+ oWy, (4.20)

In particular, when n = 3 —i.e. for a two dimensional hypersurface ./ in R3— the above
identity reduces to
RiCy = —det Wy = —Ji/y, (421)

where o is the Gauf3ian curvature of the hypersurface . .

Proof: The Riemannian curvature tensor R of .# is given by

Ry (U, V)W = [0f,0y|W — 0, |V, UV, W cuwlY), (4.22)
where [U, V| := 0yY — 0y U is the usual commutator bracket. It is convenient to change
this into a (0, 4)-tensor by setting

R,(UV.W,Z)=(RyU,V)W,Z), UV W,Z cw(Y). (4.23)

Since R"™ has zero curvature, it follows from Gau3’s Theorema Egregium that, if X, Y,
Z, W are tangential vector fields to .7, then

(Ry(U, VYW, Z) = II,(U,Z),I1(V.W)) — (II(V,Z), 15U, W)) (4.24)
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(see, e.g., [Ta96], Vol. 11, p. 481). By inserting the second fundamental form /7o (U, V) =
(OuV —0g V ,v) = (OyV,v) (cf. (2.18)), we obtain:

(Ry(U, VYW, Z)= 0y Z,v){0y W, V) — (8y Z,v) 0y W, V)
= <Z 8UV><W, avl/> — <Z, 8vl/><W, 8U1/>
s Z, U)Y(RsW V) —(RsZ,V)(R,;W U). (4.25)

=(R
For the second equality in (4.25) we have used the fact that U, V', W, and Z are tangential,
so in particular, Oy (W,v) = 0, Oy (W ,v) = 0, Oy (W,v) = 0, and Oy (W ,v) = 0 on

Next, recall from (4.19) the definition of the Ricci tensor, i.e.

;_n

n—

Ricy (U, V) =S (Ry(h;, V)U,hy),

1

<.
Il

where hy, ..., h, 1 is, locally, an orthonormal basis in w(.¥), and U, V are arbitrary tan-
gential vector fields to .. If we set h,, := v, and employ (4.25) together with # v = 0,
we obtain

—_

n— n

(Ry(T;, V)U,Tj) = > [(RyT;,T;){RsU, V) — (RyT;, V)(R,U,T)|

1 j=1

<.
I

= -2 R,U,V)— (R,V, Z L RAUNT)) — (W2 + W)U, V), (4.26)

which takes care of (4.20).

Finally, (4.21) is a consequence of what we have proved so far, in Lemma 2.6.ii, and the
elementary identity A — (Tr A)A = —(det A)I, valid for any 2 X 2 matrix A. ]

Lemma 4.3 Let H = {hj}?zl, |h;| = 1, be a basis in n-dimensional Banach space B.

Consider the hyperspace B, := {u €B : (u,v) = O} orthogonal to some vector v € B,
\v| # 0. Consider the system

izj =h; —vjv, v;:= (v h;) j=1,....n, (4.27)

?

which is full in *B,, but linearly dependent and thus can not be a basis. Nevertheless, for
a linear operator A = [ajk]an ;B — B with Av = 0 and AB, C B, (ie., it maps
A : B, — B)we have

A= [Glnxn = [ajlaxn = A, (4.28)
where A := [ajk]an is the matrix representations of A in the systems H .= {lAzJ }?:1 C B,

Proof: Let us note that

n n

Zajka:ZaijkZO forall j=1,...,n,

k=1 k=1
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where the first equality is equivalent to Av = 0 and the second one-to (v, AS) = 0 for all
¢ € ‘B. Applying the obtained equalities we find that

n n n

Ahy = Ay —viAv =Y aghi =) ahi+ Y agmv =) aghy,

k=1 k=1 k=1 k=1

which entails ax; = ax;. n

Theorem 4.4 The following identities are valid:
ABL:ﬂ'yAy—l-%Q, (4.29)
Axr :WyAy—l-z%;—jf;y/y. (4.30)
Proof: In order to identify the Bochner-Laplacian operator Ag; on .” we observe that, with

tangential field U fixed, if the matrix Def (U ) satisfies (Def (U )V, W) = <8;f;v U,tsW),
for each V., W € R” then, much as in the proof of Theorem 2.8

D;p(U) := (Defy(U)e*, ) = (0:,U, &) = BU; — > vivy Zi(Uy). (4.31)

r=1

On account of this we can now write

n—1
/ (V) VU, V)do = / (V/U, V' V)ydo =Y / (V7.U, Ti)(V7,V, Ty) do
S 4 =17

= i / (Dets (U)T;, Ty} (Def (V)T, Ty) do = i / D,,(U)D;(V) do

k=1
- Z / [.@kUj.@ij — Z vivy D;U, DV — Z v DU DV
ih=1"7 r=1 =1

+y VTVI%UT%VZ] do=3" /y [(@;@kUm/j =S UV (0) (Oy) | do
r=1

rl=1 7,k=1
= / (~ALU - WU, V) do. (4.32)
S

In the next-to-the-last equality, we have applied the following identity to the terms under the
integral sign in the fourth line above:

Zn: v, DW, = @S(i I/TWT> - i W. D, — — i W00, on ..  (433)
r=1 r=1 r=1 r=1

valid for any tangential vector field W, and any index s € {1,...,n}. In turn, the identity
(4.33) can be seen from a direct computation (recall that 0, v, = 0 on .%). Finally, to justify

the last equality in (4.32), it suffices to recall (2.35), (2.52) and the fact that > 14, %, = 0.
k=1
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The conclusion is that (4.29) holds. Finally, the identity (4.29) in concert with (4.18) and
(4.20) implies (4.30). [ ]

Recall now from [EM70, Note Added in Proof, pp.161-162], [Ta92] (cf. also the remark
at the end of this paper), and [Ta96, Vol.III], that the Navier-Stokes system for a velocity
field U, tangential to .#, and a (scalar-valued) pressure function p on .’ reads

ouU .
E—QDef“yDefy(U)—i—@ij—Vyp:f in % x (0,00),

div,U =0, in .7. (4.34)

If . is embedded in R™ and the Riemannian metric is inherited from R", a directional
derivative Jy along a tangential vector field U € w(.¥’) maps the space of tangential vector
fields to the space of possibly non-tangential vector fields

v : w(&) — w(Y).
If composed with the projection
ogV =n,0pV =0y V — (v,0pV)v (4.35)
(cf. (0.8)), it becomes an automorphism of the space of tangential vector fields. Such deriva-
tives are compatible with the Riemannian metric on . and are torsion free as well. There-

fore, they represent the natural Levi-Civita connection on .%.

Theorem 4.5 The Navier-Stokes system (4.34) is equivalent to

U
aa—t + 65U + 79 ASU +9WU —~Vgp=f in & x(0,0),
diveU =0 in .. (4.36)
Proof: This is a direct consequence of (4.15) and (4.35). [

5 LIONS’ LEMMA AND KORN’S INEQUALITIES

For 1 < p < oo, an integer m = 1,2,... and a closed C"™*!-smooth hypersurface .7
by Wi(.), W(.) := W3'() we denote the Sobolev spaces. The space W™ () is

defined as the dual to Wz?(y ), p = p%l with respect to the sesquilinear form (p, V) &

(cf. (2.49)) on functions ¢, 1) € C™ () and extended by continuity to pairs p € W3 (%)
and ¢y € W™ (7).
The embeddings W'(.) C L, () C W™ (%) are continuous, even compact, and

W () ={2% : p € L,(&) forall 2° = 2" --- D", |a| =m} .

p

If .7 is an open surface with the Lipschitz boundary I' = 0. # 0, Wg(ﬂ ) denotes the
space of functions obtained by closing the space C§°(.) of smooth functions with compact
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support in the norm of W;“(%, where .7 S .7 is a closed surface which extends the surface
. The notation W'(.’) is used for the factor space W'(.)/ Wg(&” \ .¥); the space

W7'(#) can also be viewed as the restriction of all functions |, of the space W'(.) to
the subsurface .7 (cf. [Tr95] and [DS93] for details about these spaces spaces).

The following generalizes essentially J. L. Lions” Lemma (cf. [?, p.111], [Ta92], [AG1,
Proposition 2.10], [Ci3, § 1.7], [Mc96]).

Lemma 5.1 Let . be a 2-smooth closed hypersurface in R™. Then the inclusions ¢ €
WS, Djp € W H(SF), forall j = 1,... nimply ¢ € L,(7).

p
Moreover, the assertion holds for a hypersurface & with the Lipschitz boundary I :=

0. and the spaces W, () and W' (.7).

Proof: First we assume that . is a closed surface. The proof is based on the following facts
from [DS93, Hr83, Ta96], which we recall without proofs.

A. There exists a “lifting operator” (a Bessel potential operator) A (2", D), which has the
inverse A~1(2", D) and they mapping isometrically the spaces

A (2,D) : Wzl’l(f) - W), Az, D) : WHS) — W;”fl(Y) (5.1)
for arbitrary m = 0, =1, .. ..
B. A~'(2, D) is a pseudodifferential operator of order —1 and the commutant
(2, A" (2, D)] :== ;A" (2,D) — A" (2, D)Z; (5.2)
with the pseudodifferential operator &; has order —1, i.e., maps continuously the spaces

(2, A" (#,D)] : W, 1(F) — L,().

P
Let o € W, '), Zjp € W), forall j = 1,...,n. Then, due to (5.1), ¥ :=
A (2,D)p € L,() and, due to (5.2), Z;¢ = [Z;,A"(2,D)jo + A (2,D)Z;p €
LL,(”) for all j = 1,...,n. From the definition of the space W} (%) follows that 1) €
W} (). Due to (5.2) we get finally o = A(2, D)y € L, ().
If . has non-empty Lipschitz boundary I" # (), there exist pseudodifferential operators
A=Y (#,D) : W(S) —» Wit (7),

_ _ (5.3)
AN (2, D)+ W) — WptH(7),

arranging isomorphisms between the indicated spaces, and having the inverses AZ" (2", D),
A" (2, D) (cf. [DS93)).

Moreover, pseudodifferential operators A?_rl(%, D) have order —1 and the commutants
(2;,A7 (2, D)] == 2;A7" (2, D) — A{'(#, D)%, have order —1, i.e., map continuously
the spaces W, (") — L, (7).

By using the formulated assertions the proof is completed as in the case of a closed
surface .. |

The foregoing Lemma 5.1 has the following generalization for the Bessel potential
spaces H (') and H;(&” ) (see [Tr95] and [DS93] for details about these spaces spaces).
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Lemma 5.2 If.¥ is closed, sufficiently smooth, 1 <p < oo, s e R,m=1,2,...and
@GH;—m(,jﬂ), .@awz.@f‘l"'@ﬁ"goeﬂﬂ;_m(y) forall ‘O&‘ <m’

then o € H> (7).
Moreover; the assertion holds for a hypersurface . with the Lipschitz boundary I' :=
0. and the spaces H? () and H, ().

Proof: Assume first .% has no boundary. The proof is based, as in the foregoing case, on the
following facts from [Hr83, Ta96, Tr95], which we recall without proofs.

A. There exists a “lifting operator” (the Bessel potential operator),
AN(z,D) : H(S) = H"(~), reR (5.4)

arranging isomorphism between the indicated spaces, and having the inverse A" (2, D).
B. A"(2, D) is a pseudodifferential operator of order —r and the commutant

(2% N (2,D)] .= 2N (#,D) — N"(2,D)2" (5.5)
with the pseudodifferential operator 2* = 2 --- 2% has order |o| + r — 1, i.e., maps
continuously the spaces H () — H) (), vy € R.

Assume that m = 1. Then ¢ € H;_l(y) and, due to (5.4), (5.5), it follows that
V= AN (2, D)p € L(SF), b = [2;,A5, (2, D)o + A5, (2, D) D0 € Ly(.) for
all j = 1,...,n. By the definition of the space W, (.#’) we conclude that ¢ € W}(.%”'). Due
to (5.2) we get finally o = A'"%(27, D)y € H3(.).

Now assume: m = 2,3,... and the assertion is valid for m — 1. Then, due to the
hypothesis, 1; 1= Z;p € H)™™ () for j = 1,...,n. Moreover, due to the same hypothesis,
D= DY €c Hy7 () forall |af <m—1 andall j=1,... n
Hence the induction hypothesis implies that ¢; := Z,p € H;’l(y )forj=1,...,n. Now

it follows from the already considered case m = 1 that p € H> (.%).
If . has non-empty Lipschitz boundary I" # (), there exist pseudodifferential operators

A (#,D) : Hi(S) » H"(),  A(2,D) : HY(S) - H7(S), (5.6
arranging isomorphisms between the indicated spaces, and having the inverses AZ"(2", D),
A{" (2, D) (cf. [DS93]).

Moreover, the pseudodifferential operators A7" (2", D) have order —r and the commu-
tants (2%, A" (2, D)] := 2°A7" (2, D) — A;T(ga;, D)2 have order |a| — r — 1, i.e., map
continuously the spaces H) (.7') — Hy el ().

By using the formulated assertions the proof is completed as in the foregoing cases. =
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Theorem 5.3 (Korn’s I inequality ‘“without boundary condition”). Ler . C R" be a
Lipshitz hypersurface without boundary, Def (U ) := [©,,(U)] . be the deformation ten-
sor

nxn

ij(U) = [.@kU] + .@]Uk + Z Um.@m (l/jl/k)]

m=1

[.@kU] + .@JUk + 8U (le/k)] =

DN | —
DN | =

(cf.- (4.2)) and

n 1/p
|Def s (U)|L,()]] := [Z H@MU}LP(Y)HP] , UeW,(Y) (5.7)

for1l < p < oc. Then
O] < M ([ + [Def @)Ly 59
for some constant M > 0 or, equivalently, the mapping
U — [[|U[L, ()| + ||Defs (U) L, ()] (5.9)

is an equivalent norm on the space W) (.).

Proof: Consider the space

W) = {U =00 U, D(U) € Ly(F) forall j k=1, .. n} (5.10)

J

endowed with the norm (cf. (5.8) and (5.9)):
[U)| = ([T + [[et @)Ly ()] 6.1

The derivatives here are understood in the sense of distributions: ©;,(U) € L,(¥) means
that there exists a function in LL,,(.#’) denoted by D ;;(U) such that

@uULV),i= [ [0TVE) + () ZV )

7

+3 V(%‘)Um(%)@,’;(yj(%)yk(fx))] do YV eL,(¥),

(cf. (2.52) for the formal dual 7).
It is obviously sufficient to prove, that the spaces W)(.#’) and W;(Y ) are identical.

The inclusion W;,(&” ) C W},(Y ) is trivial and we concentrate on the proof of the inverse
inclusion W;,(Y) C W (7).
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To this end take U € W;(Y ) and note that the inclusions U € L,(.), Def»(U) €
L,(~) (.e.,D;U € L,(¥) forall j, k =1,...,n) imply

1 1<
@g)k(U) = § .@kU] + -@]Uk] = ©]k(U) - 5 ZaT(I/ij)UT € ]Lp<y) (512)

r=1
for all j,k=1,....,n.
Then (cf. [DMMO6, Proposition 4.4.iv] for the commutator [Z;, Z)):
;U e LN(S) (25 Du|Un =D [viDvy — uZiv) 2,U, € B (S),

r=1

- ~ 1
DD Un = DD (U) + DD ;n(U) = DuDp(U) = 5[5, D) Un

1 1
—5[%,%}(@ - E[Qk,.@m]Uj el (&) for jkm=1,..n,

Due to Lemma 5.1 of J. L. Lions this implies Z,U,,, € L,(.*) forall j,m = 1,...,n and
the claimed result U € Wzl,(y ) follows. |

Remark 5.4 The foregoing Theorem 5.3 is proved by P. Ciarlet in [Ci3] for the case p = 2,
for curvilinear coordinates and covariant derivatives.

A remarkable consequence of Korn’s inequality (5.8) is that the space
W) () = {U — (Uy...,U)" : U;, QU; € L,(#) forall jk=1,.. n}

and the space W}D(Y ) (cf. (5.10)) are isomorphic (i.e. can be identified), although only
n(n+1)

2 .
in the definition of the space H(.7).

< n? linear combinations of the n? derivatives DUy, j,k = 1,...n participate

6 KILLING’S VECTOR FIELDS AND FURTHER KORN’S INEQUALITIES

Definition 6.1 Let . be a hypersurface in the Euclidean space R™. The space % () of
solutions to the deformation equations

Du(U) =5 [(Z7 Uk + (U]

J

N~ N~

(DU + BUR + 3 U8 D (Vi) | =0, ©.1)

m=1

U=> U)d’cw(s), jk=1...n

j=1

is called the space of Killing’s vector fields.
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Killing’s vector fields on a domain in the Euclidean space 2 C R"™ are known as the
rigid motions and we start with this simplest class.

The space of rigid motions Z(£2) extends naturally to the entire R™ and consists of linear
vector-functions

V(z)=a+ Bx, B = [bjk}nxn’ aceR", zeR", (6.2)
where the matrix 4 is skew symmetric
0 bio bis o D=2y big—1)
—b12 0 ba1 o bin—s) bagm—2)
B = — i (6.3)
—bi(n—2) —ban-3) —b3(—g) - 0 bn—1)1
—bi(n—1) —batn—2) —b3n-3) -+ —Dbm-1n 0

with real valued entries b;;, € R. Forn = 3,4, ... the space Z(R") is finite dimensional and
—1 1
dimZ(R") =n + n(n2 ) = n(n;— )
Note that for n = 3 the vector field V € Z(9), Q C R3, is the classical rigid displace-
ment

V(iz)=a+PBr=a+bAz, 0 —bs by
B = bg 0 —b1 . (64)
b= (bl,b27b3)—r €R3, S Q, by by 0

Definition 6.2 We call a subset .# C R" essentially m-dimensional and write ess dim .# =
m, if there exist m + 1 points 2°, 2%, --- 2™ € ./ such that the vectors {27 — %0};11
are linearly independent.

Note, that any m-dimensional subset .#Z C R™ is essentially m-dimensional, because
contains m linearly independent vectors. Moreover, any collection of m + 1 points in R™ (a
0-dimensional subset) is essentially m-dimensional, provided these points does not belong
to any m — 1 dimensional hyperplane.

Lemma 6.3 Let

Def(U) := [99.(U)] _ (6.5)

nxn

1 oo
D(U) = 3 [akU]Q + ajUg], U= 0%
j=1

be the deformation tensor in Cartesian coordinates.
The linear space Z(R"™) of rigid motions (of Killing’s vector fields) in R™ consists of
vector fields K = (K?, ..., K°)" which are solutions to the system

209, (K)(z) = 0K} (z) + ;KQ(z) =0  we.” forall jk=1,...,n. (6.6)

If a rigid motion vanishes on an essentially (n — 1)-dimensional subset K(2') = 0 for
all # € M, essdim A = n — 1, or at infinity K(z) = o(1) as |x| — oo, then K vanishes
identically K(x) = 0 on R".
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Proof: By differentiating (6.6) and recalling that 0,0, K = 0,0, K7, we get
90k Ky, = 0;9},,(K) + 0,D),,(K) — 0,0, (K) =0 forall j,k,m=1,2,...,n—1,

Therefore,

or
Kz)=a+ %z with % = [bjk]nxn - 6.7)

From (6.6) we derive that & is a skew symmetric matrix (cf. (6.3)):
0, K} (x) = —8kKJQ(x) =0 = bjp=-by jk=12,....n —= B= 3"

The inclusion K € Z(R") is proved.

The inverse statement, that any vector field K € Z(R") (of the form (6.2)) is a solution
of the system (6.6), is easy to verify.

Let us prove the second assertion: for any linearly independent vectors z°, ..., 2" ! the
condition

K2")=0 = a+%Bs"=K(@") =0 (6.8)

implies a = 0 and Z = 0, i.e., K(z) = 0 for all x € R". Indeed, if 2 = 0 then, obviously,
a = 0. Accepting A # 0, for rank of & we have the estimate 2 < rank Z < n (if Z # 0

then, due to the symmetry % = —2", there exists a non-degenerate minor of order at least
2). On the other hand, from (6.8) follows

B(x" — 2% =0 VE=1,...,n—1,
which contradicts the estimate 2 < rank % < n since {z! — 29, ..., 2"~ — 2°} are linearly
independent.

If a rigid motion K(z) in (6.7) vanishes at infinity K(x) = ¢(1) as |x| — oo, then
obviously a = 0, # = 0 and, therefore, K(z) = 0 for all z € R™. u

Remark 6.4 For the deformation tensor in Cartesian coordinates Def(U) (c¢f. (6.5)) in a
domain ) C R"™ Korn’s inequality

, l<p<oo (6.9)

JUlE @] < M [JUlL@)]” + [PesnlL, @]

with some constant M > 0 is well known and is proved e.g. in [Ci2] (cf. (5.7) for a similar
norm).

In contrast to the rigid motions in R™ nobody can identify Killing’s vector fields on
hypersurfaces explicitly so far. The next Theorem 6.5 underlines importance of Killing’s
vector fields for the Lamé equation on hypersurfaces. Later we investigate properties of
Killing’s vector fields to prepare tools for investigations of boundary value problems for the
Lamé equation.
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Theorem 6.5 Let .7 be an (-smooth closed hypersurface in R" and ¢ > 2. The Lamé
operator L for an isotropic media

2y - HF(F) o HH(S), 6.10)
LU = urgdivey VU + ()\—i—u) VydiVyU—l—,Uu%f;WyU,

is self adjoint £}, = £, elliptic, Fredholm and index Ind £y = 0 for all 1 < p < 0o and
all s € R, provided that |s| < /.

The kernel of the operator Ker. %y C ]H[;(,V ) is independent of the parameters p and s,
coincides with the space of Killing’s vector fields

Ker.Zy = (U € w(.¥) : LU =0} = B(F), 6.11)

is finite dimensional and dim Z () = dim Ker £y < oc.

If 7 is C™ smooth, then the Killing’s vector fields are smooth as well () C
C>®(7).

Ly is non-negative on the space H'(.) and positive definite on the orthogonal com-
plement H.,(.%) to the kernel

(Z,U,U), >0  forall UeH(Y), (6.12)
(LU, U), > C|UHN(S)|*  forall UcHL(¥), C>0, (6.13)

where H.,(.) is the orthogonally complemented subspace to % () in H' (7).
Moreover; the following Gdarding’s inequality

(LU, U)y = CIUEN(S)|? - CollU T (7)) (6.14)

holds for all U € H'(.%), with any —1 < r < { and some positive constants Cy > 0,
Cl > 0.

Proof: The proof is exposed in [Dul1]. Here we draw the following consequence.

Corollary 6.6 Let . C R™ be a Lipshitz hypersurface without boundary, Def(U) =
[9,,(U)], .. be the deformation tensor

1o :
@?k(U): (Defy (U))jix = 3 [(@{U)j + (_@j‘yU)k}
1
=520 + DU} + dulvw)], Vik=1,....n. (6.15)

where (9]'7 U);. denotes the k — th component of the covariant derivative 9&7 U. The norm
|Def o (U) | Lo () || is defined by (5.7).
Then the following Korn’s inequality

[Def o (U)|Lo(2)|| = ¢|U[H'(.2)|| VU € HY(.#) (6.16)

holds for some constant ¢ > 0 or, equivalently, the mapping U +— HDefy(U)‘IL,Q(y)” is

an equivalent norm on the orthogonal complement H,(.) to the space of Killing’s vector
fields.
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Proof: Due to Korn’s inequality (5.8) for p = 2
|U[L()* = 2| [ U ()] ~ [|Defr (U La() ]

the mapping Defy : HL,(.#) — Ly(.) is Fredholm and has index 0. The inequality (6.16)
follows since the mapping is injective (has an empty kernel). [ ]

Let us recall some results related to the uniqueness of solutions to arbitrary elliptic equa-
tion.

Definition 6.7 Let Q be an open subset with the Lipschitz boundary 00 # ) either on a
Lipschitz hypersurface ¥ C R™ or in the Euclidean space R~

A class of functions % () defined in a domain ) in R", is said to have the strong
unique continuation property, if every u € % (2) in this class which vanishes to infinite
order at one point must vanish identically.

If a surface .7 is C'°°-smooth, any elliptic operator on .# has the strong unique continu-
ation property due to Holmgren’s theorem. But we can have more.

Lemma 6.8 Let .7 be a W?_-smooth hypersurface in R™. The class of solutions to a second
order elliptic equation A(2, Z)u = 0, with Lipschitz continuous top order coefficients on a
surface ./ has the strong unique continuation property.

In particular, if the solution u(2) = 0 vanishes in any open subset of . it vanishes
identically on entire ..

Proof: The result was proved in [AKS1] for a domain 2 C R" by the method of “Car-
leman estimates” (also see [Hr83, Volume 3, Theorem 17.2.6]). Another proof, involv-
ing monotonicity of the frequency function was discovered by N. Garofalo and F. Lin (see
[GL1, GL2]). A differential equation A(2", Z)u(2) = 0 with Lipschitz continuous top order
coefficients on a W2_-smooth surface .# is locally equivalent to a differential equation with
Lipschitz continuous top order coefficients on a domain 2 C R"!. Therefore a solution
u(2°) has the strong unique continuation property locally (on each coordinate chart) on ..

Since .7 is covered by a finite number of local coordinate charts which intersect on open
neighborhoods, a solution u(2°) has the strong unique continuation property globally on ..
|

Remark 6.9 If the top order coefficients of a second order elliptic equation A(2, P)u = 0
in open subsets ) C R", n > 3, are merely Holder continuous, with exponent less than 1,
examples due to A. Plis [P163] and K. Miller [Mi03] show that a solution u(x) does not have
the strong unique continuation property.

Lemma 6.10 Let ¢ be a W? -smooth hypersurface in R™ with the Lipschitz boundary T' :=
0% and v C T be an open part of the boundary I'. Let A(2°, ) be a second order elliptic
system with Lipschitz continuous top order matrix coefficients on a surface ..

The Cauchy problem

Az, D)u=0 on ¢, weH(Q),
u(s) =0 forall s €7, (6.17)
(Oyu)(s) =0 forall se€~,
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where the vector V' is a non-tangential to ', but tangential to ., has only a trivial solution
u(2) = 0 on entire ..

Proof: With a local diffeomorphism the Cauchy problem (6.17) is transformed into a similar
problem on a domain 2 C R"~! with the Cauchy data vanishing on some open subset of the
boundary v C I' := 0f).

Let us, for simplicity, use the same notation v C I' = 02, the non-tangential vector V' to
7, the function u and the differential operator A (z, 2) for the transformed Cauchy problem
in the transformed domain §2. Moreover, we will suppose that ~y is a part of the hypersurface
x1 = 0 (otherwise we can transform the domain §2 again). We also use new variables t = x;
and z = (x2,...,2n—1). Then (0, z) € v while (¢, z) € Q for all small 0 < ¢ < ¢ and some
x e .

Thus, the natural basis element e' (cf. (0.7)) is orthogonal to ~ and, therefore, e! =

z)V () + c2(x)g(x) for some unit tangential vector g(x) to v for some scalar functions
x), co(x) and all z € . Then, due to the third line in (6.17),

(Oru)(0, ) = Oeiu(0, z) = c1(z)Ovu(0, x) + ca(x)dqu(0,z) =0

1
C1

because any derivative along tangential vector to -y vanishes d,u (0, x) = 0 due to the second
line in (6.17).

The second order equation A(t, z; &) can be written in the form
A(t,z, D)u = A(t, z;€")0%u + Ay (t, ; D)Oyu + As(t, x5 D)u, D = —i0,,

where A(t, z; e') is the (invertible) matrix function, A, (¢, z; D) and Ay (¢, x; D) are differen-
tial operators of orders 1 and 2 respectively, compiled of derivatives 0., x € §2'. Therefore,
if AY(t,x; D) .= A™'(t,z;€")A;(t,z; D), j = 1,2, the Cauchy problem (6.17) transforms
into
O2u(t, z) + At z; D)owu(t, z) + AS(t, x; D)u(t,x) =0  on (t,x) € (.,
u(0,2) =0 forall ze€ Q) (6.18)

(Opu)(0,2) =0 forall z € (Y,

where €. := (0,e) x ' C Q,u € H'(Q) and y := {(0,2) : z € ¥}

Now let us recall the inequality (see [Miz73, § 4.3, Theorem 4.3, § 6.14], [Sc77, § 4-7,
Lemma 4-21]): There is a constant C' which depends on ¢ and A(¢, z; D) only and such that
the inequality

/ e_At\v(t,$)|2dtdx<C'/ e M| (A(t, z; D)v)(t, z)|[dt de, (6.19)
Qe Qe

holds for A(t, z; D)v € Ly(€2:), v € C*(£2.); moreover, v(t, ) should vanishe near t = ¢
and should have vanishing Cauchy data v(0, z) = (0;v)(0,z) = 0 for all z € 0'.

Let p € C?*(0,¢) be a cut-off function: p(t) = 1for 0 < ¢t < ¢/2 and p(t) = 0 for
3e/4 <t < e. Thenv := pu € H'(£,) and since A(¢, z; D)u = 0 on €2, we get

A(t,z; D)(pu) = pA(t, x; D)u + (0} p)u + (0sp)0yu + (9:p) AL (¢, 3 D)u

=(92p)u + (01p)Ou + (0yp) A (¢, z; D)u.
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We have asserted u € H'(€).), p € C? and this implies (0?p)u € Ly(.), (Orp)du €
Lo (. ). Note, that d;p(t) vanishes for 0 < ¢ < /2. Therefore (9;p)A (¢, z; D)u vanishes in
a neighborhood of the boundary v C I'. Due to a priori regularity result (cf. [LM72, Ch. 2, §
3.2, § 3.3]), a solution to an elliptic equation in (6.18) has additional regularity u € HQ(QS)
for arbitrary Q0 properly imbedded into Q.. This implies (9;p)A{(¢, z; D)u € Lo(€.) and
we conclude

A(t,2: D)(pu) € Ly(S2.). (6.20)

Introducing v = pu into the inequality (6.19) we get

e/4
// e_’\t|p(t)u(t,$)\2dtda:</ e Mp(t)ult, z)*dt dx
+Jo 0.
3ec/4
<c / / e M(A(t 2: DY) p(tult, )2t da.
Q' Je/

This implies for A > 0

/ / u(t, z)|*dt doe < e_)‘g/4/ \(A(t, 2; D)) p(t)u(t, z)|* dt do < Cre™>/4,
o Jo

where, due to (6.17), C; > 0 is a finite constant. By sending A — oo we get the desired
result u(t,z) = 0 forall 0 < ¢t < ¢/4 and all x € . Since u(x) vanishes in a subset of the
domain (2, bordering 7, due to Lemma 6.8 the solution vanishes on entire {2 (on entire ). m

Due to our specific interest (see the next Lemma 6.12) and many applications, for ex-
ample to control theory, the following boundary unique continuation property is of a special
interest.

Definition 6.11 Let .7 be a Lipschitz hypersurface in R™ and ¢ C . be an open subsurface
with the Lipschitz boundary I’ = 0.

We say that a class of functions % () has the strong unique continuation property
from the boundary if a vector-function U € %/ () which vanishes U (s) = 0, Vs € 7 on
an open subset of the boundary ~y C T, vanishes on the entire €.

Lemma 6.12 Let . be a W2 _-smooth hypersurface in R™ and ¢ C ./ be an open W?_-
smooth subsurface.

The set of Killing’s vector fields % () on the open surface € has the strong unique
continuation property from the boundary.

Proof: Lety C I' := 0%, mesy > 0and U(s) = O foralls € v C I" := 9%. Then (cf.
(2.24))

(Z,U9)(s) + (ZU?)(s) = — il U0(s)2 ( S(s)a(s)) =0,
U(s) =0 Vscy, jk=1,..

6.21)
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11 only

n — 1 are linearly independent. One of vectors might collapse at a point d?(s) = 0 if
the corresponding basis vector €’ is orthogonal to the surface at s € ., while others might
be tangential to the subsurface I', except at least one, say d " (s), which is non-tangential to
. Then from (6.21) follows

2(2,U)(s) =0 and implies (2;U.)(s) =0 (6.22)

Among tangential vector fields generating the Gunter’s derivatives {dj(s)};:

forall s€~ andall j;=1,...,n.

Indeed, the vector d7, 1 < j < n — 1, is a linear combination d’(s) = c¢;(s)d"(s) +
co(s)77(s) of the non-tangential vector d™(s) and of the projection 77(s) := m,d’(s) of
d’(s) to the subsurface v at the point 5 € ~. Since U™ vanishes identically on , the
derivative (0,;U?)(s) = 0 vanishes as well and (6.22) follows:

(2;Un)(s) = c1()(0aUy) () + c2(8)(0n Uy) (8) = c1(8)(ZuUy) () = 0

Vs €.
Equalities (6.21) and (6.22) imply
(2.U)(s) = —(2;U)(s) =0  Vsen, Vji=1,...,n (6.23)
Thus, we have the following Cauchy problem
L2, U (2) =0 on €,
U(s)=0 forall se€~, (6.24)

(2,U)(s) = (04:U)(s) =0 forall s ¢,

where d™ is a vector filed non-tangential to I". Due to Lemma 46.10, U(2) = 0 for all
2 €%. n

Before we draw some consequences from the proved unique continuation property, we
should make some comments. The finite dimensionality of the linear space % (%) when the
surface % is 2-smooth, was proved in the papers [CLM1, GS1, Gel].

The foregoing Lemma 6.12 generalizes essentially the “infinitesimal rigid displacement
lemma” (see [Ci3, Theorem 2.7-2] the following conditions are imposed:

i. € C . is C3-smooth, elliptic in R?, i.e., if

[\

2
MNP hn(2)ge| Vres, VEE)TER, (625

k=1 k,j=1

where bj;(2) : . — R are the covariant components of the curvature tensor of .7;
the equivalent condition is that the Gaulian curvature is positive on the entire surface
. or that tho principal curvatures of the surface .” have the same sign everywhere on

.
ii. The Killing’s vector field U vanishes on the entire boundary 0.7, i.e.,

Ro(€)={Ue% : U|, =0}={0} (6.26)
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A similar assertion is proved by Lods & Mardare in [LoM1], but for C*!-smooth hypersur-
face with the Lipschitz boundary 0. and when a Killing’s vector field expires on the entire
boundary 0.7. An earlier version of the “infinitesimal rigid displacement lemma” is due to
I. Vekua [Ve82], who proved it using the theory of “generalized analytic functions”.

Corollary 6.13 (Korn’s I inequality “with boundary condition”). Let ¢ C R" be a C"*-

smooth hypersurface with the Lipschitz boundary T := 0% # 0 and { > 2, |s| < (. Then
|UHE(%)|| < M||Defe(U)|HS(€)|| VU € H3(¥)
for some constant M > 0. In other words: the mapping
U — ||Defys (U)|H; ™ (%)]] (6.27)

is an equivalent norm on the space H)(%).

Proof: If the claimed inequality (6.27) is false, there exists a sequence U’ € ]ﬁl;(%), ] =
1,2, ... such that

|U7|H(6)|| =1 Vji=1,2,... lim |[Defy(U’)[H;™(%)|| = 0.

J]—00

Due to the compact embedding ﬁ;(%) C H3(¢) C H;~'(%), a convergent subsequence
U, U”,...in Hf,_l(%) can be selected. Let U° = limy_, ., U’*. Then

[Defi (U%) H574(@) | = Jmn [|Defie(U7)[H74(@) | = 0

and U" is a Killing’s vector field. Since U(x) = 0on T, due to Lemma 6.12 U°(z) = 0 for
all x € € which contradicts to HUO‘HISD(%)H = limy_00 HU“ ‘H;(%)H =1. [

Let us check the following equalities for a later use:

VaU = [Z;U] s T (A0 Yo, (6.28)
where
n+1 n n
U:i=) Upd™=> Une™, Ulyy=> SlUn, Dneri=0,, d'"':=.4
m=1 m=1 m=1
Wa- is the extended Weingarten matrix
Vo = [DM] i (629)

and its last column and last row are 0, because Z; N, 11 = Dp1N; = Dngp1Mn41 = 0 for
j=1... n.
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In fact (see (2.13) fore some further details of calculation):

VoU:=[0;U] Z 0;Ure’ @ e
7,ky=1
= Z AU+ AN O+ | @ [dF + N ]
Jk 1

— Z ;U0 @ [dF + MN]+ D DMAN U @ [dF + NN ]

Jik=1 g,k=1
+ Y NONUDNN @ [d + MH ]+ D NN (N UYVN @ N
jk=1 j.k=1

(Z,U)d @ d* + Y M(U)E @ d™

J,k=1 J,k=1

n

+ Y AN UNZ M) @ [dF + M ] + Z NEDAN UV @ d™H

jkl 7,k=1

+ Z (D U)d™ @ d* + Z (NP UL+ D UL,,] d"H @ d"

k=1 k=1

= Z (2;U0)d’ @ d* + Z (MUY — UL M) & @ d
Jik=1 4, k=1
HAU)D (ZpM)d @d +> 24N U)d @ d™
Ji:k=1 j=1

+ Z(@n-l—lUlg)dn—H ® dk: + (@n+1U2+1)dn+1 ® dn+1

k=1
n+1 n n
=> (ZU)d @d" - Y UNZM)d @d" + (N U)Y (Z;M)d @ d*
Gik=1 jk=1 gk=1
=[25U4] s 1yx sy + (A U W e = Z UNZj M) @ d"H
7,k=1
[‘9 Uk] (n+1)x (n+1) + (AN U)W — [(WQEU )id;, ”+1} (n+1)x(n+1)
since
OpM;=0, Y AN=1, NiD; =0, Y Hd =0,
g k=1 j=1 j=1

MUY =0, MDiNe==D;Y N2==D1=0, j=1,2....n+1.
a 2 2

k=1 k=1
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For a domain §2 C R" with a smooth boundary .# := 02 and .#, C ./ -a subsurface
of non-zero measure let W' (€2, .#,) denote a subspace of functions p € W'(Q, .#,) which
is the closure of the set C'°(£2, .#,) of smooth functions ¢(x) which have vanishing trace

on .y, i.e. ¢T(2) = 0 forall 2 € .#,. The space W' (Q, .#,) inherits the standard norm
from W!(Q):

n 1/p
lp | WHQ) || = llw\Lp(Q)H+Z|I3j90{]bp(9)||] :

Since the space Wt (Q, .#4) does not contain constants, it is easy to prove the following.
Lemma 6.14 The formula

1/p

o | W@ 0) || = [Z 1052 | L) (6.30)
j=1

defines an equivalent norm in the space Wt (Q, Ap).

If € is sufficiently small, the boundary .Z. := 0f). is represented as the union of three
C'-smooth surfaces .4, = M. p UM UMy, where M. p = OC x [—¢, €] is the lateral
surface, /", = ¢ x {+¢} is the upper surface and .#_ = ¢ x {—e} is the lower surface
of the of the boundary .Z. of the layer domain .. ’

The next Lemma 6.15 is proved for a later use in § 3.

Lemma 6.15 T € W'(Q., .#), Let My = 7 X [—¢,¢], where v C I := 0% is a subset of
the boundary of the surface € of non-trivial measure. If g € 1Lo(€.), for the linear functional

Bo(u) = / g(@)ulz)de, e W (O, ) 631)

Qe
we have the following estimate:

E.(u) < Cllg|La ()] || ZgulLa(2)]] (6.32)

for some constant C' > 0 independent of u € Wl(ﬁa, Mp).

Proof: To prove (6.32) we recall that u € Wl(QE, M) vanishes on the lateral subsurface
2 € My C Mp = 0F X (—¢,¢).

Let %; be the “parallel” surface to the mid-surface %" on a distance |¢| and for negative
t < 0 the surface %; is "below” %, while for positive ¢ > 0 is “above” %, i.e., in the

direction of the normal vector filed v(2°), 2 € €. Note, that €+,. = A, 5 . Taking u(2, 1),
2 € €, —e < t < ¢ from a dense subset of the space W' (2., .#,) we can assume that
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u(-,t) € Wl(%) for all fixed —e < ¢ < e. Since u(2,t) vanishes on the part of the
boundary .#, N 0%;, the Sobolev semi-norm

3 1/2
lu( WG o = | Zgu(-, ) [La ()| = [Z/g I%U(%,t)FdU]

turns into the norm and is equivalent to the standard Sobolev norm

/2

lu(-, t) WS : [/ |u1t|da+2/|@u%t2da]

for all t € [—¢, €], which means
Mlu(-, ) WHE) || < [lu(-, )W (E)]lo < [lul-, t)[ W (E)||

for some constant 0 < M < 1, independent of ¢ and w. From this equivalence we get the
estimate

1— M?

lu(, L (G)II* < 1Zeu(-, ) La(€)]*. (6.33)

By integrating the obtained inequality with respect to the variable ¢ we get the following final
estimate

V1= M2 —~
[l Lo (92.)]] < TH%MLQ(QE)H Yu € WHQ., .4). (6.34)

The estimate in (6.32) follows with the help of the Cauchy inequality and inequality
(6.34):

| sty Vi- M

< [lg e (€2) [[[JuTLa(2:)]] < 19/Lea (€2 [[[| Z L (2

M  m

Remark 6.16 Let us stress that in estimate (6.32) we only need the surface derivatives

D1, Dy and Ds. If we would have g € W(Q.), then we should assume u € WI(QE). These
spaces are dual and, therefore if the integral in the functional E. in (6.31), is understood as
the duality, the functional E. is bounded, but then estimate writes

Ee(u) < CllglLa(Qo)|| [ Za.ullo(Q)ll,  Zo. = (21,22, P5,20)".  (6.35)

In this estimate all derivatives, the surface and the transversal 0, = 0,, = Y, (the normal to
the surface €' ) are participating.
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7 AUXILIARY FROM THE OPERATOR THEORY

The results exposed in the present section will be applied to complex valued matrices,
which are identified with operators in the finite dimensional space C. Nevertheless, we will
formulate results in general setting of operators in a Hilbert space.

Throughout this section we assume that §) is a Hilbert space with respect to some con-
tinuous scalar product, a bilinear form (-,-) : $ x H — C, i.e.,

O+ pw,v) = Muyv) + Jw,v), (W Ao+ 12) = Mu, v) + plu, 2),

‘(u,v)‘<0||u||ﬁ||v||,~,, Vu,we$H, Vuv,ze$N,
(90’1#):(%90) v§0>w€~6

Recall, that the dual operator (A*p, 1) = (p, Ay) maps continuously the same space
A" H — Hand A € Z(9) is self-adjoint operator if

(Ap, ) =(p, AY) Vo, Y eN. (7.1)
A € Z($,H) is positive definite (or coercive) if the inequality

(Ap, ) = C|le|9]? (7.2)
holds for some constant C' > 0 and all ¢ € ).

Lemma 7.1 Let A € £($)). The inequality

|Ag|9] = Clle|9] (7.3)

with some constant C' > 0 holds if and only if the operator A is normally solvable 3 A =
& A and injective Ker A = {0}.

Proof. If the inequality (7.3) holds, then Ap = 0, ¢ € $ implies ¢ = 0 and Ker A = {0}.
Now let ¢; = Ap; — 1y (convergence in the norm). From (7.3) follows the convergence
©; — o. Due to continuity of A this implies Apy = ¢y € I A and F A is closed.

Vice versa, let A be normally solvable and Ker A = {0}. Then < A is a Hilbert space,
subspace of $) and the operator A : $ — & A is bijective. Due to the Banach’s Inverse
mapping theorem A is invertible: there exists B € £ (3 A) such that ABz = 2 BAy =y

forallz € SAandally € $. Inserting in | By|9| < C||¢|S A| = [[|9)]| the equality
= Agp, p € 5, we get (7.3). .

Definition 7.2 For an operator A € £ () the closed set

Y(A) = {(Ap,p) : v €N}, (7.4)

where the overbar denotes closing of the set, is called the spectral set of A.

Lemma 7.3 If the spectral set 3(A) of an operator A € £ () is real valued ¥.(A) C R,
then A is self-adjoint.
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Proof. We proceed as follows:
1
Up, ) = 7{Alp+).0+v)— Al — vl 0 — 1)

FilAlp + i), o + i) — i(Alp — i), o — i4)]}

= i{(A[¢+¢],¢+¢) —(Alp — 9], 0 =)

HiAlp T W] g+ D) — dAlp — W]~ i)
= Hotv Ao+ o) - - v, Alp v

+ilp + i), Alp + i) — iCo — i), Alp — i)}
= (A, e

since (Au,u) = (Au, u) by the condition 3(A) C R and (Au,u) = (u, Au) by the defini-
tion. ]

Corollary 7.4 If an operator A € £ () is positive definite, it is self-adjoint and invertible.

Proof. If A is positive definite, its spectral set is real valued and A is self-adjoint.
From (7.2) we get

lAg[9lle|9ll > (Ap, ) = Clle|9|?

and further
[Ap|9|ll = Clleloll, ¢en. (7.5)

Due to Lemma 7.1 the inequality (7.2) implies that A is normally solvable and has a trivial
kernel Ker A = {0}. Being self-adjoint A* = A the operator has the trivial cokernel
dim Coker A = dim Ker A = 0 (due to (7.2) Ay = 0 implies that ¢ = 0). Therefore, A is
invertible. |

Let A € Z($) and A = RH,4 be its left polar decomposition, where R € SO($))
is the orthogonal (unitary) operator R* = R~! and H 4 is positive, self adjoint (Hermitian)
operator

(Hap,9) = Collol?,  Co>0, Hy=Hs, Veeh

Let us check, that H4 = vV A* A. Indeed, if A = RUy4, then A* = H4,R* = H4R ! and

VA*A = /H,R RH, = \/H = Hy. »
Similarly, for the right polar decomposition A = H,R’ we get H, = VA A™.

Note, that if A is positive definite (or, at least, has a real valued spectral set), then A

is self adjoint A* = A and the polar decomposition is trivial Hy = H, = VAA = A,
R=R =L
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Note, that the norm has the following property:
|IRAR| = |RA| = ||AR|| = || A]| VAec Z(®H), and VR e SO($H). (7.6)

Indeed,

IRA[| = inf V(RA)RAy, ) = inf V(A'R'RAp, ¢) = inf /(4" Ap,¢) = | A].

By using the obtained equality and recalling that ||A|| = ||A"|| and R € SO($) implies
R* € SO($), we prove the following

IAR] = [[(AR)"]| = [[R"A™[| = [|A][ .

As a consequence, |[RAR|| = ||[RA| = ||[AR|| = || A]|- [

Next we will prove, that if A = RH 4 is the left polar decomposition, then

dist(A,SO(9)) = |Ha — I|| if A is invertible,

(7.7)
dist(A,SO(9)) < |[Ha —I|| otherwise.

Indeed, due to (7.6),

dist(A4,80(9) = inf |RHa-V|= inf [R'(RHa- V)]
= inf ||HA_R*V“ [Ha — 1],
VesSOH

since I, R*V € SO($).

The second inequality in (7.7) is proved. To prove the first equality in (7.7) we assume
A is invertible and...

The subsequent proof has to be modified later

Let us show that a small perturbation R(¢) := R + tU, [t| < €, of R by arbitrary matrix
U with the constraint R(t) € SO($) (i.e., R(t)R*(¢t) = I for all |t| < ¢) gives

inf |4 — R(t)|| =inf inf V(A -R(t))p, (A - R(t))y)

=inf mf V(A =R(@1)*(A—R(t))p, )

teER pEN

=inf inf \/( [(Ha —1)2 —t(U*A + A™U)| ¢, ¢)

teR peH

—inf inf \/(Ha — I)2¢, ) = mf%( Hy — Do, (Ha — I)p)

teR peH

=|Ha -1

because the minimization by ¢ shows, that the norm minimizes at (U*A+ A*U) = (U*A+
A"U)* = 0. n
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8 GEOMETRIC RIGIDITY
The basic rigidity result relevant to passage to the thin plate limit is the following.

Proposition 8.1 (see [FJM1]) Let () be a bounded Lipschitz domain in R", n > 2 and
1 < p < co. There exists a constant C(Q) with the following property: For each U € W'(Q)
there is an associated rotation Ry € SO(n) such that,

|V U = Ry|L,(Q)| < C(Q)||dist(V U, SO(n)) |L,(Q)]| - (8.1)

The result is sharp in the sense that neither the norm on the right hand side nor the power
with which it appears can be improved.

By considering the special case when the right hand side in (8.1) is zero, Proposition 8.1
reduces to the following.

Corollary 8.2 (Liouville theorem) Ler ) be a bounded Lipschitz domain in R", n > 2. If
U is a W'(QQ) map which satisfies the partial differential equation

VU (z) € SO(n) ae. in €, (8.2)
then it is affine U(x) = Rx + ¢, R € SO(n), ¢ = const or, equivalently, VU = R € SO(n).

Proof: In the setting of Sobolev maps this was first proved by Reshetnyak [Re67]. A short
modern proof belongs to G. Friesecke, R.D. James & S. Miiller [FIM1] and consists of three
observations.

First, for n x n matrix A = [a],xx let cof A denote the matrix of cofactors of A4, i.e.,

cof A = [(—1)*"detdy] (8.3)

nxn

where A;y is the (n — 1) x (n — 1) matrix obtained from A by deleting the j-th row and the
k-th column. It is well-known that

divcof VU =0  forall U € W'(Q). (8.4)

Note first that if the equality (8.4) is proved for U € C?(Q), it can be extended to
arbitrary U € W'(Q).
We have to prove

3

Cz’ = 8k(cofV U)k‘z :O, 1= 1,...,”. (85)

k=1

Note, that C; can be formally written as

O, Dy 0,
R, RO anv(i)

Ci=det | 0 0 (8.6)
alvizizl 821)7(21 T anvgzl
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where v = (Uy,--- ,U;_1,Uiy1,--- ,Uy,). The equality (8.5) follows from the following
assertion: For any u = (uy, - - u,_1) € C*(R" 1)

81 82 ce 8n
o1u Ol s Opu

det | 00 A T —0, (8.7)
a1un—1 82un—1 e 8nun—1

which can be easily proved by induction, expanding the determinant with respect to the last
row.

Second, (8.2) implies that U is harmonic, and in particular smooth. To prove this recall,
that if A € GL(n) is an invertible matrix, A~* = det A(cof A)". In particular, for B €
SO(n), which means B~! = BT, det B = 1, we get cof B = B. Then from the asserted
inclusion VU € SO(n) we get V(U)(x) = cof V U(z) and by taking the divergence we get
the following:

AU =divVU =divcof VU (z) = 0.

Third, the second gradient squared of any harmonic map can be expressed pointwise via
derivatives of the inner products,

1
5 (IVU]? =n) =(VUAVU)+ VU] = |[V*U* (8.8)
but [V U|* — n = 0 when U satisfies (8.2). ]
An estimate in terms of € + /¢, where ¢ := ||dlst (VU,SO(n ‘ |]L ||, is much easier

to prove, but is insufficient for the application to plate theory, where one needs to sum the
estimate over many small cubes of size h.

Corollary 8.3 (see [Re67]) If U; — U in WH(Q) and dist(V U;,SO(n)) — 0 in measure,
then V U; — R in Ly(Q2) for some constant rotation matrix R € SO(n)).

Let us remind, that the space of n x n matrices M"*"(R) is a real Hilbert space with
respect to the inner product (3.12) and the norm

|A|| := /Tr(AAT) = \/Tr(ATA) = /Z%, VA=ay) . - (8.9)

Note, that the norm has the following property:
IRAR|| = ||RA| = ||AR|| = ||A]| VAeM™" and VR e€SO(n). (8.10)
Indeed,

IRA[ = \/Tr[(RA)T(RA)] = VTr(ATRTRA) = /Tr(ATA) = ||A],

|AR|| = /Tr[(AR)(AR)T] = /Tr(ARRTAT) = \/Tr(AAT) = || A|
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and, as a consequence, ||RAR|| = ||RA| = ||AR]| = || A]|. [

Let A = RH 4 be the left polar decomposition of a matrix A, where R € SO(n) is the
orthogonal (unitary) matrix R' = R~! and H 4 is positive, self adjoint (Hermitian) matrix

<HA€7£> > COH£H27 CO > 07 H:X = HA7 v£ cC.
Let us check, that Hy = VAT A. Indeed, if A = RU4, then A" = H}R" = HyR™! and
VATAI\/HARflRHA:\/H2:HA. |

Similarly, for the right polar decomposition A = H, R’ we get H/, = VA AT.

By analogue with (7.7) is proved, that it A = RH 4 is the left polar decomposition of A,
then

dist(A,SO(n)) = ||Ha — 1| ifdet A#0 (i.e., Aisinvertible),
dist(A,SO(n)) < ||Ha — | otherwise.

(8.11)
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Chapter 2

['-CONVERGENCE BY NUMBERS

3 SOME PRELIMINARIES

The main purpose of the present chapter is to introduce I'-convergence, discuss it‘s prop-
erties and demonstrate its application on a simplest version of dimension-reduced problems.
['-convergence was introduced by De Giorgi in [DF1] and represents powerful toolkit for the
investigation of various dimension-reduction problems.

Our exposition follows mostly the book [Br1]. Let N, denote the set of positive integers,
N:= N, U {0} and R the set of real numbers.

Definition 3.1 Let f : X — R. We define the lower limit (lim inf for short) of f at x as

liminff (y) = inf {liminff (xj)rz; € X, 2; > }
j

Yy—x
= inf {limf(a:j) cx; € X, xj — x, Ilim f (x) } :
J J

and upper limit (lim sup for short) of f at x as

limsupf (y) = sup {limsqpf(xj) cx;€X, rj = }

y—w J

= sup {limf(:vj) rxj € X, x; — x, 3lim f (x) }
J J

The lower limit is linked to our minimum problems much more then the upper limit. The
first notion will be preferred in our statements, but many results will obviously hold for the
limsup, with the due changes. Definition (3.1) can also be given if f is not defined in the
whole X (in this case the z; must be taken in the domain of f); in particular, we can have
X = N and x = oo and recover the usual definition of lim inf and lim sup for sequences.

By taking z; = = we always get liminff (y) < f (x). Moreover, it can easily checked
y—x
that
liminf (- f (y)) = —liminf f (y),

y—w Yy—T
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liminf (f (y) + g (y)) > liminff (y) + lim infg (v), 2.1

Yy—x Yy—x

lim inf (f (y) + g (y)) < limsupf (y) + lim infg (y).

Yy—x Yy—T

A way to interpret these limit operators is that they give the sharpest upper and lower
bounds for the behaviour of f close to x : that is, for all € > 0 we will have

liminff (y) —e < f () < hm_)inff (y) +e,

Yy—x

provided that d (x,2°) < 6 = ¢ (¢) . With this observation in mind it can be easily checked
that we have the equivalent topological definitions:

liminff (y) = sup inf f(y), limsupf(y) inf supf (y), (2.2)

y—e UeN(z)¥eU y—x UEN(z)yeU
where we have used the notation N (z) for the family of all open sets containing a point
r e X.
4 LOWER SEMICONTINUITY

Definition 4.1 A function f : X — R will be said to be (sequentially) lower semicontinuous
functions (.s.c for short) at x € X, if for every sequence (x;) converging to x we have

f(z) < liminf f (z;),
J
or, in other words,
f (z) = min {liminff () : ;= } :
J

We will say that f is lower semicontinuous functions (Ls.c for short) (on X) if it is l.s.c at
allr € X.

Remark 4.2 The following conditions are equivalent:

(1) f is lower semicontinuous.
(17) we have f (z) =liminf, ., f (y), forallx € X.
(i) for all t € R the sublevel set { f < t} is closed.

Indeed the equivalence of () and (i7) is given by (2.2). Note that (i) implies that if
f(x;) < tand z; — x then f(x) < t, while if there exists = and z; — z such that
f(z) >t > liminf; f (x;) then (4ii) is violated for such a t.

Remark 4.3 (i) If f and g are Ls.c at x, then so is f + g by (2.1).
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(17) Let {f;:i € I} be a family of Ls.c functions (I an arbitrary set of indices, not
necessarily countable). Then the function defined by f (x) = sup, f; (x) is Ls.c. In fact, for
fixed v € X and xv; — v, we have

i () < liminf f; (x;) < liminf f (z).

By taking the supremum for i € I we obtain f (z) < liminf; f (z;). In particular, the
supremum of a family of continues functions is L.s.c.

(tit) If f = xg is the characteristic function of the set E, then f is Ls.c, if and only if
E is open, by Remark (4.2) (ii).

(iv) A function f : X — R is called upper semicontinuous if —f is Ls.c. All the
results of this section have an obvious counterpart for upper semicontinuous functions. In
particular f = x g is upper semicontinuous if and only if F closed.

5 CONVEXITY

Definition 5.1 We recall that a function f : R" — (—o0, +00] is convex if we have
fter+ (1 —t)z) <tf(21) + (1 —1) f(22)
forall z;, z» € R"and t € (0,1).

Remark 5.2 (a) The convexity of f is equivalent to requiring that Jensen's inequality holds:

f( / gdu) < [ fto)an 23)

for all probability spaces (X, j1) and measurable f : X — R™.
(b) If f € C'(R"), then it is convex if and only if

FE < @)+ (f ()2 —w) 2.4

’

forall z,w € R"™.
(c) The supremum of the family of convex functions is convex.

(d) If f is a convex function and f is finite at every point of en open set ), then f is
continuous on 2 and locally Lipschitz continuous on ).

(e) If f is convex and there exists 1 < p < oo and ¢ > 0 such that
0< f(z) <c(l+]27)
for all z € R", then f satisfies the local Lipschitz condition
[ (2) = flo)l < (T4 |27+ fwl”™) |2 = w (2.5)

for all z,w € R™ for some ¢ defending only ¢ and p.

() If f; : R" = R is a sequence of locally equi-bounded convex functions then there
exists a subsequence of (f;) converging uniformly on all compact subsets of R".

We can now recall the definition of I'-convergence and make some first remark.
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6 ['-CONVERGENCE

Definition 6.1 (I'-convergence) We say that a sequence f; : X — R T-converges in X to
foo : X = Rifforall x € X we have

(¢) (lim inf inequality) For every sequence (z;) converging to z,

foo (x) < liminf f; (z;); (2.6)
j

0

(74) (lim sup inequality) There exists a sequence (x]) converging to z, such that

foo (x) = limsup f; (m?) ; (6.1)
J

The function f,, is called the I'-limit of ( f;) and we write f., = ['-lim; f;.

Pointwise definition. The definition above can be also given a fixed point z € X : we
say that (f;) I'-convergence at z to the value f,, () if (), (¢4) above hold. In this case we

write _
fo (2) = Tl f; (2).
In this notation, f; I'-convergence to f, if and only if

foo (@) = T-lim £, (2)

atall z € X.

If we want to highlight the role of the metric, we can add the dependence on the distance
d, and write I' (d)-lim; I" (d)-convergence and so on.

Different ways of writing the lim sup inequality. Note that if (z;) satisfies the lim sup
inequality, then by (2.6) we have

foo (@) <liminf f; (z) < limsup f; () < [ (2),
J j

so that indeed

foo (@) = li]mfj (25)

hence (77) can be substituted by

(z'i)' (exitance of a recovery sequence) there exists a sequence () converging to x, such
that
foo (1) = li]m fi(z5); (2.8)

On the other hand, sometimes it is more convenient to prove (i:) with a small error and
then deduce its validity by an approximation argument: that is, (iz) can be replaced by

(4i)" (approximate lim sup inequality) for all £ > 0 there exists a sequence (x;) con-

verging to x, such that
foo (x) > limsup f; (x;) — €. (2.9)
J
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In the following (and in the literature) all conditions (i4), (i), (i7)" are equally referred
to as the lim sup inequality or as the exitance of a recovery sequence.

Note that the lim inf inequality (i) can be rewritten as
foo () <inf {limirjlf fi(z): z; > } :
Trivially, we always have
inf {limil}ffj (zj): x;j = } < inf {limsqp fi(z): zj > }

J

and if (7;) is a recovery sequence for (ii) we have

inf {limsup filz;): zj > } < limsup f; (7;) < fx (2),
J J

so that (7) and (iz) imply that we have

fso () = min {liminf filz;): ;= } = min {limsup fi(z;): ;> } . (2.10)
] ,

J

(and actually both minima are obtained as limits along a recovery sequence). It is impor-
tant to keep in mind this characterization as many properties of the I'-limit will be easily
explained from it.

Remark 6.2 (I'-convergence as an equality of upper and lower bounds) It is sometimes
convenient to state the equality in (2.10) as an equality of imfima

foo () = inf {liminffj (xj): xj = } = inf {limsupfj (xj): x;j = } . (211
; :

J

This equality is indeed equivalent to the definition of I'-limit, that is, the I'-limit exists if
and only if the two infima in (2.11) are equal. This characterization will be important in that
in this way the exitance of the I'-limit (which not always exists) is expressed as the equality
of two quantities which are always defined and which can (and will) be studied separately.
The first quantity can be thought as the lower bound for the I'-limit, the second as an upper
bound.

By (2.11) we obtain in particular that the I'-limit, if it exists, is unique.

Remark 6.3 (stability under continuous perturbations). An important property of I'-
converges is its stability under continuous perturbations: if (f;) I'-converges to f., and
g : X — [—00,400] is a d-continuous function then (f; + g) I'-converges to fo, + g.

This is an immediate consequence of the definition, since if (i) holds then for all z € X
and x; — x we get

foo () 4+ g (2) < lim il}f fi () + lijmg (z;) = lim ifjlf (fi () + g (7)),

while if (m)/ above holds then we get
foo (2) + g (2) = lim f; (2;) +lim g (2;) = lim (f; () + g (2;))
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Remark 6.4 (I'-limit of a constant sequence). Consider the simplest case f; = f for all
J € N. In this case it will be easily seen that f; I'-convergence. By the liminf inequality,
the limit f., must satisfy

foo (x) < hminff(xj)

forall v and x; — x. If f is not lower semicontinuous then there exists T and a sequence
T; — T such that

liminf f; (77) < f (7)),
J

hence, in particular f, (T) # f (T). This shows that I'-convergence does not satisfy the re-
quirement that a constant sequence f; = f converges to f (if f is not lower semicontinuous).
We will see however that this holds true in the family of lower semicontinuous functions (see
Remark (6.6))

Remark 6.5 (dependence on the metric). The choice of the metric on X is clearly a funda-
mental step in problems involving I'-limit. In general, even when two distance d and d’ are
comfortable; That is

limd (zj,2) =0 = limd (x;,z) = 0. (2.12)
J J

The exitance of 1'-limit in one metric does not imply the existence of the 1'-limit in the
second (see examples in Section 1.3). However, in this situation, if both I'-limits exist then
we have

D(d) ~lm f; <T (d’) ~ lim f;.

This is clear, for example, from the characterization (2.10) since the set of converging
sequences for d is larger than that is for d .

Remark 6.6 (comparison with pointwise and uniform limits). As a very particular case,

we can consider the metric d of the discrete topology (where the only converging sequences
are constant sequences). In this case the I'-limit coincides with the pointwise limit (if it
exists). If d is any other metric then (2.12) holds trivially, so that we obtain

I'(d) — lim f; < lim f;
J j
as a particular case of the previous remark.

If f; converges uniformly to a f on an open set U (in particular if f; = f) and f is Ls.c.
then we have also that f; I'-convergence to f. Indeed, the lim sup inequality is obtained by
the constant sequence, while the liminf inequality is immediately verified once we remark
thatif x; — x € U, then z; € U, for j large enough, so that

limiljl.f fi(x;) = li}n (fi (z5) — [ (x5)) +limiljlf fi(x) > f(x).
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7 SOME EXAMPLES ON THE REAL LINE

In this section we will compute some simple I'-limit of functions defined on the real line
(equipped with the usual Euclidean distance) and will also compare it with the point-wise
convergence, which can be thought of as a I'-limit with respect to the discrete metric, as
explained in Remark 6.6.

We have seen that a constant sequence f; = f I'-converges to f if and only if f is
lower semicontinuous. Hence, if f is not L.s.c the point-wise limit and I"-limit are different.
Now we construct an example where these two limits differ even if the pointwise limit is
lower semicontinuous.

Example 1. Let
fi () = f1(4t),
where
fi(t) = V2texp (— (2t —1) /2)
or N N
1, if t= =1,
hilt) = { 0, otherwise.

Then f; — 0 pointwise, but I' — lim; f; = f, where
|0, if t+#0,
f(t)_{—L i t=0.

Indeed, the sequence f; converges locally uniformly (and hence also I'-converges) to 0 in
R\ {0}, while clearly the optimal sequence for x = 0 is —1/j, for which f; (z;) = —1.In
this case the pointwise and I'-limits both exist and are different at one point.

Example 2. Take

where f; is as in the previous example. Clearly, the I'-limit remains unchanged. This shows

that in general
[-lim (- f;) # —T-lim f;,
J J
[-lim (f; + g;) # I-lim f; + I-lim g;.
J J J

(taking in the example g; = — f;) even if all functions are continuous.

The pointwise and I'-limits may exist and be different at every point. Take g; = f;,
where

0, if t¢Qort==% withkeZandne{1,..,;}
9; (t) =

—1, otherwise.

We then have f; — —1. The liminf inequality is trivial and limsup inequality is easily
obtained by remarking that {g; = —1} is dance for all j € N.

Example 3. There may be no pointwise converging subsequence of ( f;) but the I'-lim; f;
may exist all the same. Take, for example, f; (t) = — cos (jt) . In this case I'-lim; f; = —1.
Again, the liminf inequality is trivial, while the lim sup inequality is easily obtained by
taking, for example, =; = [jx /27| 27/ ([t] the integer part of ?).
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The sequence f; may be converging pointwise, but may not I'-converge. Take for exam-

ple |

fi=(=1)"g;,
where g;, is defined in Example 2. In this case f; — 0 pointwise, but the I'-lim; f; does not
exist at any point.

8 FUNCTION SPACES AND THEIR PROPERTIES

In all the follows (a, b) is bounded open interval of R.
The norm (or quasi norm) of the space L,(a,b) (0 < p < 00) is defined by

b 1/p
T ( / \f(w)lpdu(x)> . (0<p<) @13
and
1oy = inf (o s (@) = AL} =) .14

It is well known that

1/p
o = Jim ([ 1rranta)) @.15)

Definition 8.1 (Weak derivative). We say that u € Lq(a,b) is weakly differentiable if a
function g € Li(a,b) exists such that the following integration by parts formula holds

b b
/ugpdt:—/ggodt

forall ¢ € C}(a,b). If such g exists then it is called the weak derivative of u and is denoted
u .

Remark 8.2 The notion of weak derivative is an extension of notion of classical derivative:
If u € C'(a,b) and its classical derivative belongs to L (a, b) then the classical derivative
coincides with its weak derivative. The function v — |x| is weakly differentiable in any
(a,b), but uw ¢ C'(—1,1) and its weak derivative is the function x — x/ ||, which in turn
is not weakly differentiable in (—1,1).

Definition 8.3 (Sobolev spaces) Let p € (0. + oo] . The Sobolev spaces W'? (a, ) is defined
as the space of all weakly differentiable u € Ly(a,b) such that u' € L,(a,b). The norm of u
in W2 (a,b) is defined as

(P
Hunlp a,b) = HuHLP a,b) ™ Hu ‘ Ly(a,b) ’

The space WP (R) consists of such functions u for which u € W, (I) for all bounded open
intervals I C R.
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Remark 8.4 The Sobolev spaces W' (a,b) equipped with the natural norm, indicated in
Definition 8.3, is a Banach space. This is easily checked upon identifying W' (a,b) with
the subspace of L,(a,b) x Ly(a,b) of all pairs (u,u’) with w € WP (a,b). The same
identification shows that W'P (a, b) is separable if 1 < p < oo.

Theorem 8.5 (pointwise value of Sobolev spaces). Let u € WP (a,b). Then there exists
u € C} [(a,b)] such, that uw = u a.e. on (a,b) and

i(y) — i (z) = /y oL 2.16)

forall x,y € [a,b] . We commontly identify u with its continuous reprensentative u' whenever
pointwise values are taken into account.

Remark 8.6 (boundary values). If W (a,b) then the boundary values u (a) and u (b) are
uniquely defined by the values u (a) and u (b) , respectively. We may then extand a function

W (a,b) to the function W,5" (R) by simply setting u (t) = u (a) for t < a and u (t) = b,
fort >b.

Theorem 8.7 (equivalent definitions of Sobolev spaces). Let 1 < p < 0o. Then the follow-
ing statements are equivalent:

(i) u € WP (a,b).
(ii) There exists C' > 0, such that

b
[ s < Cllel o

for arbitrary ¢ € C}(a,b).
(iii) There exists C' > 0, such that for all for all I C (a,b) and for all h € R such that
|h| < dist (I,{a,b}) we have
| Thu — u||Lp(1) < Clhl,

where Thu = u (t — h) .
(iv) There exists a sequence (u;) in C* ([a, b]) such that

li]m [y = vllyyrpgp =0 (2.17)

(v) There exists a sequence (u;) in C™ (R) such that (2.17) holds.

(vi) There exists a sequence (u;) in C* (R) such that sup; |[u; ||y, ) < 00 and

11§n |lu; — u||Lp(a’b) = 0.
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Remark 8.8 (a) The best constant C'in (ii) and (iii) above is ||u/ HL (ab) "
p\@,

(b) If p = 1 then (i) =(ii)<(iii). Note that the function x — x/ |x| satisfies (ii)-(vi) with
p = 1 but does not belongs to W' (—1,1) .

(c) By (iii) we easily see that WY (a, ) coincides with the space lip (a,b) of all Lips-
chitz functions on (a, b) and Hu/ H Loo(ad) is the best Lipschitz constant for u.

Theorem 8.9 (embedding results). There exists a constant C' = C (a, b) such that
ully (o) < C lullyroy (2.18)
Moreover, we have compact embeddings
W (a,b) C C° ([a,b]) (2.19)

for1l < p < ooand
W (a,b) C Ly(a,b)
forall g > 1.

Definition 8.10 The space W, (a,b) is defined as the closure of CS° (a,b) in the W,*-
norm, or equivalently, as the set of those u € WP (a,b) with boundary values u (a) =

u (b) = 0.

Theorem 8.11 (Poincare‘s inequality). There exists a constant C' = C' (a, b) such that

’
u

, (2.20)

fulbinouny < ]|,

for all w € WP (a,b) such that u (x) = 0, for some x € [a,b] . In particular this holds for
u e WyP (a,b).

Definition 8.12 Let u : (a,b) — R be measurable function. The total variation of u on (a, b)
is defined as

Var (u, (a,b)) :=
v=u, a.e. on (a,b

N
—  inf )sup{2|v(ti+1)—v(ti)|:a<t0<...<tN<b,N€N}
=1

If Var (u, (a,b)) < oo then we say that u is a function of bounded variation. We simply
write Var (u) if (a,b) is fixed.

Remark 8.13 Ifu € W' (a,b) , then
b
Var (u,(a,b)) = /

In particular, u is a function of bounded variation. Note that also

v(z) = /x|

is a function of bounded variation with Var (v, (—1,1)) = 2.

u/‘ dt.
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9 MORE PROPERTIES OF I'-LIMITS
From the definition of I'-convergence we immediately obtain the following properties.
Remark 9.1 If {f; } is a subsequence of { f;}, then

I' —lim inf f; <T' — lim i%f fins I' —lim sup f;, <I'—lim sup f;.
J k J

In particular, if foo = I' — lim; f; exists then for every increasing sequence of integers jy,
foo = F — hmk fjlc'

Remark 9.2 If g is a continuous function then f., + g = I' —lim;(f; + g); more in general,
if g; — g uniformly then fo + g = I' — lim;(f; + g;). In particular, if f; — f uniformly on
an open set U, then I' — lim; f; = sc f On U.

Remark 9.3 If f; — [ pointwise, then I' — lim sup; f; < [ and, hence, I' — lim sup; f; <
sc f.

We can state some simple but important cases when I'-limit does exist and is computed
easily.

Proposition 9.4 (I'-limit of monotone sequaences) (i) (decreasing sequences) If f; 1 <
fjforall j €N, then

I' —lim f; = sc(inf f;) = sc(lim f;). (9.1)
J J J

(ii) (increasing sequences) If f; < fj41 forall j € N, then

I' — lim f; = sc(sup sc f;) = lim scf;. 9.2)
J j J

In particular, if f; is Ls.c. for every j € N, then

I' — lim f; = lim f;. 9.3)
j J
In particular, if f; is l.s.c. for every j € N, then

Proof: As f; — inf}, fj. pointwise, by Remark 9.3 we have I' — lim sup; f; < sc(infy, f;),

while the other inequality is trivially derived from the inequality sc(infy, f;) < infy fi < f;
and (i) is proved.

To prove (ii) note that since sc f; — sup,, sc fi pointwise, by Remark 9.3

I' —lim sup f; = I' — lim sup sc f; < sup sc fi.
J J k

On the other hand sc f;, < f; for all j > k so that the converse inequality follows easily. m
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Remark 9.5 By Proposition 9.4.(ii), if f; is a equi-mildly coercive non-decreasing sequence
of Ls.c. functions, then sup; minx f; = miny sup; f;.

Proposition 9.6 (Compactness of I'-convergence) Let (X, d) be a separable metric space.

and forall j € Nlet f; : X — R be a function. Then there exists a subsequence fj,. such
that the I'-limit I' — limy, f;, exists for all x € X.

Proof: Let {U,} be a countable base of open sets in the topology of X. Since R is compact,
there exists an increasing sequence of integers {o}, along which the limit

hjm ylengo fr05(y)

exists, and for all k& > 1 we define {0}, recurrently as a subsequence of {af‘l}j along
which the limit

lim inf for;(y)

exists. The “duiagonal” sequence j+k := o} being a subsequence of {ajf };, has the property

that the limit
lim inf f;, (y)
J yel;

exists for all £ € N. In particular, we have
lim 1%f yléléé fie(y) = lim sgp ylélée fie(y)
for all ¢ € N, and the claimed convergence follows. ]

Remark 9.7 If (X, d) is not a separable metric space, then Proposition 9.6 fails. As an
example we can take X = {—1,1}" equipped with the discrete topology. X is metrizable
and T'-convergence on X is equivalent to pointwise convergence. We take the sequence
fi + X — {-=1,1} defined by f;(z) = x; if v = (vo,x1,...). If {fj,} is a subsequence
of {f;} and we define x by z;, = (—1)* and x; = 1if j & {jx : k € N}, then the limit
limy, f;, (z) does not exist. Hence no subsequence of { f;} I'-converges.

['-convergence enjoys the following useful property.

Proposition 9.8 (Urisohn property of I'-convergence) We have f., = I' — lim; f; if and
only if for every subsequence { f; } there exists a further subsequence which I'-converges to

oo

Proof: Clearly, if f; I'-converges to f, then every subsequence of f; I'-converges to the
same limit (see Remark 9.1).

For an increasing sequence of integers {j; } we have

I' = lim inf f; <T' — lim ir}if fir <T'—lim sup f;, <TI' —lim sup f;.
J k J
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Hence if I' — lim infy, fj, () = foo(z) but I' — lim f;(x) does not exist we have

either f.(z) <I'—limsup fj(z) or fo(z) =T —lim inf f;(x).
j J

In the first case we have

foo(x) < sup lim sup inf f;(y),
Ue At (z) i vevu

so that there exists U € .4"(x) with the property
foo(x) < lim sup inf f;(y).
j yelU
This means that there exists a subsequence { f;, } of { f;} along which
foolw) < lim inf inf f;, (),

so that f(z) < I' — lim infy in(fj fj.(y) leads to a contradiction. In the second case a
ye

sequence x; converging to x exists such that lim inf; f;(z;) < fw(x). This means that
I' — lim supy, f;,, foo(2), thus giving a contradiction. |

Proposition 9.9 Let X be a topological vector space. If {f;} is the sequence of convex
functions, the U-limit f :=T' — lim sup, f; is also a convex function.

The statement fails in general case.

Proof: We leave the proof to the reader as an exercise (see [Brl], Exercise 1.6). [
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Chapter 3

['-CONVERGENCE OF HEAT
TRANSFER EQUATION

A mixed boundary value problem for the stationary heat transfer equation in a thin layer
around a surface € with the boundary is investigated. The main object is to trace what
happens in I'-limit when the thickness of the layer converges to zero. The limit Dirichlet BVP
for the Laplace-Beltrami equation on the surface is described explicitly and we show how the
Neumann boundary conditions in the initial BVP transform in the I'-limit. For this we apply
the variational formulation and the calculus of Giinter’s tangential differential operators on a
hypersurface and layers, which allow global representation of basic differential operators and
of corresponding boundary value problems in terms of the standard Euclidean coordinates of
the ambient space R".

The exposition follows the paper of T. Buchukuri, R. Duduchava & G. Tephnadze [BDT1].

1 INTRODUCTION

The main object of the paper is to demonstrate what happens with a boundary value
problem for the Laplace equation in a thin layer Q¢ around a surface %4 in R3 when the
thickness of the layer € diminishes to zero: ¢ — 0. We impose the Neumann boundary
conditions on the upper and lower faces of the layer ¢ x {*¢} and the Dirichlet boundary
conditions on the lateral surface 0% x (—¢,¢).

The limit of the associated functionals is understood in the sense of I'-convergence
and the main tool is the representation of differential operators with the help of Gunter’s
derivatives-the system of tangential derivatives on the surface &, := 0, — v;0,, 7 = 1,2, 3
and the normal derivative 0, := Z?Zl v;0;, where v = (11, 19, 13) " is the unit normal vector
field on the mid surface 4. The first-order differential operator Z; is the directional deriva-
tive along 7 ¢/, where 7 : R?* — T'¢ is the orthogonal projection onto the tangent plane to
% and e', ..., e" is the canonical basis in the Euclidean space €/ = (d;x)1<k<3 € R?, with
d;1 denoting the Kronecker symbol (cf. [Gu94], [KGBB76], [Du02a]).

Calculus of Gunter’s derivatives on a hypersurface allows representation of the most
basic partial differential operators (PDQO’s), as well as their associated boundary value prob-
lems, on a hypersurface % in global form, in terms of the standard spatial coordinates in R".
Such BVPs arise in a variety of situations and have many practical applications. See, for
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example, [?, §72] for the heat conduction by surfaces, [?, §10] for the equations of surface
flow, [Cil], [?] for the vacuum Einstein equations describing gravitational fields, [?] for the
Navier-Stokes equations on spherical domains, as well as the references therein.

A hypersurface 4 in R? has the natural structure of a 2-dimensional Riemannian man-
ifold and the aforementioned PDE’s are not the immediate analogues of the ones corre-
sponding to the flat, Euclidean case, since they have to take into consideration geometric
characteristics of % such as curvature. Inherently, these PDE’s are originally written in local
coordinates, intrinsic to the manifold structure of % .

The surface gradient
D = (D, D2, D5)" (1.1)

is defined on %, and has a relatively simple structure. In terms of (1.1), the Laplace-Beltrami
operator on € simply becomes (see [MM84, pp. 2ff and p. 8.])

Ay =9"Y on E.

Alternatively, this is the natural operator associated with the Euler-Lagrange equations for
the variational integral

Elu] = —% /6 (P, D) dS, (1.2)

where (-, -) denotes the scalar product in R™.

A similar approach, based on the principle that, at equilibrium, the displacement mini-
mizes the potential energy, leads to the derivation of the equation for the elastic hypersurface
(cf. [DMMO6, ?] for the isotropic case).

These results are useful in numerical and engineering applications (cf. [?], [?], [?], [?],
[?], [?], [?]) and we plan to treat a number of special surfaces in greater detail in a subsequent
publication.

We consider heat conduction by an “’isotropic” medium, governed by the Laplace equa-
tions, with the classical mixed Dirichlet-Neumann boundary conditions on the boundary in
the layer domain Q° := ¢ x (—¢, €) of thickness 2¢, where ¢ C .7 is a smooth subsurface
of a closed hypersurface . with smooth nonempty boundary 9%". In particular, we confine
ourselves with zero Dirichlet and non-zero Neumann data (see Remark 4.1 for the case of
non-zero Dirichlet data):

AQET<%7t):f(%7t)7 (‘9'/725) G%X <_€75)7
TH(2,t) =0, (2,t) € OF x (—¢,¢), (1.3)
O T) (o, £e) = qc (), 7 €FC.

In the investigation we apply that the Laplace operator Aq: = 97 + 02 + 02 is represented
as the sum of the Laplace-Beltrami operator on the mid-surface, the square of the transversal
derivative and the lower order term

Ao:T = AT + T + 24,0,T, (1.4)

where 9, = 8t The Laplace-Beltrami operator Ay defined in (0.12) and the mean curvature
Z DNy (2) of the surface are extended properly from % (see the forthcoming

Lemma 2. 2)
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Introducing the function G(',t) which has the same Dirichlet and Neumann traces as
T on the 9€ x (—¢,¢) and on € x {te} respectively

1 2+ 1 2 —
z = — ) — —(t— 4 1.
Glor,t) = (b + 20 (#) = (= £ (+), (15)
we can reduce the problem (1.3) to the following boundary value problem with respect to

unknown function T =T — G

AT (2,t) = F(2,t), (2,t) € € x (—¢,¢), (1.6)
TH 2, t) = 0, (2,t) € 0F x (—¢,¢), (1.7
(O, (2, te) = 0, 2e%. (1.8)
where
Flot) = f(ot)— 4%((15 o)At (#) — (- e)Agar (#)
- @((t g () = (1= 2)a () = 5 () = 4 (+)), (19

(2,t) € € x (—¢,¢).
The BVP (1.6)-(1.8) is reformulated as the minimization problem for the functional which,

after scaling (stretching the variable ¢ = 7 and dividing the entire functional by ¢) has the
following form

1
E(T): — / / E(%TE)Z(%-,TH2%2(@7@)2(%,7)+FE(,%-,T)TE(%,T) dodr (1.10)

D1
F.(z,t) = F(a,¢et) = f(2,¢et) — Z((t + 1)2A<gqj(3{) _ Z(t _ 1)2A<gq;(ggf))

N jf%(%) ((t+ Vg () = (¢t = Doz (2)) = 2%(61?(%’) —q (), (111
T.(2,7) = Tl(o,er), T.cH(Q,0¢ x(-1,1)), F.cH YY), ¢ HX?),

(2,t) € € x (—¢,¢).

(For the definition of H!(Q2}, 8% x (—1,1)) see (4.9).)
Let

P(E) = {T cHY(QY : T(2,7) = Te(2), Ty e H(%), 7€[-1, 1]} L (1.12)

The main result of the present investigation is the following Theorem 1.1.
Theorem 1.1 Let
fo(z,t) = f(2,et) — fO2) in Ly(QY),

e—0
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¢c € H2(%) be uniformly bounded (with respect to €) in H*(€), and

lim ¢ = lim g = qo, o € Lao(%),

1
g — o :
% (Qe q. ) EjO g m ]L’?(Cg)

Then the functional in (1.10) I'-converges to the functional

/ (DeTe(7), DT (#)) +2(5(7) — Ao 7) — qu(#)) Toe(#)] dor,
EOT)=/{ % (1.13)
i TeP):
+00, if T¢PT).

The following Dirichlet boundary value problem for Laplace-Beltrami equation on the mid
surface €

AT (2) = f2(2) = HPq(2) — a(2), 2 €T,
T (2) =0, 2 € 0, (1.14)
TEHI(%% fO,Qm(h ELZ(%)a

is an equivalent reformulation of the minimization problem with the energy functional (1.13).

Remark 1.2 The BVP (1.14) is the T limit” of the initial BVP (1.3) in the following sense:
The corresponding functional (1.13) is the I'-limit of the functional (1.10), corresponding to
the BVP (1.6)-(1.8).

It is remarkable to note that the weak derivative ¢° of the Neumann condition from the
initial BVP (1.3) migrated into the right hand side of the limit equation.

Note as well that the T-limit Tyz(2') of a solution T(z,e7). T € H'(Q.) to the BVP
(1.6)-(1.8) has better smoothness Ty € H' (%) than expected.

[-limits of boundary value problems in thin structures, reformulated as a minimiza-
tion problem for the associated energy functional, were studied by many authors (see, e.g.,
[FIM1, 2, Ve82, Brl] and the literature cited therein). But mostly the Lamé equations for
elastic plates 4 C R? and zero boundary conditions were treated (the Laplace equation for
a plate is studied in [Brl]). In the papers [?, Ve82] the case of shells is treated, but with a
different technique. Our approach is based on the calculus of Giinter’s derivatives, which we
find more appropriate for such problems.

The layout of the paper is as follows. In §1-§2 we review some basic differential-
geometric concepts which are relevant for the work at hand (e.g., hypersurfaces and different
methods of their identification). In §3 we identify the most important partial differential
operators on hypersurfaces, such as gradient, divergence, Laplace-Beltrami operator. In §4
we consider the energy functional (1.2) and the associated Euler-Lagrange equation. In
sections § 5, § 6 the aforementioned approach is applied and proved main theorems of the
present paper, including Theorem 1.1.
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2 LAPLACE OPERATOR IN A LAYER DOMAIN

We will keep the notation of § 1: O, w, . and ¥. We consider a layer domain
OF = {%t ER": 2y =2+tw(2)=0@)+w(O(), zcw, —e<t< 5}

=% x (—¢,¢), (2.1)
where v(2°) = v(O(y)) for 22 = O(y) € .7, is the outer unit normal vector field (see (2.8)
and (5.4)). The surface ¢ is a mid-surface for the layer domain.

We will also use the notation v(y) := v(©(y)) for brevity unless this leads to a confu-
sion. The coordinate ¢ will be referred to as the transverse variable.

Without going into detail let us remark only that if the hypersurface . is C?-smooth and
1/e is more than the maximum of modules of all principal curvatures of the surface . (i.e.,
of all eigenvalues |\ (2)|,..., | \n_1(2)], \n(2) = 0 of the Weingarten matrix #(2),
2 € %), then the mapping

O° W' i=w X (—g,e) >, w CR",

2.2)
©%(y,t) := O(y) +tr(y), (y,1) € w*

is a diffeomorphism.

We will also suppose that .4 is a proper extension of the outer unit normal vector field
v into the layer neighborhood §2° (cf. Definition 2.2).

The n-tuple g, := 0,0,...,9,,_; := 0,-10,g,, := A4, where ./ is the proper exten-
sion of v in the neighborhood %, is a basis in {° and arbitrary vector field U = 7| U)e’
on )¢ is represented with this basis in “curvilinear coordinates”.

Let us consider the system of (n + 1)-vectors

d’=e — NN, j=1,...,n and d"':=.1, (2.3)
where e', ..., e" is the Cartesian basis in R™ (cf. (0.7)); the first n vectors d',...,d" are
tangential to the surface ¢, while the last one d™*! = 4" is orthogonal to all d !, ..., d".

This system is, obviously, linearly dependent, but full and any vector field U € # () is
written in the following form:

n n+1
U=> Uge =) Ul (2.4)
j=1 j=1

is linearly dependent

Since the system {d’ };L:ll

> Hd! =0, (N, d&)=0, j=1,...,n, (2.5)
j=1

the representation (2.4) is not unique. To fix the unique representation in (2.4) we will keep
the following convention:

J

UY=U;— (N U, j=1,...n, Ul =(NU)=)Y Uk (2.6)
j=1

I'-CONVERGENCE R.Duduchava et all



82 2. Laplace operator in a layer domain December 1 1, 2018

The convention (2.6) is natural because if the vector U (2°) is tangent to € for 2~ € €, then
Ul(z) =Uj(z)forj=1,...,nand U}, () = 0.

Moreover, if the scalar product of vectors

n n+1 n+1
U:=> Ujel=> Uld!, V:= ZVeJ—ZVOdJ 2.7)
=1 j=1

is defined by the equality
n+1

=> UV,
j=1

then the “new” and the “old” scalar products coincide:

n+1 n
Z UV =Y (U = MHAN UV = A (A V) + (AN UNAN, V)
j=1
:Z U;V; = (U, V). (2.8)
j=1
In particular,
n+1 n
U= > 107> => U = ||U|l. (2.9)
j=1 j=1

Note for a later use, that due to the equalities (2.5) and the convention (2.6) we get

Oy = ZU@ _Zan + (N, U)AH0)] ZUO — N0 )+ (N Uy
7j=1
n+1

- Z U D+ Upo1 Do = U D5 = Dy
j=1 j=1

Definition 2.1 For a function o € H'(QF) the extended gradient is

T n+1 .
Da: p = {%so, s Dntps %m@} =D (Do), Do =04¢ (2.10)
j=1
n+1
and for a smooth vector field U = Z UJQ d’ € W(F) (see (2.4), (2.6)) the extended
j=1
divergence is
n+1
divo- U ==Y QU + AN U) = =V U, (2.11)
j=1
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since
n n+1 n
A () =Y 0 M) =D DpNi(x) =) D) = AL (),
j=1 j=1 j=1

x € )F, X =Tl

and () differs from the mean curvature #ey (%) (see (5.15)) by the constant multiplier
AN = (n— 1) Hp (7).

-
Lemma 2.2 The classical gradient V¢ := {5’1g0, o ancp} , written in the full system of

vectors {dj }7;1 in (2.3) coincides with the extended gradient Y- p in (2.10).
Similarly: the classical divergence divU := Z 0;U; of a vector field U := Z Ujej,
j=1 j=1
written in the full system (2.3), coincides with the extended divergence divU = divg- U in
(2.11).

The extended gradient and the negative extended divergence are dual 7. = —divge
and divge = —PDqe.

The Laplace-Beltrami operator Aqe := divg: Dge ¢ = — D (.@Qs <p> on )¢, written in
the full system (2.3), acquires the following form

n n+1
Norp =Y Dro+ P+ Moo =Y Do+ A Dy, o€ H(X). (2.12)
j=1 j=1

Proof: A similar lemma is proved in [Dul0, Lemma 4.3], but definition of the divergence
divg- is different there. Therefore we expose the full proof below.

That the gradients coincide follows from the choice of the full system (2.3):

Vo={0ip, 000} = D000 = (T + N Trp)e

j=1 j=1
n . n+1 .
=Y (Z50)d? + (Dnir0) N = (D50)d? = Do (2.13)
j=1 j=1

since
ej:dj+‘/I§C/V7 aj:‘@j—f—e/;gaﬂ/,
S MG =0, YD) = Y (Fre)d. @14
j=1

j=1 j=1
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By applying (2.6) and (2.14) we proceed as follows:

divU=Y"0;U; = 2;U; + Z N Uy = 25 [U) + NN, U]

j=1 j=1 j j=1
+> " 0u (MU;) 29 Uy +Z (DN NN U + Doa UL,
7=1 7=1 7j=1
n+1
=Y QU + AN U) = divg-U. (2.15)
j=1
The proved equality and the classical equality V* = —div, ensure the both claimed
equalities 7, = —divg: and divy,e = —Pqe:

(@QE% U) - (V @, U) - _(907 div U) - _(S07 leQSU)

Formula (2.12) for the Laplace-Beltrami operator is a direct consequence of equalities
(2.13), (2.15) and definitions. Indeed, the first n components of the gradient

Vo = Daro = > (29)d” + (Dnsrp) N
j=1
have the property (Z;¢)° = Djp — (N, Do-0)N; = D; because (see the third formula in
Q214) (N, Dgep) = Z 9;p = 0 and we can write
7=1

n+1
Ap =divVy = divo:-Za-p = Y Dip+ AL (N V)
j=1
n+1
=" Do+ AP Do = Doso. -
j=1

3 CONVEX ENERGIES

Let again 2° be a layer domain of width 2¢ in the direction transversal to the mid-surface

€ (cf. § 3).
Any minimizer u of the energy functional

& () ::/ (Vu,Vaydy, ueH(Q) G.1)
should satisfy
d
:%(g’s(u—l—tv) 0—/ (Vu, V) +(Vo,Vu)] dy
t: 1>

:2Re/ (Vu,Vo)dy = —2Re/ (divV u,v) dy = —2Re/ (Awu,v)dy

£
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for arbitrary v € ﬁl(Qe), which implies
Au=0 on ()F. (3.2)

In other words, (3.2) is the Euler-Lagrange equation associated with the energy func-
tional (7.1).

Similarly, minimizers of the energy functional
Ey(u) == / (Vou, Vyu) do, u € HY(E)
3

on the hypersurface % should satisfy the following Laplace-Beltrami equation
Agu = dchchgu =0 on €. (33)

To treat the dimension reduction problem for the Laplace equation (see [Brl] for a similar

consideration in case of a flat 3D body), we assume, without restricting generality, that Q*
(i.e., for ¢ = 1) is still a layer domain. Otherwise we can first change the variable 27, =
€02, 0 < 2, <1, where 0 < gy < 11is such that 2°° is still a layer domain.

Next we introduce a new coordinate system (cf. (2.6))

T = meem = Z Zd™ +td "™,
m=1 m=1 n (34)
T =a — AN x), k=1,....n, t=2p4 = (x, N) :me,/%n
m=1

and define the scalar product of elements as follows (cf. similar in (2.7)):

n+1 n+1 n+1

(2, 2) ::E 2jo; for o ::E 2md™, @::E Yynd™.
j=1 m=1 m=1

Then (cf. (2.8)-(2.9))

n+1 n

(2,2) = Z%j% = > (@ = AN 2)) (s = AN 9) + (A 2) (A )

j=1

J=1
In particular,
n+1 n
2l ="l = fayl? = ). (3.5)
j=1 j=1

Due to Lemma 2.2 the classical gradient in the energy functional (7.1) can be replaced
by the extended gradient

55(u)::/E<@qu(y),@gsu(y)>dy:/_64U@%)u(%,t)f—i—latu(%,t)ﬂ do dt(3.6)
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where 2y = (Z,...,%,) " is the surface gradient and u € H'(Q)F) is arbitrary, because
D1 = Oy = 0;. Here € 1s the mid surface of the layer domain 2* = ¢ x (—¢,¢) and do
is the surface measure on % .

Due to the representation (7.14) and the new coordinate system (3.4) we can apply the
scaling with respect to the variable ¢ and study the scaled energy. The approach is based on
['-convergence (see [Brl, FJIM1]) and can be applied to a general energy functional which
is convex and has square growth. The problem we have in mind is the following: Do these
energies defined on thin n-dimensional domains €)° converge (and in which sense) to an
energy defend on the n — 1 dimensional Hypersurface € (the mid-surface of $)°) when the
domain Q) is "squeezed” infinitely in the transversal direction to € ?

In the next two sections we apply the results developed in the present paper to boundary
value problems for the heat conduction by a hypersurface. In particular we shall show, that if
the thickness of the layer domain )¢, with the mid-surface %, tends to zero, the functionals
in variational formulation of the linear heat conduction equation, Gamma-converge to the
functional corresponding to some explicit boundary value problem for the Laplace-Beltrami
equation on the mid-surface €.

4 VARIATIONAL REFORMULATION OF HEAT TRANSFER PROBLEMS

Let 2 be a bounded Lipschitz domain in R* with the piecewise smooth boundary 99 =
€ p U% N, where €p and €y are open non-intersecting surfaces ¥p N ¢y = < and their
common boundary is a smooth arc. Denote by v = (vy,15,v3)' the unit normal on %,
external with respect to €.

We consider the general steady-state, linear heat transfer problem for a medium occu-
pying domain ). We assume that on the € part of the boundary 0f2 the temperature g is
prescribed, while on the €y part of 0€2 is prescribed the heat flux q.

We look for a temperature distribution 7'(z) in €2, which satisfies the linear heat conduc-
tion equation

div(e/ (x)VT)(z) = f(x), r e 4.1)

and boundary conditions
T(y)=gly)  on %p, (4.2)
—(w),  (W)(VT)"(y)) = aly)  on Gy, (4.3)

where o7 is the thermal conductivity, f is the heat source, g is the distribution of temperature
and q is the heat flux. All these quantities are supposed known.

We assume, that o/ (z) is a bounded measurable and positive definite 3 x 3 matrix-
function (cf. a similar condition (3.38))

(o (2)€,6) = ClIE?,  2eQ, EeR’
The following inequality is an obvious consequence of the positive definiteness of .7
(#U,U) > C||U|Ly(Q)]?
for all 3-vectors U = (Uy, Uy, Us) " € 1y(€2). Further we assume that the traces ./ (y) at

the boundary ¢ exist. Then ./ has the same properties as </ on (2, namely, is a bounded,
measurable positive definite matrix function.
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We impose the following natural constraints on the solution 7" and on the prescribed data
f9.@

TeH'(Q), feH'Q), geH"*(Ep), qecH *(Ey). (4.4)

The existence of the traces (v(y), o/ (y)(VT)*) € H™'/?(%,), which is not ensured by the
trace theorem, follows from the Green formula

[ @iy @9 @ota)ds = [ @), )TT) )" ) do

4

_ /Q (7 (2)VT(2), Vio(x)) da 4.5)

by the duality between the spaces H'/2(%) and H-/2(%) due to the fact that T is a solution
to the equation (4.1). For this we rewrite (4.5) in the form

L V(). o ()(VT)* ()0 () do = / F () (@)de + / (o (2)VT (), Vib(z) dr,

and note that 1) € H'(2) is arbitrary and, therefore, ¢)* € H'/2(%) is arbitrary.

First we will reduce the BVP (4.1)—(4.3) to the equivalent BVP with vanishing Dirichlet
data.

Remark 4.1 Let us assume the subsurface €p is smooth and g € H*(6p), s > % There

exists a domain ) with a smooth boundary €' = 0SY, with the properties: Q0 C €)' and

6p C €. Let g° € H*(%") be such extension of g which maintains the space.
The Dirichlet BVP

div(«/ (2)VG)(z) =0, x e, 4.6)

GT(y)=9'(y) on & '

has a unique solution
1 —1
G(z) =W (51 + Wo) L), xeQ, GemHAQ),

where W is the double layer potential for the operator div.e? (x)V and W is its direct value
(a singular integral operator) on the surface €' 1 : H*(€¢"') — H*(%") is a unit operator).
Then the BVP

div(e/ (x)VTy)(z) = f(z), x €,

Ty (y) =0 on %ép, 4.7)

(), () (V)" (y) = wly)  on Gy

is an equivalent reformulation of the BVP (4.1)—(4.3), now with vanishing Dirichlet traces.
The solutions and Neumann datae are related as follows:

To(x) :=T(x) — G(x), =€,

aw(y) = qly) — (&,W (L1 +wp) ™ g°>+ (y), z€F. 4.8)

Note, that if we require higher smoothness for the Neumann data q € H" (6y), r > —1/2
and take g € H' (%)) (i.e., s = v+ 1 in (4.6)), the Neumann data in the BVP (4.7) inherits
the same smoothness qo € H' (€ ).
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Let © C R" be a domain with a Lipshitz boundary . := 0§ and .#, C 0f)-be a
subsurface of the boundary surface which has the non-zero measure. By H'(Q,.#,) we

denote a subspace of H*(2) of those functions which have vanishing traces on the part of the
boundary

HY(Q, ) = {p € HY(Q) : ¢*(y) =0 Vyec.4). (4.9)

This space inherits the standard norm from H*((2):

1/2
lp |HHQ) [ = [l | La(Q) |!2+Z;||3j<ﬂ\1142(9)|l2] :

Consider the functional

O(T) = / {%(%(m)VT(:c),VT(x)) + f(x)T(a:)} dx + /q(y)T*(y)da (4.10)

where f and ¢ satisfy conditions (4.4) and T' € Hl(Q) has vanishing traces on %p, i.e.,
T € H'(Q, €p) (see (4.9)).

The second summand in the integral on €2 is understood in the sense of duality between
the spaces H~*(£2) and H'(£2). Concerning the integral on %y: it is understood in the sense
of duality between the spaces HY/2(€y) and H™/2(%y) because ¢ € H~'/2(€y) and the
conditions T € H(, €p), supp T C €y imply the inclusion T+ € HY2(€)y).

Theorem 4.2 The problem (4.1)-(4.3) with vanishing Dirichlet condition T (y) = g(y) =0
for all y € 6p is reformulated into the following equivalent variational problem: Let f and

q satisfy conditions (4.4) and look for a temperature distribution T € ]ﬁll(Q, €p) (see (4.9))
which is a stationary point of the functional (4.10).

Proof: Let T'(x) be a stationary point of the functional (4.10). Consider the variation

ﬁ~7%MT+dQ@m—/Kd@ﬂﬁmmvvu»+ﬂ@V@ﬂw

+/wwVWww: (4.11)
o

The trial function V' € H'(Q) is such that T + £V satisfies the boundary conditions. Then

from the equalities T (y) + V' (y) = 0 = T (y) on %p follows that T (y) = V" (y) = 0
on ép, i.e., T and V have the traces vanishing on the part 4 of the boundary:

It is clear, that for those V' for which the functional (7" + £V') has a stationary point,
we have 0® = (. By applying the Gaul3 theorem to the first summand under the integral on
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2 in (4.11), we obtain the associated Euler-Lagrange equation

[ = dvar@9T @) + @] Vi) o+ [ i) @I @)V (o
Q ép
+ [ o)+ ) o VD) )]V e =0. @12
N
Since the trial function V' vanishes on %) (see (4.9)), the integral on % in (4.12) van-

ishes. Now taking arbitrary function V' € C§°({2) (vanishing in the vicinity of the boundary
%), all summands in (4.12) except the first one vanish and we obtain

/ | — dive/ (2)VT (z) + f(2)|V (z)dz =0,

which is equivalent to the basic differential equation in (4.1).
Therefore from (4.12) follows that

[ o)+ ). (VD )]V ) dor o @13)
CN
The trace V' of a trial function in (4.13) is arbitrary, we derive, the boundary condition
(4.3).

Vice versa: Let 7" be a solution to the mixed problem (4.1)-(4.3) with vanishing Dirichlet
traces 7" (y) = g(y) = 0 on €, by taking the scalar product of the basic equation in (4.1)
with the solution 7', by applying the Green formulae and the boundary conditions (4.2) with
g = 0, we get the following equality:

O—/ [ — dive/ (2)VT(z) + f(2)]T(z) do = / [ (2)VT () + f(2)]VT(z) dx

Q Q

b [ W) VD )T )

CpUbN
:/ [ (2)VT(z) + f(z)|VT(z) dx / q(y)T* (y)do.
Q EN
Therefore, 1" is a stationary point of the functional ® in (4.10). O

If 6p = ¢, €x = 0, the problem (4.1)-(4.3) reduces to the problem with a Dirichlet
boundary condition

TH(y)=0 on €
and the corresponding functional ¢ in variational formulation (see (4.10)) takes the form

1

2p(T) = 3 / (e (2)VT(2), VT (@) + f(@)T ()] da.
Q
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If¢p =0, €x = €, from (4.1)-(4.3) we get the problem with Neumann boundary condition

—((yv(y), (VT) (y) =qly) on €

and the corresponding functional in variational formulation (see (4.10)) takes the form

1

ou(T) = 5 [ [(@VI@). V@) + )T do+ [ a7 ()

Q 4

We conclude the section with some auxiliary results on Lebesgue points of integrable
functions which is important in the next section.

Let B(x) be a ball in the Euclidean space B C R™ centered at x. The derivative of the
integral at x is defined to be
li !
im

f(y) dy, (4.14)

where |B(x)| denotes the volume (i.e., the Lebesgue measure) of B(x), and B(z) — =«
means that the diameter of B(z) tends to 0. Note that

%wz/ﬁ iy

(z)|dy. (4.15)

'1 ) dy — f(2)

|B(@)] JB)

1B (:L“ | /B
The points x for which the right hand side tends to zero are called the Lebesgue points of f.

Theorem 4.3 (Lebesgue Differentiation Theorem, Lebesgue 1910.) For an integrable func-
tion f € 1Ly(Q2) the derivative of the integral (4.14) exists and is equal to f(x) at almost every
point x € (.

Moreover, almost every point x € () is a Lebesgue point of f (see (4.15)).
Corollary 4.4 If g € Ly(Q2), f € Lo(2 x (—1,1)), then

t+e
1mi[ W) FCadr = @), . 0)a (4.16)

foralmostallt € (—1,1).
Proof: It is clear, that g - f € L;(€2 x (—1,1)) and for the function h(t) := (g(-), f(-,1))

the inclusion h € Ly ((—1, 1)) is true. Thence we can apply Theorem 4.3 to the function h(t
and get (4.16).

o]

~—

O
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5 HEAT TRANSFER IN THIN LAYERS

Let € be a C? smooth orientable surface in R? given by a single chart (immersion)
0: w—%C, w C R?

andletv(2), 2= € € be the unit normal vector field on %" with the fixed orientation. Chart is
supposed to be single just for convenience and multi-chart case can be considered similarly.
Denote by ¢ the layer domain i.e. the set of all points in R? in the distance less then € from
% . Then for sufficiently small e the map © : € x (—¢,e) — Q°

O(2,t) =2 +tv(z) =0(x)+tv(f(x)), T EwW

is C'' homeomorphism and ©(% x {0}) =

As noted above we can extend unit normal vector field to the entire €2° properly by
assuming
vz +tv(z)) =v(z), 2 €F, —e<t<e.

If € is sufficiently small, the boundary .Z° := 0€)° is represented as the union of three
C*-smooth surfaces .#° = 4. pU MU ///;N, where . p = 0% x [—¢, €] is the lateral
surface, /", = € x {+¢} is the upper surface and .#_ ~ = & x {—¢} is the lower surface
of the of the boundary .#* of layer domain €2°.

In the present section will be considered the heat conduction problem by an isotropic”
medium, governed by the BVP (cf. (1.4) for Ag:)

Ao:T(2,t) = f(2,1), (2,t) € € x (—¢,¢),
T+(%7t) :07 (‘9'/725) 68‘5>< (_576>7 (51)
O, (o, te) = ¢c (=), 7 e€.

The case of an "anisotropic” medium will be treated in a forthcoming publication.
We impose the following constraints

T e H'(F), ¢ €HX(%), [felLy(QY),
(5.2)
0 is the Lebesgue point for the function f / |f(2,t)]2do

(see (4.15) and note that Hﬂ]Ll(— < || f|[L2(€2Y)[[). The latter constraint implies that
£(0) exists and, due to Theorem 4.3,

i [ Fr =2 [ [ 15 0P dode = o)

The formulated BVP (5.1) governs a heat transfer in the body (2 when there are thermal
sources or sinks in ©°. The temperature on the lateral surface 0%" x (—¢, €) is zero, the heat

fluxes are fixed on the upper and lower surfaces 6’ := € x { £¢). Itis well known, that the
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boundary value problem (5.1) as well as it’s equivalent problem (1.6)-(1.8) have the unique

solution 7' € H!(92¢) (respectively, T € H!(92°); see, e.g., [?]).

The energy functional associated with the problem (5.1) reads (cf. Theorem 7.1)

//[ (Z6T*(2,7) + (9 T*(2,7) 4 F(2,7)T.(2,7)| dodr,(5.3)

—& ©
F(z,t) = f(%t)—4i€((t—|—5)2A(gq:(%)—(t—g)zA(gqe—(%))
T+t ()~ (- () — - (@ () —a (). 65

(2,t) € € x (—¢,¢).

More generally, we consider the non-linear functional

EAT) = / [Ho( P T (), T(x)) + Fo(2)T(2)] da, (5.5)

Qe

where %o (Zq:T, T) is strictly convex and has quadratic estimate. In the case of the func-
tional (5.3),

1 1 1 1
Ho(ZoeT, T) = 5{Z0:T, Z0T) = 5(Z0:T) = 5(Z 1) (#,7) + 55 (0, 1) (#,7)(5.6)

and it is clear that the kernel is strictly convex because the quadratic function F'(x) = 2% is
strictly convex [0z; + (1 — 0)x5)? < 022 + (1 — 0)z2 forall 2, 25 € R, 11 # 29,0 < 0 < 1.
The kernel has a trivial quadratic estimate, because 1s a quadratic function.

A nice proof of the next Lemma 6.14 is exposed in [?, Example 3.6]

Lemma 5.1 Let Q) be a domain in R™ with the Lipshitz boundary # = 0S) and My C M
be a subsurface of non-zero measure. Then the inequality

1/2
lp | La(Q)]] < O Ve | La(Q)]| = C [Z\Ifw\ﬂa H2] (5.7)

holds for all functions p € ﬂl(ﬂ, M) and the constant C' is independent of .

Now we perform the scaling of the variable t = 7, —1 < 7 < 1, and study the following
functionals in the scaled domain Q! = ¢ x (—1,1)

1
E.(T.) = / / [xfo (%Tg, éatTg,TE) +FETE] dodr (5.8)
—1Je
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where Yy = (91, Do, P3), P4 = Oy The functionals E. (T.) are related to the original
functional £ (7") by the equality

E. (T.)= %E (T'), where T.(2,t)=T (21,22, 23,¢t), and (5.9
Fi(z,)=F(#,2t) = f(,t) = =((t + 1) Do (#) = (¢ = 1)*Agq (2))
L7
2 (4 1 () (- D () - (@ () — a2 (), 510)

(2,t) € € x (—¢,¢).
Lemma 5.2 Let F. be uniformly bounded in Ly(Q")
sup || FL|[Ly(QY)]| < oo. (5.11)

e<eo

Then the energy functional E.(T) in (5.8) is correctly defined on the space ]ﬁll(Ql, 0C x
(—1,1)), is strictly convex and has the following quadratic estimate

EE(QTl + (1 — 0>T2) < GEa(Tl) + (1 — Q)Ea(Tg), 0<f<l1
1
Ol /% (@%T, g@tT, T) dodt — OQ < Eg(T)
o (5.12)
<Gy |1+ / 7 (@%T, é@tT, T> dodt| .
QL

VT, Ty, T € H'(Q, 06 x (—1,1))

for some positive constants C, Cy and C5 not depending on e.

Proof: Let us decompose the functional £.(7') in (5.8) into the sum of non-linear and linear
parts

Eél)(T) ::/ H (@(KT, %&T, T) dz, (5.13)
Ol

(2) = xr xr)ax.
T = [ P

By the conditions imposed on % in (5.5), the first (non-linear) functional Eél)(T ) is
strictly convex and has a quadratic estimate:

1
C?/ <<-@(5Tj, D¢T;) + 5—2|8tTj|2> dz — C9 < EW(T)
J

Ql

1
<Y 1+/<<%Tj,@ﬂj>+§|aﬂ}|2) dr| . (5.14)

ot !
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On the other hand EE(Q) (T) is linear and, therefore, strictly convex (see the first inequality
in (5.12)). Thus, we only have to prove the two-sided quadratic estimate in (5.12) for the

linear functional £ (T'). Due to Lemma 5.1 and the equality (2.13) we can write:

< F Lo QYT (Y]] < MIIVT[L2(QY)]

/Q F(a)T(x)da

1 1
<2 ( +mIVTIL@)) < M+ 0l P TL()). .15

Choosing 7 = 1 in (5.15) and taking into account (5.14) we get the right inequality in the
second line of (5.12), whereas taking 7 sufficiently small we obtain

ELT) > |EO(T)] ~ |[EO(T) > C1| Zo- TILo() > - Co. .

Let F; = F.,,0 < ¢; <1, lime; = 0 and F.; be uniformly bounded (see (5.11)).

j—00
Further let T; = T, € H'(Q',0¢ x (—1,1)), j = 1,2,... be the sequence of functions
with “finite energy”:
sup £, (1) < +o0. (5.16)
J

Then from (5.14)—(5.15) we get
1 1
CNTa T L= | (59T, 9T + 55T ) do
0l 2 28]

=CYE. (T;) — C} /Q Fi(2, )T (2, t)dodt

<O (1 + | BILo@) 1T [La(21)]))

<OB(1+ | ZaTILA@)) (5.17)
since, due to Lemma 5.1,

IT5| L (2] < Coll Zen T L (21 (5.18)

Consequently,

1 1 1/2
sup [Za L@ =sw [ (306D, 2T) 4 lom ) de) < 4oc19
J j Ot j

J

From (5.17)-(5.19) follows

1
Sup/ |T;]? dz < oo, sup/ |Z¢ Ty dz < o0,  sup - 10,T}) dz < co. (5.20)
i Ja i Ja i &5 Jan

Note, that if 7; are the scaled solutions to problem (1.3), then from the Euler-Lagrange
equation, associated with the functional (see (4.12)), follows that £, (T3) = 0 and therefore
conditions (5.20) are satisfied.
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Due to (5.20) the sequence {7}} ™, is uniformly bounded in HY(Q!, 0% % (—1,1)) and a

weakly converging subsequence (say {7}~ itself) to a function 7" in H (O, 0 x (—1,1))
can be extracted.
The functional

H(T) = / 0,7 dx
Ol

is convex and continuous in H'(Q}, 8% x (—1,1)); then it is weakly lower semi-continuous
and 0,17 = 0 a.e., because

5 0,7 de = H(T) < lim inf H(Tj) = lim inf /Q 0,T;|” dz = 0.
(see the last inequality in (5.20)). Hence T'( 2, t) is independent of ¢, i.e.
T(,t)=T(2), €€, —-1<t<l1. (5.21)
Let the following conditions are fulfilled

fe(#,t) = f(o,et) = fOz) in Ly(Qb), (5.22)

qgi € H?(¥) are uniformly bounded (with respect to €) in H?(%’), and

. Jr . . - _ .
limg = limg: = go, in La(?), (5.23)
and
1 ~ .
%(qj —q) —q in Ly(%). (5.24)
From (5.22)- (5.24) follows in particular, that
Fi(2,t) = F(2,0) in Ly(Q"). (5.25)
Set
EWO(T)+ E®(T) for T € 2(¢);
O () — ;
ET(T) = { +o00, for T & Z(¥). (5.26)
where & (%) is defined in (1.12), and
1
EOT) =5 [ (D) (w.t) (FonT) (1)) dor
01
— [ (96T )@ ()i (5.27)
2
E<2>(T);—/ F(2,0)T (2, t)do dt
o}
- 2/ (f22) — Hqo(2) — qu(2)) T (2)do. (5.28)
€
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Let us check that the E. sequence I'-convergs to £¥) in H(QF, 0 x (—1,1)). Indeed, we
have
E.,(T;) = EL/(Ty) + BE2(T),

where

e
—~
—_
~—
~
3
~—
|

1 1
- [ (51,21 + Slomp) do, 521 = [ Fins
J

Ot QL

The functional £ (T) is convex and continuous and so it is weakly lower semicontin-
uous in H!(QF, 0¢ x (—1,1)), therefore

liminf EY(T;) > liminf EW(T)) > EY(T).
J J J

Sequence Eg) (Ty) converges to E@(T), because Fj(2,t) — F(2,0) and T; — T in
Lo (Q'). Consequently
liminf E. (T}) > E°(T).
J

This proves lim inf inequality for the sequence E .
Note, that

E(T) = //F(ga,o)T(%,t)dtda = 2/F(5K,O)Tg(%)da.
¢ —1

To show that the lower bound is reached i.e. to build a recovery sequence 7 we fix Ty €
H! (¢) and set T (2,t) = Ty (2), 2 € €, t € (—1,1). Define recovery sequence as
Tj(x,t) =T(x,t) = Ts(x) Then 0,1; = 9,7 = 0 and

lim E. (T;) = lim ED(T) + lim EX(T) = EY(T) + E®(T) = EO(T).

Jj—00 Jj—o0 Jj—00 €
We have proved the following result.

Theorem 5.3 [f conditions (5.22)- (5.24) are fulfilled then the functional in (5.8) I'-converges
to the functional E©)(T) defined in (1.13) as £ — 0.

Now we are able to prove the main Theorem 1.1 formulated in the introduction.

Proof of Theorem 1.1: The first part of the Theorem i.e. I'-convergence of the functional
(1.13) to the functional E(* defined by (1.13), is proved in Theorem 5.3.

The concluding assertion, that the BVP (1.14) is an equivalent reformulation of the min-
imization problem with the energy functional (1.13), is explained in Theorem 7.1. O
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Chapter 4

MELLIN CONVOLUTION
EQUATIONS IN THE BESSEL
POTENTIAL SPACES

In the present chapter we expose investigations of Mellin convolution equations in the Bessel
potential spaces, published in the papers [DD16, Dul3]. Such equations are important while
investigating boundary value problems (BVPs) for elliptic equations on surfaces and domains
with Lipschitz boundary and will be applied in the next chapter to the investigations of BVPs
for the Laplace-Beltrami amd L’ame equations on surfaces.

1 INTRODUCTION

It is well-known that various boundary value problems for PDE in planar domains with
angular points on the boundary, e.g. Lamé systems in elasticity (cracks in elastic media,
reinforced plates), Maxwell’s system and Helmholtz equation in electromagnetic scattering,
Cauchy—Riemann systems, Carleman—Vekua systems in generalized analytic function theory
etc. can be studied with the help of the Mellin convolution equations of the form

'_ 2 [e(yd [ t dr _
Aplt) =)+ 2 [EDR 0 [ (Do T=rw. @
0 0
with the kernel % satisfying the condition
/t5_1|%(t)| dt <oo, 0<B<1, (1.2)

0

which makes it a bounded operator in the weighted Lebesgue space
L,(R*,¢7), provided 1 < p< oo, -1 <vy<p—1,0:=(1+7)/p(cf. [Du79]).
In particular, integral equations with fixed singularities in the kernel

c1(t) OO(p(T) dt = Crpo(t)tFT OOTT(p(T) dr
co(t)p(t) + — / p— +I§ p /(TH),C+1 — f(t), 0<t<1, (13)
0 - 0
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where 0 < 7 < k are of type (1.1) after localization, i.e. after “freezing” the coefficients.
The Fredholm theory and the unique solvability of equations (1.1) in the weighted
Lebesgue spaces were accomplished in [Du79]. This investigation was based on the fol-
lowing observation: if 1 < p < oo, —1 <~y <p—1, 5 := (1+7)/p, the following mutually
invertible exponential transformations
Zs : Ly(RT,t7) — L,(RT),
Zsp(€) == e (™), €€ R = (—00,00),
Zgl (Ly(R) — L, (R*, 17),
Zz'(t) =t Pp(=In t), t€RT :=(0,00),

(1.4)

transform the equation (1.1) from the weighted Lebesgue space f, ¢ € L,(R*,¢7) into the
Fourier convolution equation ngﬁz/} =g,V =Zgp,g=Zsf € L,(R) of the form

WO, () = coth(a +/Jm— (v) dy,
%(m)—eﬁx[l_eﬁ%( olk

Note that the symbol of the operator Wf;ﬁ, viz. the Fourier transform of the kernel

(&) =co+ / e () d
:=cy —icycot (B —i€) + / e P (e dx, €€R (1.5)

is a piecewise continuous function. Let us recall that the theory of Fourier convolution opera-
tors with discontinuous symbols is well developed, cf. [Du75a, Du75b, Du77, Du78, Th85].
This allows one to investigate various properties of the operators (1.1), (1.3). In particular,
Fredholm criteria, index formula and conditions of unique solvability of the equations (1.1)
and (1.3) have been established in [Du79].

Similar integral operators with fixed singularities in kernel arise in the theory of singular
integral equations with the complex conjugation

a)ot) + 20 / p(r)dt | e(t) / G LR

T T—1 ™ T—1
r r

and in more general R-linear equations

o(tyo(t) + b0 + S [EDE ) [

e T—1 ™
r
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.\ e(t)W+ g(t)/ et _ iy per,

v T—1 ) T—1
T T

if the contour I" possesses corner points. Note that a complete theory of such equations is
presented in [DL85, DLS95].

Letty,...,t, € I' be the corner points of a piecewise-smooth contour I, and let L,,(T", p)
denote the weighted LL,,-space with a power weight p(t) = ﬁ |t —t;|". Assume that the
parameters p and j3; := (1 + ~;)/p satisfy the conditions ~

l<p<oo, 0<B;<1, 7=1,...,n

If the coefficients of the above equations are piecewise-continuous matrix functions, one can
construct a function %(t,f’), tel,¢eR,5:=(p,...,0) called the symbol of the

equation (of the related operator). It is possible to express various properties of the equation
in terms of <73

e The equation is Fredholm in LL,(I", p) if and only if its symbol is elliptic., i.e. iff
inf( gerur | Z5(t. )| > 0;

e To an elliptic symbol %E(t, ¢) there corresponds an integer valued index
ind%(t, €), the winding number, which coincides with the Fredholm index of the
corresponding operator modulo a constant multiplier.

For more detailed survey of the theory and various applications to the problems of elas-
ticity we refer the reader to [Du75a, Du75b, Du77, Du79, Du82, Du84a, Du84b, Du86,
Sc85].

Similar approach to boundary integral equations on curves with corner points based on
Mellin transformation has been exploited by M. Costabel and E. Stephan [Co83, CS84].

However, one of the main problems in boundary integral equations for elliptic partial
differential equations is the absence of appropriate results for Mellin convolution opera-
tors in the Bessel potential spaces, cf. [Du82, Du84b, Du86] and recent publications on
nano-photonics [BCC12a, BCC12a, GB10]. Such results are needed to obtain an equivalent
reformulation of boundary value problems into boundary integral equations in the Bessel po-
tential spaces. Nevertheless, numerous works on Mellin convolution equations seem to pay
almost no attention to the mentioned problem.

The first arising problem is the boundedness results for Mellin convolution operators in
the Bessel potential spaces. The conditions on kernels known so far are very restrictive. The
following boundedness result for the Mellin convolution operator can be proved

Proposition 1.1 Let 1 < p < coandletm = 1,2,... be an integer. If a function % satisfies

the condition
1 [e’s)

/ti—m—1|%(t)ydt+/ti‘ly,)if(tﬂdt < 00, (1.6)
0 1

then the Mellin convolution operator (see (1.1))
A=, o H(RT) — Hy(RY)
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with the symbol (see (1.5))

A p(&) = C0+C1C0thﬂ'<£—|—€) —|-/tp “Eo(t ) , £ER, (1.7)
P 0
is bounded for any 0 < s < m.
Note that the condition
Kg:= /t5—1|,)if(t)|dt < 00 (1.8)

0

ensures that the operator
M L,(RY,#7) — L,(RT,¢7)

is bounded, while the norm of the Mellin convolution
T t dr
- /%(—)gp(ﬂ a (1.9)
T T
0

The above-formulated result has very restricted application. For example, the operators

N.o(t) = sma/ to(r)dr

2472 —2trcosa’

admits the estimate |0 || < K.

71'
0
sina [ T;(T)dr
N 2 1.10
wlt)= T /t2+72—2t7'cosoz’ (1.10)

1 /O[T cosa — t]p(r) dr

or | 2+712 _2rcosa’

Ma<P() —T<a<m,

R+

which we encounter in boundary integral equations for elliptic boundary value problems (see
[BDKT13]), as well as the operators

tF OOT k
Nmk(p = — 7—+tm+1 , k:O,...,m,

3

0

represented in (1.3), do not satisfy the conditions (1.6). In particular, N, satisfies condition
(1.6) only for m = 1 and IN,, ;, only for m = k. Although, as we will see below in Theorem

3.4, all operators N, N, and N, ;. are bounded in the Bessel potential spaces in the setting
(??) for all s € R.
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Here we introduce admissible kernels, which are meromorphic functions on the complex
plane C, vanishing at the infinity

l 00

d; d;
H(t) = 4 — i =0,1,...,

=0 I =1
co,...,cr ER, O0<ap:=arge, <2m, k=0+1,0+2,....

J (t) have poles at ¢y, c1,... € C\ {0} and complex coefficients d; € C. The Mellin

convolution operator
o

1 7™ Yo(r)dr
K'ot) = — | ————. 1.12
e e(t) T / t—cr)m ( )
0
with the kernel )
%m<t) = m, 0 < argc < 27T

(see Definition ??) turns out to be bounded in the Bessel potential spaces (see Theorem 3.4).

In order to study Mellin convolution operators in the Bessel potential spaces, we use
the “lifting” procedure, performed with the help of the Bessel potential operators A% and

A*7", which transform the initial operator M into the lifted operator A* "9MYAL* acting
already on a Lebesgue IL,, spaces. However, the lifted operator is neither Mellin nor Fourier
convolution and to describe its properties, one has to study the commutants of the Bessel
potential operators and Mellin convolutions with meromorphic kernels. It turns out that the
Bessel potentials alter after commutation with Mellin convolutions and the result depends
essentially on poles of the meromorphic kernels. These results allows us to show that the
lifted operator A*""91, A ° belongs to the Banach algebra of operators generated by Mellin
and Fourier convolution operators with discontinuous symbols. Since such algebras have
been studied before [Du87], one can derive various information (Fredholm properties, index,
the unique solvability) about the initial Mellin convolution equation 9%y = ¢ in the Bessel

potential spaces in the settings ¢ € ﬁ;(Rﬂ, g€ ]ﬁl;”(R*) and in the settings ¢ € Iﬁl;(R*),
g € H;7"(RT).

The results of the present work is already applied in [DTT14] to the investigation of some
boundary value problems studied before by Lax—Milgram Lemma in [BCC12a, BCC12a].
Note that the present approach is more flexible and provides better tools for analyzing the
solvability of the boundary value problems and the asymptotic behavior of their solutions.

It is worth noting that the obtained results can also be used to study Schrodinger oper-
ator on combinatorial and quantum graphs. Such a problem has attracted a lot of attention
recently, since the operator mentioned above possesses interesting properties and has various
applications, in particular, in nano-structures (see [Ku04, KuOS5] and the references there).
Another area for application of the present results are Mellin pseudodifferential operators on
graphs. This problem has been studied in [1], but in the periodic case only. Moreover, some
of the results can be applied in the study of stability of approximation methods for Mellin
convolution equations in the Bessel potential spaces.

The present paper is organized as follows. In the first section we observe Mellin and
Fourier convolution operators with discontinuous symbols acting on Lebesgue spaces. Most
of these results are well known and we recall them for convenience. In the second section
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we define Mellin convolutions with admissible meromorphic kernels and prove their bound-
edness in the Bessel potential spaces. In Section ?? is proved the key result on commutants
of the Mellin convolution operator (with admissible meromorphic kernel) and a Bessel po-
tential. In Section ?? we enhance results on Banach algebra generated by Mellin and Fourier
convolution operators by adding explicit definition of the symbol of a Hankel operator, which
belong to this algebra. In Sections 5 the obtained results are applied to describe Fredholm
properties and the index of Mellin convolution operators with admissible meromorphic ker-
nels in the Bessel potential spaces.

2 MELLIN CONVOLUTION AND THE BESSEL POTENTIAL OPERATORS

Let NV be a positive integer. If there arises no confusion, we write 2 for both scalar and
matrix /N x N algebras with entries from 2(. Similarly, the same notation ®B is used for the
set of N-dimensional vectors with entries from *B. It will be usually clear from the context
what kind of space or algebra is considered.

The integral operator (1.1) is called Mellin convolution. More generally, if a € L (R) is
an essentially bounded measurable N x N matrix function, the Mellin convolution operator
INY is defined by

Wp(t) i= M5 0 lsplt) = 5 7 a(®) 7 (D)ot T ae,

¢ € S(RT),

where S(R™) is the Schwartz space of fast decaying functions on R™, whereas .#; and .#/; !
are the Mellin transform and its inverse, i.e.
Ms(§) = [ TR0(E) &, R,

0

17
,//lﬁlw(t)::%/tzgﬁgo(ﬁ)dﬁ, teRT.

The function a(€) is usually referred to as a symbol of the Mellin operator 91°. Further, if
the corresponding Mellin convolution operator 9t° is bounded on the weighted Lebesgue
space L, (R, ¢7) of N-vector functions endowed with the norm

ot o) = fereoral] "

then the symbol a(&) is called a Mellin L, ., multiplier.
The transformations

Zs: Ly(R*, 1) — Ly(R), Zgp(§) :=ePp(e®), £€R,
Z;' :Ly(R) — Ly(R*,¢7),  Zz'(t) :=tPp(—Int), teRY,
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arrange an isometrical isomorphism between the corresponding IL,,-spaces. Moreover, the
relations
-1 -1 —1
Mo = M atly =15 F aF Ly =1;' W),

a (2.1)
14y

—l<vy<p-—1, B 0,6 <1,

where .# and .Z ~! are the Fourier transform and its inverse,

Fp&) = /eifxgo(:v)dx, F(x) i/e’f”:w(f)clf, r€eR,

:27r

S —o0
show a close connection between Mellin 9 and Fourier

Wl = F 'aFp, pcSR),
convolution operators, as well as between the corresponding transforms. Here S(R) denotes

the Schwartz class of infinitely smooth functions, decaying fast at the infinity.

An N x N matrix function a(§), £ € Ris called a Fourier LL,-multiplier if the operator
W0 :L,(R) — L,(R) is bounded. The set of all L,-multipliers is denoted by 9,(R).

From (2.1) immediately follows the following

Proposition 2.1 (See [Du79]) Let 1 < p < oo. The class of Mellin L, ,-multipliers coin-
cides with the Banach algebra M, (R) of Fourier L, -multipliers for arbitrary —1 < v <
p — 1 and is independent of the parameter .

Thus, a Mellin convolution operator 91 in (2.1) is bounded in the weighted Lebesgue
space IL,(R™,¢7) if and only if a € M,(R).

Itis known, see, e.g. [Du79], that the Banach algebra 9, (R) contains the algebra V; (R)
of all functions with bounded variation provided that

1
B::ﬂ, l<p<oo, —l<vy<p-—1 (2.2)
p

As it was already mentioned, the primary aim of the present paper is to study Mellin
convolution operators MY acting in the Bessel potential spaces,

MY« H3(RT) — H3(RY). (2.3)

The symbols of these operators are N x N matrix functions a € C Sﬁg (R), continuous on

the real axis R with the only one possible jump at infinity. We commence with the definition
of the Besseel potential spaces and Bessel potentials, arranging isometrical isomorphisms
between these spaces and enabling the lifting procedure, writing a Fredholm equivalent op-

erator (equation) in the Lebesgue space IL,,(R ™) for the operator " in (2.3).
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For s € Rand 1 < p < oo, the Bessel potential space, known also as a fractional
Sobolev space, is the subspace of the Schwartz space S'(IR) of distributions having the finite
norm
1/p

< Q.

e 15®)|= | [ 1770+ 1eD) o) a

For an integer parameter s = m = 1,2,... , the space H(RR) coincides with the usual
Sobolev space endowed with an equivalent norm

o T = [ [ |5

P 1/p
dt} |

If s < 0, one gets the space of distributions. Moreover, H;/S(R) is the dual to the space
H (R™), provided p’ := -£5, 1 < p < co. Note that H3(R) is a Hilbert space with the inner
product

(s 1) = / (F)OTDE (1 + ) de, o1 € H(R).

By 75, we denote the operator restricting functions or distributions defined on R to the subset
¥ C R. Thus H?(R*) = 7, (H?(RR)), and the norm in H? (R™) is defined by

I 1Ey ()| = in 17 | B5(R)

Y

where £ stands for any extension of f to a distribution in H(R).

Further, we denote by Iﬁl;(]R*) the (closed) subspace of H?(R) which consists of all
distributions supported in the closure of R*.

Notice that ]ﬁl;(R*) is always continuously embedded in H(R™), and if s € (1/p —
1,1/p), these two spaces coincide. Moreover, H?(R*) may be viewed as the quotient-space
H(RT) := H3(R)/H5(R™), R~ := (—00,0).

Let a € Lo 10c(R) be alocally bounded m x m matrix function. The Fourier convolution
operator (FCO) with the symbol a is defined by

WO .= 7 luZ.

a

If the operator
0. S s—r
W, - H}(R) — HY"(R)

is bounded, we say that a is an [L,-multiplier of order r and use ”IL,,-multiplier” if the order
is 0. The set of all L,,-multipliers of order r (of order 0) is denoted by 9t (R) (by M, (R),
respectively).

For an LL,,-multiplier of order r, a € im;(R), the Fourier convolution operator (FCO) on
the semi-axis R is defined by the equality

W, = ry W0 H3(RY) — HZ " (RY) (2.4)
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and the Hankel operator by the equality
H,=r VW H(RY) — H(RY), Vp(t) == (), (2.5)

where 7, = rg+ @ HY(R) — H(R™) is the restriction operator to the semi-axes R,
Note that the generalized Hormander’s kernel of a FCO W/, depends on the difference of
arguments %, (t — 7), while the Hormander’s kernel of a Hankel operator . VW2 depends
of the sum of the arguments 7, (t + 7).

We did not use in the definition of the class of multipliers 907 (R) the parameter s € R.
This is due to the fact that i)ﬁ;(R) is independent of s: if the operator W, in (2.5) is bounded
for some s € R, it is bounded for all other values of s. Another definition of the multiplier
class 97 (R) is written as follows: a € 9 (R) if and only if A\™"a € 91,(R) = M (R),
where \"(€) = (1 + |¢[>)"/2. This assertion is one of the consequences of the following
theorem.

Theorem 2.2 Let 1 < p < oo. Then:
1. Foranyr,s € R, v € C, Im~ > 0 the convolution operators (VDOs)
A=Wy Hs(RY) — HY7"(RY),
AT = r+W§rﬂ€ CHE(RT)  — H77(RY), (2.6)

)\27(5) = (g_t,y)r’ 5 € Ra Im7 > Oa

where { : H? (R") — H(R) is an extension operator and v is the restriction from
the axes R to the semi-axes R, arrange isomorphisms of the corresponding spaces.
The final result is independent of the choice of an extension (.
2. For arbitrary operator A : ]ﬁ;(RJF) — H>"(R™) of order r, the following diagram
is commutative
s (R+) A - (R+
H? (RT) —=H> " (R™)

Af[ lA‘iJ . 2.7)
Lp(RT) = L,(RT)

ASTTAAS

The diagram (2.6) provides an equivalent lifting of the operator A of order r to the
operator AT AAZ? Ly, (RT) — 1L, (R™) of order 0.

3. For any bounded convolution operator W,, : ]ﬁl;(]R*) — H> ™" (R™) of order r and for
any pair of complex numbers 7y, v2 such that Im; > 0, j = 1, 2, the lifted operator

A WAL, =W, « HEP(RY) — HY 7 H(RY),
a,u,l/(g) = (5 - 71>Ma(£)(£ + 72)V

is again a Fourier convolution.
In particular, the lifted operator W, inLy-spaces, A=W, AZ* : L,(RT) — L,(R™)
has the symbol

umneal€) = X0 = (50) T

(2.8)
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4. The Hilbert transform Sp+ = 1K} = W_ sign 18 a Fourier convolution operator and

AS_,YI K%A;; — Wz gi’le’YQ sign (29)
where
s 5 - 71 *
9%y e (6) = (5 ) (2.10)

Proof: For the proof of items 1-3 we refer the reader to [Du79, Lemma 5.1] and [DS93,
ES81]. The item 4 is a consequence of the proved items 2 and 3 (see [Du79, Dul3])). [ |

Remark 2.3 The class of Fourier convolution operators is a subclass of pseudodifferential

operators (VDOs). Moreover, for integer parameters m = 1,2, ... the Bessel potentials

AT = Wim , which are Fourier convolutions of order m, are ordinary differential operators
- e

of the same order m:

m . d m S m -k m—k dk
Aﬂ:Wx;W: (zai’o :Z(k>z (£7) pE (2.11)
These potentials map both spaces (cf. (2.6))

AT HB(RY) — HS (R,

 H3(RY) — HI™(R), 2.12)

but the mappings are not isomorphisms because the inverses A;’Z;‘ are bounded only for one
pair of spaces, indicated in (2.6).

Remark 2.4 For any pair of multipliers a € M (R), b € M (R) the corresponding convo-
lution operators on the half axes W? and W have the property WOW2 = WPW? = W9,
For the corresponding Wiener-Hopf operators on the half axes a similar equality

W Wy = W (2.13)

holds if and only if either the function a(§) has an analytic extension in the lower half plane,
or the function b(§) has an analytic extension in the upper half plane (see [Du79]).

Note that, actually (2.8) is a consequence of (2.13).

3 MELLIN CONVOLUTIONS WITH ADMISSIBLE
MEROMORPHIC KERNELS

Now we consider kernels .#"(t), exposed in (1.11), which are meromorphic functions on
the complex plane C, vanishing at infinity, having poles at ¢y, ¢1,... € C\ {0} and complex
coefficients d; € C.

Definition 3.1 We call a kernel % (t) in (1.11) is admissible iff:
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(i)  (t) has only a finite number of poles cy, ..., c, which belong to the positive semi-
axes, i.e., argcy = --- = argcy = 0;
(ii) The corresponding multiplicities are one mg = --- = my = 1;

(iii) The remainder points cyy1, Co12, . . . do not condense to the positive semi-axes and their
real parts are bounded uniformly

lim ¢; € [0, 00), sup Rec; < K < oc. 3.1
Jj—ro0 J=0+1,042,...

(iv) J (t) is a kernel of an operator, which is a composition of finite number of operators
with admissible kernels.

Example 3.2 The function

1
%(t)zexp(t—>, Rec <0 or Imc#0

is an example of the admissible kernel which also satisfies the condition of the next Theorem
3.4. Other examples of operators with admissible kernels (which also satisfies the condition
of the next Theorem 3.4) are operators which we encounter in (1.3), in (1.10) and in (2.4)
and, in general, any finite sum in (1.11).

Example 3.3 The function

CInt—ce

H(t) , Imep 0, ITmey #0

t— C1C2

is another example of the admissible kernel and represnts the composition of operators
coK! 1K£2 (see (2.10)) with admissible kernels which also satisfies the condition of the next
Theorem 3.4. More trivial examples of operators with admissible kernels (which also sat-
isfies the condition of the next Theorem 3.4) are operators which we encounter in (1.3), in
(1.10) and in (2.4) and, in general, any finite sum in (1.11).

Theorem 3.4 Let conditions
f:=—— 1<p<oo, —1<y<p-—1. 3.2)
hold, ¢ (t) in (1.11) be an admissible kernel and
Kpg:=Y 2" |d;||c;|™™ < o0. (3.3)
=0

Then the Mellin convolution imgﬂ in (1.9) with the admissible meromorphic kernel J (t) in
(1.11) is bounded in the Lebesgue space L,(R™*, 1Y) and its norm has the estimate ||£mgﬁ |
ZL(L,(R*T,t7)|| < MKz with some M > 0.

We can drop the constant M and replace 2™ by 927 in the estimate (3.3) provided
Recj <Oforallj =0,1,....
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Proof: The first £ + 1 summands in the definition of the admissible kernel (1.11) corre-
spond to the Cauchy operators

‘ )
d :
AogO E ?J/t—cj , Cj>0, 7=0,1,...,¢,
]:

and their boundedness property in the weighted Lebesgue space

Ag : Ly(RT, ) — L,(R*,17) (3.4)

under constraints (2.2) is well known (see [Kh57] and also [GK79]). Therefore we can ignore
the first £ summands in the expansion of the kernel . (¢) in (1.11). To the boundedness of

the operator fmgg with the remainder kernel
5

%e(t):ZW’ cj7é0, ]:0,1,...,
j=t+1 J
0<ap:=arge, <2m, k=0+1,0+2,...

(see (1.11)), we apply the estimate (1.8)

e Z
Now note that

_mi g
[t —c;| ™ = (2 + |¢;2 — 2Recjt) 7 < (#) ’

<2 (t+ |¢])™™ forall t > 2K = 2sup|Rec;| > 0.
due to the constraints (3.1). On the other hand,
[t —c;|7™ < M(t+|c;|)™™ forall 0 <t <2K
and a certain constant // > (. Therefore

[t —c;|7™ < M2™i(t+ |¢;|)”™ forall 0 <t < oo. (3.6)

Next we recall the formula from [GR94, Formula 3.194.4]

o0

[ oon
0
P dt oy [ Bdir00 mcf—™
(t+om (=1) l(mdz’r()o) snng T Caee<m Ref<l, (3.8)
<6—1) C(B-1(B-m+1) (5_1) _
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to calculate the integrals. By inserting the estimate (3.6) into (3.5) and applying (3.7), we get

5-1
19, | 2L, (R, 1)) Z |d\ £ dt
ag |t

j=t+1 o™

m ﬁldt
< Mo ZQ ’d|/ (t+ )

j=0+1
7TMO > —1 B—m;
< 2ms ™
sin 3 Z@;ﬂ ( 1) “
. —m, M,
<M Z 2™ |dylc] ™ = MKy, M := sinw()ﬁ’ (3.9)

j=t+1
since (see (3.7))

()]
mj—l

where Kpg is from (3.3). The boundedness (3.4) and the estimate (3.9) imply the claimed

estimate
|9mg, | Z(Ly(RT,17))|| < MKg.

If Rec; < Oforall j =0,1,..., we have
1

|t — cj|™

mj
2

— (2 + |¢ = 2Rec;t) < (2 + []?) 7 < 27 (¢ + Jeyl) ™

valid for all ¢ > 0 and a constant M/ does not emerge in the estimate. [ ]

Let us find the symbol (the Mellin transform of the kernel) of the operator (2.10) for
O<argec<2m,m=1,2,...(see (2.9), (2.10)). For this we apply formula (3.7):

m _ I B—i&— m _ l I tﬂ_ig_l
A€ _O/t 1 prmp) dt = wo/—(t+<—c))m dt
R R A e o
B ( m—1 ) sin(f — &)
B ﬁ _ ’Lf -1 (_1)m—1€—i7r(,8—i§—m)cﬁ—i§—m
B ( m—1 > sinm (B — i€) ’

since if —m < arg(—c) < mand 0 < arg ¢ < 27, then —c = e~ "c. In particular,
e—in(B—ig—1) . =it 1

1 _
Mp K, (€) = B 0 < argce < 2, (3.10a)
dﬂ—if—l
1 _ _
MpH 4 (&) = (B —id)’ T <argd <, (3.10b)
1
1 _
j{ﬁ%/_l(g)_sinw(ﬂ—if)’ £ eR. (3.10¢)
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Now let us find the symbol of the Cauchy singular integral operator K| = —iSg+ (see
(?2), (??)). For this we apply Plemeli formula and formula (3.7):

[e.e] ‘ 1 o B—if—l
My H (L) = /tﬁ—lf—ljfll(t) dt = ——/tt—lChf
7r —
0 0

o Ty ogseie 4BiE—1
= Jm o / [t+ei(”—€)+t+e—i(”—€)]dt

0
i(m—e)(B—if—1) —i(m—e)(B—if—1)
e +e
= li = cot —€).
lim S5 (3 = if) cot (5 — i&)

For an admissible kernel with poles argcy = argc, = 0 (and, therefore, mg = --- =
me=1)and 0 < argec; < 2m, 7 =0¢+1,... we get

¢
MK (§) = cotm(f — i&) Z djc?E!
=0

1 9] &1 . . if—m
Z dj (5 Zf )(_1)mj—1e—7'77(5_7'€_mj)cf ¢ 7. (311)

T
sin(f — &) ol m; — 1

Theorem 3.5 If ¢ is an admissible kernel the corresponding Mellin convolution operator

with the kernel %
Ko(t) -—/Oo% L P
= 7)Ao (3.12)

K : H)(RT) — H5(RT),
is bounded for all 1 < p < oo and s € R.

The condition on the parameter p can be relaxed to 1 < p < 0o, provided the admissible
kernel ¢ in (1.11) has no poles on positive semi-axes o; = argc; # 0 forall j =0,1,....

Proof: Due to the representation (1.11), we have to prove the theorem only for a model
kernel

1
H(t) = —————, c#0, O0O<arge<2m, m=12,.... (3.13)
(t —c)m

The respective Mellin convolution operator K (see (2.10)) is bounded in L,(R™) for all
1 < p < oo for arbitrary 0 < |arg ¢| < 7 (cf. (1.2)).

To accomplish the boundedness result of K" in L,(R™) we need to consider the case
argc = 0 (i.e., ¢ € (0,00)) and, therefore, m = 1 (see Definition ??). Then the operator K}
coincides with the “dilated” Cauchy singular integral operator with a constant multiplier

Ko =1 [ 200 - L sep(), (3.14)

™
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where

Sero(t) == i,/“’(ﬂ ar. (3.15)

™ T—1
0

and is bounded in L,,(R™) forall 1 < p < oo (cf., e.g., [Du79, GK79]).

Now let 0 < arge < 27 and m = 1. Then, if ¢ € C$°(R") is a smooth function with
compact support and £ = 1,2, ..., integrating by parts we get

d—kKlsO(t)zl d—k;w(ﬂdT: <_C)_k/ AP p(7)dr

dtk ¢ w ) dtkt—cT T drkt —ct
0 0

kT d*o(7) g dE
N 7 t—cTt drk dr = c <Kc ﬁ@) (t) (3.16)
0

Form = 2,3,...and 0 < argc < 27 we get similarly

A

m—1 .0
(—c)~ 177 / rm=l=j d
= — d
T (t —cT)m=i dr plr)dr
Jj=0 0
m—1 d
_ (K ) (¢
> (- (K 2 0) )
and, recurrently,
dk m—1 ' . dk
S KIO() = (F1F YD (o (KT o) (@), k=120, (BT
=0
7]:]—’_17 ’YO_]- rY] ZV ) ]—0717 ) ’ k:1727

Recall now that for an integer s = n the spaces H(R™), ]ﬁg(Rﬂ coincide with the
Sobolev spaces W7 (R™), W7 (R™), respectively (these spaces are isomorphic and the norms
are equivalent) and C3°(R") is a dense subset in W7 (R*) = ]IT]I;(RJ“). Then, using the

equalities (3.15), (3.17) and the boundedness of the operators K™/ (see (3.13)—(3.15)), we
proceed as follows:

HKMHWW—ZLﬁTwamz
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n m-— iy m_Adk
=SS e B )|
=0 j=0

<MY | e 11| - b 13
k=

where M > 0 is a constant, and the boundedness (3.12) follows for s = 0, 1,2, ... . The case
of arbitrary s > 0 follows by the interpolation between the spaces H(R™) and H)(R") =
L,(R*), also between the spaces IF]I;”(R*) and IFHg(R*) =L, (R").

For s < ( the boundedness (3.12) follows by duality: the adjoint operator to K" is

m,* 1 tml
KIplt) = / — z%w ol
0

for some constant coefficients w;, . . ., wy,,. The operator K** has the admissible kernel and,
due to the proved part of the theorem is bounded in the space setting K{** : H *(R™) —
H*(R*), p" := p/(p — 1), since —s > 0. The initial operator K7 : H?(R") — H(R") is
dual to K"* and, therefore, is bounded as well. ]

Corollary 3.6 Let 1 < p < oo and s € R. A Mellin convolution operator MM° with an ad-
missible kernel described in Definition ?? (also see Example 3.3 and Theorem 3.4 is bounded
in the Bessel potential spaces

MY« H5(RT) — HI(RY).

The bounddness property
My - H(RT) — HE(RT).

does not hold in general for even a simplest Mellin convolution operator K ., except the case
when the spaces H> (R™ and H(R™) can be identified, i.e., except the case 1/p — 1 < s <

1/p. Indeed, to check this consider a smooth function with a compact support ¢ € C5°(R*
which is constant on the unit interval: ¢(t) = 1 for 0 < ¢ < 1. Obviously, ¢ € H?(R™) and

¢ ¢ HS(R* for all s > 1/p. Then,

1 00

_1 oogo 1 dr L [o(r)dr
_;/t /t—CT—i_%/t—CT_C ln7’+cpo(t),
0

0 1

where ¢y € H5(R*) N C*°(R™), while the first summand In 7 does not belong to H*(R™)
since all functions in this space are continuous and uniformly bounded for s > 1/p.

We can prove the following very partial result, which has important practical applica-
tions.
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Theorem 3.7 Let 1 < p < oo, ¢ € C and X5(R™) denote one of the spaces Hy(R™) or
W7 (R*), while X5(R™) denote one of the spaces H (R*) or Wr(R™).

1 1
If — —1<r < —+41, the operator
p p

A =K.~ 'K, X(RT) — XI(RT),

P

SN o (3.18)
XD(RT) — XT(RT)
. . 1 1
is bounded while for — — 2 < r < — the operator
p p
A7 =K, - K, : X (Rt) — X'(RY),
" " (3.19)

Xg(]R*) — X;(RJF),
is bounded.

1 1
Proof: If = —1<r < — the spaces H’ 7 (R* and HJ (R") can be identified and the bounded-
p
ness (3. 18) (3.19) follows from Theorem 3.5.

1 1
Now let — < r < — 4 1 Due to (2.12) the following diagrams
p

p
H(R*) H(R*) H(R*) H(R+)
A‘}T lAl_l , AHT jA% (3.20)
Hy (R) o 7 (R H ! (R) = 5 (R)

are commutative. The diagrams (3.20) provide equivalent lifting of the operator A, from the
spaces H’”(R*) and H” "(RT) to the operator A := A{A.A;" in the space H’” Y(R™) and
the operator A := Al_ A.AZ{ in the space H.~!(R™). On the other hand, Ail =0, t1

(see (2.11)) and it can be checked easily, using the integration by parts, that 9, A, = — A¥0,.
Then,

AF = AL AN = (10, T AN = (FA. — AN+ AP (i0, £ A

= (XA, — AH)AT + A7

1 1
Since — — 1 < r — 1 < — and the embeddings
p p

AZIHDH(RY) = Hi(RY) € H-Y(R),
AT'H (RY) = H(RY) € H7L(RY)
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are continuous, the operators
A; = (-A.— ADAT + A7 HOY(RY) — HLU(RY),
Al =(A.— AN + AF  HY(RY) — HLY(RY)

are bounded. Then, according the commutative diagrams (3.20), the operator A, in (3.18) is
bounded for X = H. For X| = W/ the boundedness is proved similarly or, alternatively,

with the help of the interpolation theorems (see below Corollary ?? for similar arguments).

1 1
Now let — — 2 < r < —. Then
p p

1 1 1
—l= < r<S41=2-1/p, p =L (3.21)

jd D P p—1

The pair of the operator K, and —¢ ' K1 are adjoint to each other. Therefore, the
operator
Az =tK;-c 'K, : X(RY) — X7(R*

N N ) (3.22)
Xr(R+) — Xr(RT)

is the adjoint to the operator A¥ in (3.19). Since the parameters {—r, p'} satisfy the condition
of the first part of the present theorem (see (3.21), the operator Az in (3.22) is bounded and

jaustifies the boundedness of the adjoint operator Af in (3.19). ]

The next result is crucial in the present investigation. Note that, the case arg ¢ = 0 is
essentially different and will be considered in Theorem 5.4 below.

Theorem 3.8 Ler 0 < arg ¢ < 2w and 0 < arg(—c~y) < m. Then

S 1 _ —sgcl s o +
A Klp=cTKIA o, peH(RY), (3.23)

c

where ¢ = |c| e M8 €,

Proof: First of all note, that due to the mapping properties of the Bessel potential operators
(see (2.6)) and the mapping properties of a Mellin convolution operator with an admissible
kernel both operators

AL KD HI(RY) — HS(RT),

e e (3.24)
K!A®, : Hi(RY) — HI*(RY)

are correctly defined and bounded for all s € R, 1 < p < 00, since —m < arg(—~) < 0 and
0 < arg(—cvy) < .

Second, let us consider the positive integer values s = n = 1,2, . ... Then, with the help
of formulae (2.11) and (3.15) it follows that:

d n — (n d*
n 1 (.2 1 — ke \n—k 1
A—WKCQO - <l dt 7) Kc(p kZ:% (k)Z ( 7) dtk KCSO
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_ — (n e n—k —k d*
=3 ()t (6 ) ) =
— k! i )it (et o)) =
¢ k dt*

— n T T+
K A” e, pE HP(R )

and we have proven formula (3.23) for positive integers s =n = 1,2, .. ..

For negative s = —1,—2, ... formulae (3.23) follows if we apply the inverse operator
A~" and AZL, to the proved ope-rator equality

—ey
n 1 —ngclaAan
A" K. =c"K. A
for positive n = 1, 2, ... from the left and from the right, respectively. We obtain

KA =c"AT"K! or A~ ”Kl—cnK AT

—ey T —yre —ey

and (3.23) is proved also for a negative s = —1, —2,.. ..

In order to derive formula (3.23) for non-integer values of s, we can confine ourselves
to the case —2 < s < —1. Indeed, any non-integer value s € R can be represented in the
form s = sy + m, where —2 < sy < —1 and m is an integer. Therefore, if for s = sy +m
the operators in (3.24) are correctly defined and bounded, and if the relations in question are
valid for —2 < sy < —1, then we can write

Ai,YKi = A?jmK}: = c_mAiOWKiAC”C = ¢ o mK! AT AT
= c‘SO_chA‘?;m = ¢ K!A®

—cv*

Thus let us assume that —2 < s < —1 and consider the expression

1 o0 o
A Kip(t) = 53" / Tt — ) / ey / ;’ dr dy dE, (3.25)
0 0

—00

where 7 is the restriction to RT. It is clear that the integral in the right hand-side of (3.25)
exists. Indeed, if ¢ € Ly, then Kjp € Lo N C>® and A* Klp €e H* N C> C Ly N C™.

Now consider the function e~**(z — )%¢**¥, 2 € C. Since Im~y # 0, s < —1, then for
sufficiently small € > 0 this function is analytic in the strip between the lines R and R + ¢
and vanishes at the infinity for all finite ¢ € R and for all y > 0. Therefore, the integration
over the real line R in the first integral of (3.25) can be replaced by the integration over the
line R + i¢, i.e.

1 oo . oo oo
AS_,YKigp(t) =53 TJJ R (e / z53’_5@’/ o7 dT dy dz. (3.26)
n Y-
—00 0 0

Let us use the density of the set C5°(R™) in ]ﬁI;(R*). Thus for all finite ¢ € R and for
all functions ¢ € C§°(R) with compact supports the integrand in the corresponding triple
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integral for (3.26) is absolutely integrable. Therefore, for such functions one can use Fubini-
Tonelli theorem and change the order of integration in (3.26). Thereafter, one returns to the
integration over the real line R and obtains

T T
ALK =g et [ = [ et araayar G2
0 0 —00

In order to study the expression in the right-hand side of (3.27), one can use a well known
formula

® 0 for p>0,
+iz) Ve P dy = o2 (—p)v—LePr Rev > 0, Res > 0,
/(6 ) —% for p <0, ﬂ
—00 14

[GRY94, Formula 3.382.6]. It can be rewritten in a more convenient form—viz.,

0 0 if <0, Imvy >0,
inE (e s — ) —s—1,—Zsi+u~vyi
/e (€= )" de ¢’ if 1> 0, Tmy > 0. (3.28)
o I'(—s)
Applying (3.28) to the last integral in (3.27), one obtains
e 2% r r “Ddy
A K1 = T)d
()0( ) WF(—S)T+/¢ T/ —t 1+s _ CT)
0 t
—Zsi % R —s—1 zfyyd
e 2 Y Y
= T)d 3.29
WF(—S)T+/<'D T/ y+t—cr’ (3-29)
0 0
where the integrals exist since —s —1 > —land 0 < argy < 7 (i.e., Imy > 0).
Let us recall the formula
T av—le=ha gy L
— B LR (NT(1 —
[ e - v, .

0
Rev >0, Reu>0, |argf|<m

(cf. [GRY94, formula 3.383.10]). Due to the conditions 0 < arg ¢ < 2w, t > 0, 7 > 0 we
have | arg(t — ¢7)| < 7 and, therefore, we can apply (3.30) to the equality (3.29). Then
(3.29) acquires the following final form:

o0

o= si e~ =eID(1 + 5, —iv(t — c7))p(T) dT
As Kl t) = ’ :
> Kep(t) T+/ (t —cr)tts

(3.31)
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Consider now the reverse composition K! A% ,¢(t). Changing the order of integration
in the corresponding expression (see (3.27) for a similar motivation), one obtains

o0

— / (e~ cn)’ / () d dy

_ 1, / / / E0)(¢ _ en)de dydr. (3.32)
2m —cy

In order to compute the expression in the right-hand side of (3.32), let us recall formula 3.382.7
from [GR94]:

S 1 !
KA o(t) = ﬁﬁ/

s ' 0 for p<O,
/(6 —ix) Ve P dr = { 2npr e PP Rev >0, Ref >0
T for p > O,
—00 14

and rewrite it in a form more suitable for our consideration—viz.,

o0 0 p>0, Imw > 0,
i€ s — o (— s—1,Zsi—pwi
[ emsterwrae=1 2 D
oo -5
Res <0, peR, w,seC.
(3.33)
Using (3.33), we represent (3.32) in the form
(3.34)

I

) e%si R e—ic’y(y—fr) dy
KeAZerelt) = wr<—s>”/ WT/ =)= cy)
o/

6551 / d yfs 1 7ZC'yy dy
= T
wel(—s) ) o(T
0

y+17—cC"
where the integrals exist since —s — 1 > —1 and —7 < arg(c~y) < 0 (i.e., Imcy < 0).

Due to the conditions 0 < arg ¢ < 2w, ¢t > 0, 7 > 0 we have |arg(T — ¢ 't)| < 7,
Therefore, we can apply formula (3.30) to (3.34) and get the following representation:

-1,Zsi

. cleds [ emiee (1 4 s —iey(c 't — 7)) (r) dr
K A 67()0( ) - - T 7’+/ (T _ C*lt)1+s
0

i, JOn e it enteli
e '

T (t —cT)lts (3.35)

0

If we multiply (3.35) by ¢~® we get precisely the expression in (3.31) and, therefore,
A Klo(t) = ¢ *KLA® . o(t), which proves the claimed equality (3.23) for —2 < s < —1
and accomplishes the proof. U
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Corollary 3.9 Let 0 < arg ¢ < 2m and 0 < argy < m. Then for arbitrary v, € C such that
0 <arg v < mand —m < arg(cvo) < 0, one has

S 1 —S 1As
ALK =c W, KIA® (3.36)
where
) (&= )
g—%—”/o (f) : (5 - % :

If, in addition, 1 < p < oo and 1/p — 1 < r < 1/p then equality (3.36) can be
supplemented as follows:

A* KD = [nggi " T] A (3.37)

—c0?

where T : HJ(R*) — HJ(R") is a compact operator, and if ¢ is a real negative number,

then ¢—% := |c| %€

—TSst

PROOF. It follows from equalities e4.2.13 and (3.23) that

K!A®

—¢70

s 1 s -5 s 1 —s
A KL= A% AT A° Kl =W,

—70 9—v:—0

and (3.36) is proved. If 1 < p < coand 1/p — 1 < r < 1/p, then the commutator

T:= ng%_WOKi - KiVVgi7 : ﬁ;(R+) - H;(RJr)

> =0

of Mellin and Fourier convolution operators is correctly defined and bounded. It is compact
forr = 0and all 1 < p < oo (see [Du74, Du87]). Due to Krasnoselsky’s interpolation
theorem (see [Kr60] and also [?, Sections 1.10.1 and 1.17.4]), the operator T is compact in
all L,-spaces for 1/p — 1 < r < 1/p. Therefore, the equality (3.36) can be rewritten as

—€¢7 7’

A K = KW, + T] A
-7, =70
and we are done. ]

Remark 3.10 The assumption 1/p —1 < r < 1/pin (3.37) cannot be relaxed. Indeed, the
operator ng%,WOKi = A° AT KL ]ﬁ;(R*) — HP(RT) is bounded for all r € R
(see (3.24)). But the operator K}:I/Vgs_%_w0 ; ]IT]I;(RJ“) — H(R™) is bounded only for
1/p—1 < r < 1/p because the function 92— (&) has an analytic extension into the lower
half-plane but not into the upper one.
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4 A LOCAL PRINCIPLE

In the present section we expose well known, but slightly modified local principle from
[Si65], which we apply intensively.
Let 281(Q)and B,(2) be Banach spaces of functions on a domain 2 C R"™ and multi-

plication by uniformly bounded C*°(£2)-functions are bounded operators in both spaces. If
Q) = R™, we consider one point compactification Q := R" of 2 = R™.

Let x € Q and consider the class of multiplication operators by functions

A, = {U] v eC™®(Q), v(t)=1 for |t—z| <e1, v(x)=0 @
and v(t) =0 for |t —z| > 52} |

where €5 > ¢; > 0 are not fixed and vary from function to function. A, is, obviously, a
localizing class in the algebra of bounded linear operators .2 (B (£2), B5(2)) and {A, }

is a covering class. Indeed, for a system {v,/},.q we consider the related covering

z€Q

Q= U U, Upi={yeQ : vy =1}.
zeQ
The set 2 is compact and there exists a finite covering system 2 = U;V:1 Ug;. The corre-
sponding sum is strictly positive

N

yig]gng(y) >1 for g(y):= z;vxj (y) 4.2)
]:

and the multiplication operator Zjvzl vz, I = gI has the inverse g~ 'I. Thus, the system of

localizing classes {A,},.q is covering.

Most probably we would have to deal with the quotient space £ (B1(€2), B2(2)) :=
Z(B1(Q),B2(2)) /€ (B1(2), B2(2)) of linear bounded operators with respect to the com-
pact operators.

Definition 4.1 A quotient class [A] € L'(B1(Q), B()) is called A, -invertible if there
exists a quotient class [R;] € Z'(B2(),B1(Q)) and v, € A, such that the operator
equalities [R,Av, 11| = [v.[;] and [v,AR,] = [v, ]3] holds, where I, and I, are the identity
operators in the spaces B1(2) and B,(12).

Consider a pair of operators

in the same pairs of function spaces B1(£21), B2(€21) and B (£22), B2({22) defined on dif-
ferent_domains Q1,€ C R™. For this we assume that for any pair of points z; € €2, and
x9 € {1y there exist there exists a local diffeomorphism of neighbourhoods

B w(xy) = w(zs), r; € w(xj) CQy, j=1,2. (4.4)
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The operators
Bup(a) = ¢(B(x)),  BY(y) = (B 'y))

are inverses to each-other and map the spaces
6* : %j((,dg) — %j(wl), ﬁ*_l : %]’(wl) — %j((,dg).

Definition 4.2 (Quasi localization) Let multiplication by uniformly bounded C'* functions
on corresponding closed domains Q. and 0, are bounded operators in all respective spaces
%Q(Ql) and %1(92), %2(92)

Two classes from the quotient spaces [A1],[As] € L' (B1,B2) (see (4.3)) are called
locally quasi equivalent at 1 € Qy and x4 € Qs, if
inf ez, JIA = BeAB I = inf  (TAL = BeAo B [z I = 0, (4.5

1 2
vzlvvzl ] Uzlrvzl 1

where the norm in the quotient space L' (B1,B2) = L(B1,B2)/C (B1,B2) coincides
with the essential norm

ItAll= lllAllll = inf - lA+T].
Ef(‘Bl,%g)

Such an equivalence we denote as follows [A,] gt [Ay] oralso [A1] R B R [Ay).
If Q = Qo = Qand B(x) = x is the identity map, the equivalence at the point x € Q) is
denoted as follows [A4] a3 [As] or also [A] ~ [Ay).

Definition 4.3 Let A, B,(2) and B,(2) be the same as in Definition 4.1. An operator
A B1(Q) — By(Q) is called of local type if viAval = B1(Q) — Bo(Q) is compact
for all vy,vs € C*(R), provided supp vy N supp vy = () (see [Se66]); Or, equivalently, if
vA — Avl : B1(Q) = Bo(Q) is compact for all v € C>(Q) (see [Se66]).

Proposition 4.4 (Localization principle) Let A, B;(Q), j,k = 1,2, be a group of four
Sfunction spaces as in Definition 4.2 and

A %1(91) — %2(91)7 Bx . %1(92) — %2(92), xr € Ql)
be operators of local type.

If the quasi equivalence [A] ~ (3, X [B,] holds for some diffeomorphism S, : w(z) —
w(y(x)), y(x) € Qo then [A] is locally invertible at x € € if and only if [B,] is locally
invertible at y(x).

If the quasi equivalence [A] ~ 3, o) [B.] holds for all = € Oy and [B,] € £'(B1(Q2), B2())
are locally invertible at y(x) € Qs for all y(x) € €, than the quotient class [A] is globally
invertible (i.e., A : B1(€21) — B2() is a Fredholm operator).

Remark 4.5 If in the foregoing Proposition 4.4 we drop the condition that A and B, are of
local type, then from the left (from the right) quasi equivalence and the left invertibility of
B.] € Z'(%B1(Q2),B2(22)) at y(x) € Qs for all y(x) € ), follows the global invertibility
of the quotient class [A| from the left (from the right), i.e., the existence of the left (of the
right) regularizer for the operator A : B1(Q1) — B(Q)).
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5 ALGEBRA GENERATED BY MELLIN AND FOURIER CONVOLUTION OPERATORS

LetR := R U {oo} denote one point compactification of the real axes R and R :=

R U {Zoo}-the two point compactification of R. By C(R) (by C(R), respectively) we
denote the space of continuous functions g(x) on R which have the equal limits at the infinity
g(—00) = g(400) (limits at the infinity can be different g(—o0) # g(+00). By PC(IEé)is
denoted the space of piecewise-continuous functions on Ié, having the limits a(¢£0) at all
points t € ]lé, including the infinity.

Unlike the operators W2 and 99 (see Section 1), possessing the property

WOWY = wh, moomd = om?, forall a,be M,(R), (5.1)

the composition of the convolution operators on the semi-axes W, and W), cannot be com-
puted by the rules similar to (5.1). Nevertheless, the following propositions hold.

Proposition 5.1 ([Du791,§ 2) Let 1 < p < oo and a,b € M,(R*) N PC(R) be scalar LL,-
multipliers, piecewise-continuous on R including infinity. Then the commutant [W,, W, :=

W Wy, — WyW, of the operators W, and W), is a compact operator in the Lebesgue space
(Wa, Wy : L,(RY) — L,(RY).

Moreover, if, in addition, the symbols a(&) and b(&) of the operators W, and W, have no
common discontinuity points, i.e., if

[a(€ +0) — a(€ + 0)] [B(E+0) —b(E+0)] =0 forall € R

then T = W, W), — Wy, is a compact operator in L,(RT).

Note that the algebra of N x N matrix multipliers 9i5(R) coincides with the algebra of
N x N matrix functions essentially bounded on R. For p # 2, the algebra 21,(R) is rather

complicated. There are multipliers g € 21,(R) which are elliptic, i.e. ess inf|g(z)| > 0,

but 1/g ¢ M,(R). In connection with this, let us consider the subalgebra PCt,(R) which
is the closure of the algebra of piecewise-constant functions on R in the norm of multipliers
M, (R)

o[ 9, (R)[} := [[W5 | Ly (R)].

Note that any function g € PCO,(R) C PC(R) has limits g(x+0) for all z € R, including
the infinity. Let

CM,(R) := C(R) N PCIMO(R),  CMO(R) := C(R) N PCIM,,(R),

where functions g € C9N,(R) (functions h € C(Ié)) might have jump only at the infinity
g(—00) # g(+00) (are continuous at the infinity A(—o0) = h(+00)).

PCM,(R) is a Banach algebra and contains all functions of bounded variation as a sub-
set for all 1 < p < oo (Stechkin’s theorem, see [Du79, Section 2]). Therefore, coth 7(i +

§) € CM,(R) forall p € (1,00).
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Proposition 5.2 ([Du791,§ 2) If g € PCO,(R) is an N x N matrix multiplier, then its
inverse g~' € PCON,(R) if and only if it is elliptic, i.e. detg(x£0) # 0 forall z € R. If
this is the case, the corresponding Mellin convolution operator M) : IL,(RT) — L,(R*)
is invertible and (M)~ = M) _,.

Moreover, any N x N matrix multiplier b € C' Dﬁg(R) can be approximated by polyno-
mials

(€)=Y cm<%>m rm € COY(R),

with constant N X N matrix coefficients, whereas any N x N matrix multiplier g € C 9)?2 (R)

having a jump discontinuity at infinity can be approximated by N X N matrix functions
deothm(if + &) +rm(§), 0 < B <L

Due to the connection between the Fourier and Mellin convolution operators (see Intro-
duction, (2?)), the following is a direct consequence of Proposition 3.2.

Corollary 5.3 The Mellin convolution operator
A= 9)?275 1 Ly(R,t7),
in (2.2) with the symbol <73(€) in (2?) is invertible if and only if the symbol is elliptic,

inf |detazs(€)] > 0 (5.2)

and the inverse is then written as A~ = 93?2{_1.
“1/p

The Hilbert transform on the semi-axis

1 [ o(y)d
Se+ () == E/% (5.3)

0

is the Fourier convolution Sg+ = W_gg, on the semi-axis R* with the discontinuous symbol
—signé (see [Du79, Lemma 1.35]), and it is also the Mellin convolution

Spr =M, = ZgWJ 77", (5.4)
‘ e7r(i6+§) + e—7r(i5+§) -
s3(§) :==cothm(if + &) = e ey el cotm(pi€), £ €R

(cf. (2?) and (1.7)). Indeed, to verify (5.4) rewrite Sg+ in the following form

[e.e] [e.e]

Sr+p(x) = i/ oly) dy = /K<£>90<?/) @7

i y

0
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where K (t) := (1/mi)(1 — t)~'. Further, using the formula

% tzfl
=
0

cf. [GR94, formula 3.241.3], one shows that the Mellin transform .# K (£) coincides with
the function s3(&) from (5.4).

Next Theorem 5.4 is an enhancement of Theorem 2.4.

dt =mcotmz, Rez <1,

Theorem 5.4 Let 1 < p < oo and s € R. For arbitrary v; € C, Im ~; > 0 (j=1,2) the
Hilbert transform

K} = —iSg = —iW_ggn = Wiggn © H3(RT) — H3(RT) (5.5)

(see (3.14), (3.15) and (5.3); the case c = 1, arg ¢ = 0, Theorem 3.8). K% is a Fourier
convolution operator and

AT KA = Wisigngs ., Ly(R") — Ly(R"), (5.6)
where g° (&) is defined in (2.10).

Proof: Formula (5.6) follows from (2.8) and (5.5). [

We need certain results concerning the compactness of Mellin and Fourier convolutions
in [L,-spaces. These results are scattered in literature. For the convenience of the reader,
we reformulate them here as Propositions 5.5-5.9. For more details, the reader can consult
[C069, Du79, Dug7].

Proposition 5.5 ([Du87], Proposition 1.6) Ler 1 < p < 00, a € C (IEé*) be Osmg(né) and
a(0) = a(o0) = b(oo) = 0. Then the operators a9y, MY al : L,(RT) — L,(RY) are
compact.

Proposition 5.6 ([Du79], Lemma 7.1 and [Du87], Proposition 1.2) Let

l <p< oo ac€ C’(]léJr), b € Ci)ﬁg(lé) and a(o0o) = b(oco) = 0. Then the operators
aWp, Wyal : L,(RT) — L,(R™) are compact.

Proposition 5.7 ([Du87], Lemma 2.5, Lemma 2.6 and [C069]) Assume that 1 < p < oc.
Then

1. If g € COMY(R) and g(co) = 0, the Hankel operator H, : L,(R*) — L,(R*) is
compact;

2. If functions a € C(R), b € COMY(R), ¢ € C(RT) fulfill one of the conditions
(i) ¢(0) = b(+o0) = 0and a(§) =0 forall £ > 0,
(ii) ¢(0) = b(—o0) = 0and a(&) =0 forall £ <0,
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(iii) ¢(0) = b(£o0) = a(0) =0,
the operators (W, MY, MW, W, N eI, MYW, eI : L,(RY) — L,(R") are all

compact.

Proof: Let us comment on item 1 which is actually well known. The kernel k(x + y) of the
operator H, is approximated by the Laguerre polynomials k,,(z + y) = e Yp,,(z + y),
m =1,2,...,where p,,(x+y) are polynomials of order m so that the corresponding Hankel
operators converge in norm || H, — H,, | |-Z(L,(R"))||

longrightarrow0, where a,, = % k,, are the Fourier transforms of the Laguerre polynomi-
als (see, e.g. [GF74]). Since

k(2 + 1) = |67 pm(z + )| < Crae e Va™y™, m=1,2,...,

for some constant C,,,, the condition on the kernel

o0

% ) p/p D
/{/\kmmyw dy} dz < 0o, 3f = —2—
0

0

holds and ensures the compactness of the operator H,,, : L,(RT) — L,(R"). Then the
limit operator H{, = lim M, is compact as well.

m—r00
Items (i) and (ii) are proved in [Du87].
The item (iii) follows from (i) and (ii) and the representation cIW, 9 = ¢, I +
cW, MSJTS, where Y + are the characteristic functions of the semi-axes R*. ]

Proposition 5.8 ([Du79], Lemma 7.1 and [Du87], Proposition 1.2) Let

l <p<ooac€ C’(]léJr), b € Cﬂﬁg(l@) and a(oco) = b(oo) = 0. Then the operators
aWy, Wyal : L,(RT) — L,(R") are compact.

Proposition 5.9 ([Du79], Lemma 7.4 and [Du87], Lemma 1.2) Let 1 < p < oo and let a
and b satisfy at least one of the conditions

(i) a € C(RT), b € M(R) N PC(R),
(ii) a € PC(RT), b € CMY(R).

Then the commutants [al, W3] and [al, )] are compact operators in the space L,(R™).

Remark 5.10 Note that, if both, a symbol b and a function a, have jumps at finite points, the
commutants [al, W) and [al,MY] are not compact. Only jumps of a symbol at the infinity
does not matter.

Proposition 5.11 ([Du87]) The Banach algebra, generated by the Cauchy singular integral
operator Sg+ and the identity operator I on the semi-axis R, contains Fourier convolution
operators with symbols having discontinuity of the jump type only at zero and at the infinity

and Mellin convolution operators with continuous symbols on R (including the uinfinity).

I'-CONVERGENCE



December 11, 2018 T-CONVERGENCE AND SHELL THEORY 125

Moreover, the Banach algebra §,(R™) generated by the Cauchy singular integral oper-
ators with “shifts”

1 / e @V (y) dy

Sepla) i= — —

= W gign(e—o)p(x) forall c € R

0

and by the identity operator I on the semi-axis Rt over the field of N x N complex valued
matrices coincides with the Banach algebra generated by Fourier convolution operators with
piecewise-constant N X N matrix symbols contains all Fourier convolution W, and hankel

H,, operators with N x N matrix symbols (multipliers) a,b € PCON,(R).

Let us consider the Banach algebra 21,,(R™) generated by Mellin convolution and Fourier
convolution operators, i.e. by the operators

A=) W, (5.7)
j=1

and there compositions, in the Lebesgue space LL,(R™). Here zmgj are Mellin convolution

operators with continuous N x N matrix symbols a; € C0,(R), W}, are Fourier convo-

lution operators with N x N matrix symbols b; € CO,(R \ {0}) := CM,(R U R).
The algebra of N x N matrix L,-multipliers C97,(R \ {0}) consists of those piecewise-
continuous N x N matrix multipliers b € 90,(R) N PC(R) which are continuous on the
semi-axis R~ and R™ but might have finite jump discontinuities at 0 and at the infinity.

This and more general algebras were studied in [Du87] and also in earlier works [Du74,
Du86, Th85].

Remark 5.12 Ifin (5.7) we admit more general symbols a; € Cimp(@) which have different
limits at the infinity a;(—o00) # a;(+00), this will not be a generalization.

Indeed, if a; € CIM,(R) has different limits at the infinity a;(—00) # a;(+00) we can
represent

1—coth7r(§+£> 1+coth7r<1%—|—€)

a;(&) = ag(é) + a;j(—o0) + a;j(+00)

2 2 ’
aj(£oo) =0
and the corresponding Mellin operator is written as follows
m = MY + @ [T — Spe] + @ [ + Sgs]
a;(—oo a;(—oo
= My + 4;(~0) 5 ) (I — W_gign] + a;(=c0) 5 ) [+ W_ign]

(see (??) and (3.15)). Therefore, the discontinuity at the infinity of the symbols of Mellin con-
volution operators is taken over in Fourier convolution operators and we can even assume
in (5.7) that a(Loo) =0 forall j =1,...,m.
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In order to keep the exposition self-contained and to improve formulations from [Du87],
the results concerning the Banach algebra generated by the operators (5.7) are presented here
with some modification and the proofs.

Note that the algebra 2(,(R") is actually a subalgebra of the Banach algebra §,(R™)
generated by the Fourier convolution operators W, with piecewise-constant symbols a(§)
in the space L,(R™) (cf. Proposition 5.9). Let &(IL,(R™)) denote the ideal of all compact

operators in L,(R™). Since the quotient algebra §,(R™)/&(L,(R")) is commutative in the
scalar case N = 1, the following is true.

Corollary 5.13 The quotient algebra 2(,(R™)/S(L,(R")) is commutative in the scalar case
N =1

To expose the symbol of the operator (5.7), consider the infinite clockwise oriented “rect-
angle” R := T, U, UT; UT, where (cf. Figure 1)

I ={oc} xR, T, =R x{too}, Ty3:={0}xR

(00, —00) IS (00, +00)
(00,8)

I3} (n.—o0) (1, +oo)| T
0.5, ,

(0, —o0) s (0, +00)

Fig. 1. The domain R of definition of the symbol .27 (w).

The symbol .o7,(w) of the operator A in (5.7) is a function on the set R, viz.

i(8)(b))p(00,8), w=(00,8) €T,

Pjs

> aj(00)b;(n), w = (n,+00) € 5,
Hy(w) =4 T (5.8)
>_a;(0)bi(=n),  w=(n,—o0) €T,

> a;(€)(5),(0,6),  w=(0,¢) € Ts.
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The symbol #7,(w), when w = (00, £) ranges through the infinite interval I'; (see Fig. 1) fills
the gap between the values

Zaj(oo)bj(—oo) and Zaj(oo b

and when w = (0, &) ranges through the infinite interval I'; (see Fig. 1) it fills the gap
between the values

> " a;(€)b;(0-0) and }:% (04 0).

The connecting function g, (0o, £) in (5.8) for a piecewise continuous function g € PC(R)
is defined as follows

o, LT =0) gl 0)—ola=0) ]y

2 21
e
= , £ eR, (5.9
simr(l — if)
p
+ 1 + 1

gz := —1In g(x£0), Reg, = —arg g(z£0), z€ R:=RU {o0}.
i m

The function g, (o0, &) fills up the discontinuity (the jump) of g(¢) at oo between g(—o0) and

g(+00) with an oriented arc of the circle such that from every point of the arc the oriented
interval [g(—00), g(4+00)] is seen under the angle 7 /p. Moreover, the oriented arc lies above
the oriented interval if 1/2 < 1/p < 1 (i.e., if 1 < p < 2) and the oriented arc is under the
oriented interval if 0 < 1/p < 1/2 (i.e., if 2 < p < 00). For p = 2 the oriented arc coincides
with the oriented interval (see Figure 2).

g(+00) g(+00) g(+00)

g(=o0) g(=00) g(=00)
l<p<?2 2<p<oo p=2
Figure 2: Arc condition

A similar geometric interpretation is valid for the function g,(¢, £), which connects the
point g(t — 0) with g(¢ + 0) at the point ¢ where g(£) has a jump discontinuity.

To make the symbol .<7,(w) continuous, we endow the rectangle R with a special topol-
ogy. Thus let us define the distance on the curves 'y, F; ,T'3 and on R by

— arg v for arbitrary x,y € R.

pla,y) = |arg ——— S
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In this topology, the length |9R| of 2 is 67, and the symbol <7, (w) is continuous everywhere
on R. The image of the function det<s,(w), w € R (detH,(w)) is a closed curve in the
complex plane. It follows from the continuity of the symbol at the angular points of the
rectangle SR where the one-sided limits coincide. Thus

p(L00,00) =3 i, a;j(00)b;(F00),

(+00,0) =T [a;(00)b,(070).

Hence, if the symbol of the corresponding operator is elliptic, i.e. if

inf |detar,(w)] >0, (5.10)

the increment of the argument (1/27) arg .27,(w) when w ranges through R in the positive di-
rection is an integer, is called the winding number or the index and it is denoted by inddet.<,.

Theorem 5.14 Let 1 < p < oo and let A be defined by (5.7). The operator A : L,(RT) —
L,(R*) is Fredholm if and only if its symbol <7,(w) is elliptic. If A is Fredholm, the index of
the operator has the value

IndA = —inddet.o,. (5.11)

The operator A is locally invertible at 0 € R" if and only if its symbol %S(w), defined
in (5.8), is elliptic on 'y, i.e.

inf |det .o/ (w)| = inf |det &7} (&, 00)| > 0.

welr £eR

Proof: Note that our study is based on a localization technique. For more details concerning
this approach we refer the reader to [Du79, Du84a, GK79, Si65].

Let us apply the Gohberg—Krupnik local principle to the operator A in (5.9), “freezing”
the symbol of A atapointz € R:=RU{—o00} U{+oo}. Forz € Rand/ € N, ¢ > 1, let

C’(R) denote the set of all /-times differentiable non-negative functions which are supported
in a neighborhood of x € R and are identically one everywhere in a smaller neighborhood of

z. For x € {—oo} U {+00} U {o0}, the functions from the corresponding classes C¢ . (R)

and C* __(R) vanish on semi-infinite intervals [—oo, ¢) and (—c, oc], respectively, for certain
¢ > 0 and are identically one in smaller neighborhoods. It is easily seen that the system of

localizing classes {C4(R)}, g is covering in the algebras C'(R), 9, (R), respectively (cf.
[Du79, Du84a, DS08, GK79]).

Let us now consider a system of localizing classes {£,.}(, ,)emxm+ in the quotient
algebra 2(,(R*)/S(L,(R")). These localizing classes depend on two variables, viz. on
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weNRand x € R*. In particular, the class £, , contains the operator A, .,

([P W] = [ho,]
if w=({00)ely, z=0;
[hrzmgiwwgw} = [hxsmgimwgm}
N if w=(to00,00)€l, NIy, z€RH 5.1
wz [hoe), Wy, | = [he), Wy |
if w=(too,n)el,, z=o0;
[hoomtggng} = [SﬁggWgO}
if w=(£0)€Tl;, z=o0,

\

where h, € CLR"), v. € C{RY), g, € CyR"), and [A] €
20,(RT)/S(L,(R")) denotes the coset containing the operator A € 2(,(R™).

To verify the equalities in (5.12), one has to show that the difference between the opera-
tors in the square brackets is compact.

Consider the first equality in (5.12): The operator
hoWoe = hol = hoWige—1) = oWy,

is compact, since both functions hg and 1 — g, = gy have compact supports, so Proposition
5.5 applies.

To check the second equality in (5.12), let us note that h,(0) = 0, vio(Fo0)
= 0and g+(§) = 0 for all & > 0. From the fourth part of Proposition 5.7 we con-
clude that for any x € R the operator hIDJ?2+OOWg ;. 1s compact. This leads to the claimed
equality since )

[hzmgiwwgw] = [hxmgiw{w —oo + W9+oo}} = [hwmgiww }

9700

The third identity in (5.12) can be verified analogously. Concerning the fourth identity in

(5.12): one can replace ho, by 1 because the difference ho, Wy, — Wy, = (1 — hoo) Wy, =

hoW,, is compact due to Proposition 5.5.

Now consider other properties of the system {wa}(w,x)emx@- Propositions 5.5-5.8
imply that

[heD W] =0 forall (&,7,7) € R xR xRY\ %R xR".

Therefore, the system of localizing classes {£.,2 }(, »)emxm+ 1S covering: for a given system
{Awz}(w)emxi+ Of localizing operators one can select a finite number of points (w1, 1) =
(&,m,x1), ..., (ws, ) = (&, M5, 25) € M and add appropriately chosen terms [h,, M0~ W, ] =

xT
SHT ey

0 with (o1, Msrj, Tsri)) E R X R x RT\ (R x RT), 5 =1,2,...,r so, that the equality

>0 [0, Mg W, | = [cDW)] (5.13)

j=1 k=1
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holds and the functions ¢ € C'(R*), a € CI,(R), b € COM,(R) are all elliptic. This implies
the invertibility of the coset [¢D2W,] in the quotient algebra 21,(R*)/S(LL,(R™)) and the
inverse coset is [(OMOW,] 1 = [¢7 M0 _, W]

Note that the choice of a finite number of terms in (5.13) is possible due to the Borel—
Lebesgue lemma and the compactness of the sets R and R* (two point and one point com-
pactification of R and of R, respectively).

Moreover, localization in the quotient algebra 2,(R*)/S(L,(R")) leads to the follow-
ing local representatives of the cosets containing Mellin and Fourier convolution operators
with symbols a,b € CI,(R):

on) _
R I [imo )= [al&)]] if & €R, (5.142)
(0] [ 0] if zg € RY, z9 #0, (5.14b)
(0] = 9] if 29 = oo, (5.14c)
Ry O] if o =0, (5.14d)
Wi~ [Wigy] = ()] if o € B\ {0}, (5.14¢)
(W] R (W] = [ ] i 7 =0, (5.14f)
Wil " (Wi (o] = [ )] if 70 = o0, (5.14g)
Wil (Wi) = [0 ] i 2 € RY, (5.14h)
(W] = Wy if 2o = oo, (5.14i)
where
G(6) = g<+oo>-2w<—oo> | slbo)-sl=oe) oy
90(5) = (0+0)+g(0 0) + g(0+0)+g(0 O)Slgnf

=g(0 - O)X (&) +g(0 ¥ 0)x+ (&),

and x+ (&) := (1/2)(1Esign). Note that in the equivalency relations (5.14e)—(5.14g) we
used the identities, cf. (5.3) and (5.9),

Wy = 8Calt)  gsoatrmlge —gp

__ g(040)+¢(0—0) (0+0)—g(0—0)
Wgp = ’ 2g — 4 Sg R+ mgp 0,-)s

which means that the Fourier convolution operators with homogeneous of order 0 sym-
bols g>°(¢) and ¢°(¢) are, simultaneously, Mellin convolutions with the symbols g, (oo, &),
gp(O, £).

Using the equivalence relations (5.14a)—(5.14h) and the compactness of the correspond-
ing operators, cf. Propositions 5.5-5.7, one finds easily the following local representatives
of the operator (coset) A € ,(RT)/SL,(R™) (see (5.9) for the operator A):

Agg,0000 [ N
[A] 7 [ ey Winye | =
j=1
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m A m
o 0 (£0,90),0 0 o
= [Zmaﬂso)(bj)p(oo»] ~ [Zmaj@o)(bj)p(oo,so)] =
7=1

Jj=1
= [#,(&, 00)I] if w= (&, 00) €T, z9=0, (5.16a)
A+ o0,00),20 m
[A] ( ~ ) [Zg‘ngj(i’oo)w(bj)oo] - [Zmaj +00)( i| =
j=1
0 A(joo,oo),zo
= M, (i) T [ (F00,00)]] (5.16b)

Jj=1 J

1
= [#(Fo00, T o)) if 1 >0, w=(Fo0,Tr) €T, , zy = o5.16¢)

Eo 0),00 [zm:m Wbo] _
- [iaj(fo)m(bj)P(ov')] o [Za] &0)(b;),(0 50)} —
j=1

=PW&mﬂﬁw=@mem,m=w (5.16d)
A +oon m m
INERSE [mea W] = [ as(Eo0)b;(0)1] =
=1 j=1
= [%(ioo,@)[} if w=(%00,0)€Tls, z¢=00. (5.16e)

It is remarkable that the local representatives (5.16a)—(5.16e) are just the quotient classes of
multiplication operators by constant N x N matrices [.<7,(&y, 10)1]. If detes,(§o,m0) = 0,
these representatives are not invertible, both locally and globally. On the other hand, they
are globally invertible if det.e7,(&y, m9) # 0. Thus, the conditions of the local invertibility for
all points wy = (&o,7M0) € R and the global invertibility of the operators under consideration
coincide with the ellipticity condition for the symbol ( 1nf det%(ﬁo, n0) # 0.

§o0,m0)€

The index Ind A is a continuous integer-valued multiplicative function IndAB = IndA+
IndB defined on the group of Fredholm operators of 2[,(R*). On the other hand, the index
function inddet.«7, defined on L,-symbols .27, possesses the same property inddet.c7,%, =
inddet.«7, + inddet%,, see explanations after (5.10). Moreover, the set of operators (5.9) is
dense in the algebra 2(,(R™) and the corresponding set of their symbols is dense in the al-
gebra C'(R) of all continuous functions on fR. For p = 2 these algebras even coincide. There-
fore, there is an algebraic homeomorphism between the quotient algebra 2(,(R*) /S (L, (R ™))
and the algebra of their symbols which is a dense subalgebra of C'(R). Hence, two various
index functions can be only connected by the relation IndA = Myinddet.e7, with an integer

constant 1/, independent of A € 2,(R*)/S(L,(R*)). Since for any Fourier convolution
operator A = W, the index formula is IndA = —inddet./, [Du74, Du75a, Du79], the
constant My = —1, and the index formula (5.11) is proved.

Concerning the concluding assertion of the theorem: A is, after lifting to L,-space,
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locally equivalent at O to the Mellin convolution operator smﬁ;s(
-p
the dilation

o)’ which commutes with

MOV, = Vaon?, Vap(t) := p(At)  forall A >0

and, therefore, is locally invertible at 0 if and only if is globally invertible (see [Du77, Du79,
Si65]) and this is the case iff éné |7 (00, €)| > 0. [
€

Remark 5.15 Let us emphasize that the formula (5.11) does not contradict the invertibility
of “pure Mellin convolution” operators M° : L,(RT) — L,(R") with an elliptic matrix

symbol a € COM)(R), gnﬂg la(&)| > 0, stated in Proposition 1.1, even if inda # 0.
S

In fact, computing the symbol of M2 by formula (5.8), one obtains

a(§), w=(§00) ey,
0 W) = a(+oo)> W= (+OO,77) € F;,
N A
), w=(60)eTs

Noting that on the sets I'y and '3 the variable w runs in opposite direction, the increment of
the argument [arg det(IM2),(w)]s = 0 is zero, implying IndIN? = 0.

In contrast to the above, the pure Fourier convolution operators
W, : Ly,RY) — Ly(R") with elliptic matrix symbol b € CIM(R),
gnﬂg |b,(&,m)| > 0 can possess non-zero indices. Since
€

bp(00,€), w=(§00) €T,
b(w) = 4 2 w=(Foom) € Iy,
' b(n), w = (—oo,n) €Ty,

b<0>7 W = (570) € F37

one arrives at the well-known formula
IndW, = —indb,.

Moreover, in the case where the symbol b(—oo) = b(+00) is continuous, one has b,(§,n) =
b(&). Thus the ellipticity of the corresponding operator leads to the formula

indb, = inddetb.

If o7,(w) is the symbol of an operator A of (5.7), the set Z(«7,) = {4,(w) € C :
w € R} coincides with the essential spectrum of A. Recall that the essential spectrum
0ess(A) of a bounded operator A is the set of all A\ € C such that the operator A — A is
not Fredholm in LL,,(R™) or, equivalently, the coset [A — A] is not invertible in the quotient

algebra 20,(R")/&(IL,(R*)). Then, due to Banach theorem, the essential norm ||||A]||| of
the operator A can be estimated as follows

suplap(@)| <Al = inf_ [(A+T)| LR 617

wEW Te6(Lp(RT))
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The inequality (5.17) enables one to extend continuously the symbol map (5.8)
[A] — #(w), [A] € %,(RT)/S(L,(RT)) (5.18)

on the whole Banach algebra 2,,(R*). Now, applying Theorem 5.14 and atandard methods,
cf. [Du87, Theorem 3.2], one can derive the following result.

Corollary 5.16 Ler 1 < p < oo and A € A,(R™). The operator A : L,(R*) — L,(RT)
is Fredholm if and only if it’s symbol <7, (w) is elliptic. If A is Fredholm, then

IndA = —ind.,.

Corollary 5.17 The set of maximal ideals of the commutative Banach quotient algebra
2L,(RT)/S(L,(RT)) generated by scalar N = 1 operators in (5.7), is homeomorphic to
R, and the symbol map in (5.8), (5.18) is a Gelfand homeomorphism of the corresponding
Banach algebras.

Proof: The proof is based on Theorem 5.14 and Corollary 5.16 and if similar to [Du87,
Theorem 3.1]. The details of the proof is left to the reader. [ ]

Remark 5.18 All the above results are valid in a more general setting viz., for the Ba-
nach algebra ‘Bﬁlg OfN (R™) generated in the weighted Lebesgue space of N-vector-functions
L)Y (RT, z%) by the operators
A= [ Wy + 2N H,y + EWSH,s| (5.19)
st J J J J J

when coefficients djl-, d?, d? € PCN*N(R) are piecewise-continuous N x N matrix functions,

symbols of Mellin convolution operators 93121_, 93122_, Winer—Hopf (Fourier convolution) op-

erators Wy, W2 and Hankel operators H,., H.2 are N X N piecewise-continuous matrix
J J J J

L,-multipliers a;?, b?, c;? € PCV*Nm,(R).

The spectral set Z(‘BQ[Z]X SN(R™)) of such Banach algebra (viz., the set where the sym-
bols are defined, e.g. *R for the Banach algebra Qlév *N(RY) investigated above) is more so-
phisticated and described in the papers [Du77, Du78, Du87, Th85]. Let €, ,(RT)S(L,(R™))
be the sub-algebra of P, ,(RT) = ‘BQ[;’X; (R*) generated by scalar operators (5.19)
with continuous coefficients cj, h; € C (R) and scalar piecewise-continuous LL,-multipliers)
aj,b;,d;, g € PCOMM,(R). The quotient-algebra
A, o (RT)S(LL,(RT)) with respect to the ideal of all compact operators is a commutative
algebra and the spectral set X('B2U, ,(R™)) is homeomorphic to the set of maximal ideals.

We will not elaborate more on further details concerning the Banach algebra ‘BQ[;X OfN (RT),

since the result exposed above are sufficient for the purpose of this and subsequent papers
dealing with the BVPs in domains with corners at the boundary.
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6 MELLIN CONVOLUTION OPERATORS IN THE BESSEL POTENTIAL SPACES. THE
BOUNDEDNESS AND LIFTING

As it was already mentioned, the primary aim of the present paper is to study Mellin
convolution operators Y acting in the Bessel potential spaces,

0 . Ts + s +
M, H(RT) — HZ(R™). (6.1)
The symbols of these operators are N x N matrix functions a € C’Sﬁg(@), continuous on

the real axis R with the only possible jump at infinity.

Theorem 6.1 Let s € Rand 1 < p < oo.

If conditions of Theorem 3.8 hold, the Mellin convolution operator between the Bessel
potential spaces

1 . mr + T +
K. : H)(RT) — H (RT) (6.2)
is lifted to the equivalent operator
A KA = KWy Ly (RY) — L,y (RY), (6.3)
where ¢~% = |c| "¢ %8 ¢ and the function g° . . is defined in (2.10).

Y,y
If conditions of Corollary 3.9 hold, the Mellin convolution operator between the Bessel
potential spaces (6.2) is lifted to the equivalent operator

s 1A—s _ —s 1 _ syl
A KA =W KW, =KW,

_ c S 9 T
70 ¥s=Y07—¢v0,Y

where T : L,(R") — L,(R") is a compact operator.

Proof: The equivalent operator after lifting is
AP KIAD® ¢ Ly(RY) — L,(RY)
(see Theorem 2.2). To proceed we need two formulae

A A=W, W,

—ey "y

(6.5)

s s s f— s s .
—cvy? —7—70 g*C’YOa’Y g*’Yv*WO‘g*C’YOq’Y

The first one holds because 0 < arg v < m (see (2.8)) and the second one holds because
9>, ., (&) has a smooth, uniformly bounded analytic extension in the complex lower half

plane (see (2.13)).

If conditions of Theorem 3.8 hold, we apply formula (3.24), the first formula in (6.5)
and derive the equality in (6.3):

A KA = KIS A = KW,

YTy 9I=evy’

If conditions of Corollary 3.9 hold, we apply formulae (3.36), (3.37), both formula in
(6.5) and derive the equality in (6.4):

A KA = Ws KA A =W KW,
—7>=70

ey 92 g e I ey

=c KW, W,
—7>=70

S
9=cvg v

+T. u
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Remark 6.2 The case of operator K} is not covered by the foregoing Theorem 6.1, where
arg ¢ # 0. This case is essentially different as underlined in Theorem 5.4 because K1 is a

Hilbert transform K1 = —miSg+ = TtWeign and K1 between the Bessel potential spaces
(6.2) is lifted to the equivalent Fourier convolution operator

A KIAT = Weigs g+ Ly(RY) = Ly(RT), (6.6)

as it follows from Theorem 5.4.

Theorem 6.3 Let cj,d; € C, 0 < arg ¢; < 2m, 0 < argy < w, —7 < arg(c;y) < 0 for
j=1,...,mand0 < arg(c;y) <mforj=m+1,...,n
The Mellin convolution operator between the Bessel potential spaces

A= Zd K} : Hy(RT) — Hy(R") 6.7)
is lifted to the equivalent operator

* AN ch—SKl s> die Wy KW (6.8a)

J v G 7
Jj=m+1
m n
S 1 sl s s
Z K W : vy - Z djcj KCjWg¥w7—7jg;Pjo,w +T, (6.8b)
in the L,(R™) space, where ¢ = |c| e~ and ~; are such that 0 < arg~y; < m,

—m <arg(cjv;) <O0forj=m+1,....n. T : L,(R") = L,(R") is a compact operator.
Proof: The proof is a direct consequence of Theorem 6.1. [ ]

Theorem 6.4 Let s € Rand 1 < p < oo.

If conditions of Theorem 3.8 hold, the Mellin convolution operator between the Bessel
potential spaces

K? : Hi(RT) — H)(RY) (6.9)

C

is lifted to the equivalent operator

A KIAT = [KE = s K] W+ sy KW, yorye SO (6.10)
in IL,,(R*) space, where c™° = |c|~°e™"**% © and the function ¢° ., ., is defined in (2.10) and
the last summand in (6.10)

T:=syc KW AJ! 1 L,(RT) — L,(R"), (6.11)

9—cv,y

is a compact operator.
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If conditions of Corollary 3.9 hold, the Mellin convolution operator between the Bessel
potential spaces (6.9) is lifted to the equivalent operator in L,(R™) space

AS_VKEA;S = (6.12)
—s 2 -1l —s 1
=Wy K? — sc' K] Woe o Fsye Wy KW, 1ol
— =S 2 - -5
¢ [K2 — scT K] ng%ﬂogicvo ,tsye KeWigcno)- 9% a0y T T,

where T : L,(R") — L,(R") is a compact operator.

Proof: Let conditions of Theorem 3.8 hold (that means Imy > 0 and Im ¢~y < 0. Then

1 .1 1 1

im —
(t—c)? 020 |t—c—eci t—c+ei

and we have
s 2 S S 1 1 —S
AC KA =lim Q—&A (K. —K!_]AS

1
= lim — [(c+¢i)~ SKLFEZAS (creiyy — (¢ — €)™ KL AS ? (- 5i)7:| AP

am 252 c—el il
o JleteE) = (=)t
= ll_{% { 2%i Kc+EzA (ctei)y
. 1 1 1 s
_<C - 82) 26Z |:Kc+sz KC EZ} A*(C*Ei)’Y

1
sl AS — A8 AP
—(c — 82) KC ci 2&?Z [ —(ctei)y f(cfsi)'y] } v

_ —s—1 s S —STZ2 A S s
- KIA® A+ ¢ K2A°, A
—|—C_5Ki lim g—l (5 cy — 57” (5 —C7 + Evl)sgA—s
e—0 2¢e1 7
= [KZ—sc K Wy + sy KA LALS
—c,y

—cy ity
I 2 —lyl 1
= [K = se K Wee | sy e KeWie g

Formula (6.10) is proved.
Formula (6.12) is derived from (6.10) as in Theorem 6.1. [ ]

Remark 6.5 The case of operators K7, n = 3,4, ..., can be treated similarly as in Corol-
lary 6.4: with the help of perturbation the operator K" can be represented in the form

n . o +
Ko =lmK, .0 VoecH (R
00 t n
Kcl,s,...,cn,egp(t) I—/O c%/clys,...,cnyg ( ) Zd c]E
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K eriom e (8) = 1 => o) (6.13)

(t—cre) - (t—cne) St e
cje=c(l+ee™), w; € (—mm), argcje,argc;.v; #0, j=1,...,m
The points wy, . . .,w, € (—m, | are pairwise different, i.e., w; # W for j # k (we remind

T
that argc # 0 because n = 3, 4,...). By equating the numerators in the formula (6.13) we
find the coefficients dy (), ..., d, 1(¢).

Since the operators Kg, K‘cl, ... encounter in applications rather rarely, we have con-
fined ourselves with the exact formulae only for the operators K} and K2.

7 MELLIN CONVOLUTION OPERATORS IN THE BESSEL POTENTIAL SPACES. FRED-
HOLM PROPERTIES

Let us write the symbol of a model operator

A=dol + Woy + > W KLW,, (7.1)
j=1

acting in the Bessel potential spaces IF]I;(R*) — H5(R™), compiled of the identity I, of
Fourier W, ..., W,,, Wy,,...,W;, and Mellin K , ..., K! convolution operators.
— 1
We assume that ay, . . ., ap, b1, ..., b, € CO,(R\{0}),¢1,...,¢, € Cand,if s < ——1
p

1
or s > —, the functions a;(§), ..., a,(§) have bounded analytic extensions in the lower
p

half plane Im ¢ < 0, while the functions b, (¢), ..., b,(£) have bounded analytic extensions
in the upper half plane Im¢ > 0 to ensure the proper mapping properties of the operator

A ]ﬁlf,(R*) — HP(R™). For — — 1 < s < — such constraints are not necessary.
p p

Now we describe the symbol <77 (w) of the operator A. For this we lift the operator
A H3(R*) — H5(R™) to the LL,-setting and apply equality (2.13):

AZAAT L (RT) = Ly(RT), (7.2)
AS_VAA ’ dOAS—WAvs""AS WaoA S‘i‘ZW A° K1 A;stj
7j=1
— . o 1 oW '
=Wy Mooy * 2 WKWy W 09

(see Theorem ??, diagram (2.7)) if conditions of Theorem 3.8 hold (see (6.4)) and to the
operator

AT AN = dgWieaye + W, ZW KW () (s Wo + T (74)

&y £ty
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where T : L,(R*) — L,(R") is a compact operator, if conditions of Corollary ?? hold
(see (6.5)).

The symbol of the lifted operator (7.2)— (7.4) in L, (R™)-space we declare the symbol of
the operator A in the Bessel potential space. This symbol, written according formulae (5.8)
and (5.9), has the form:

A (W) = dg IS (W) + 2

p ao,p

+ZW° W) AL (W)W (W), (7.5)

where .7 (w), g (W), #) ,(w), # 5 (w) and #}) (w) are the symbols of the operators

ag,p
W(g 1)° in L, (of [ in H? ) of W ©(2)° in L, (of W, in H;), of Wy, in I, (and in H;)
£ E—

of Kl_W<m)s in L, (of K! in ]HI;), of Wy, in L, (and in HY).
Cj = J
Now it suffices to expose the symbols .7 (w), 7,2 ,(w), #,) ,(w) and Z_ 5 (w) of the

ao,p

operators I, W, W, (j = 1,2,...,n) and K| separately (the symbol V/b?’p(w) of Wy, (j =
1,2,...,n) is written analogously):

gs—'y,'y,p(oo7€)7 w = (6’ OO) € Flv

7w () w=te 0er (.6
eﬂ—Siu w = (57 0) € F37
als?(oo75)a B W= (5700) Grla
Wap(w) = ¢ a(Fn) (%) , w=(400,n) €T, (7.6b)
7rSial"(o7£)’ W= (57 O) € f?n

CLp(OO,E), W= (& OO) € Fb
W (w) =1a(Fn), w=(+oo,n) €Ty, (7.6¢)
a,(0,€),  w=(£0)€Ts,

C_Se—m(%—ig—1)cé—ig—1 .
) = ’ € F 99 = 70 €
KL (w) = sin (1 — i€) w=(§o0) €lh,, w=(50) (7.6d)

0, w=(too,n) €T, for arg c # 0,

_iCOtﬂ(%_ig)a W= (5700) Gfl??
5 (W) = +1, w=(too,n) Ty, (7.6¢)
iCOtﬂ-(% - Zg)u W= (570) € fi’n

27si

CL;(OO, 5) e a(0)ta(-o0) ezmia(oo)‘—a(—oo) cot 71-( Zf)

2 21
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ay(z,§) = “(HO);C‘(“*O) — “(HO);(%O) cot W(% — @5), x =0, 00,

s 627rs7l+1 6271-3'271 t 1 . Tsi Sinﬂ-(%_s_i§>
0 p(00,€) 1= 5 — 2 o r(L i) = emi

sinw(%—i&) ,
£eR, neRT,

where
0<arg c<2m, —7m<arg(cy) <0, O0O<argy<m

and ¢® = |c[*e®* &< (—c)? = |¢|%®@E F™) for ¢,§ € C; the sign ”-” is chosen for 7 <
arg ¢ < 2w and the sign ”+” is chosen for 0 < arg ¢ < 7.

Note that, we got the equal symbol ji/c}l;s(w) of the operator Kij in the cases (7.3) and
(7.4) because the functions

9%¢M0fwm@%:(§_7><é_cm) amigiw@%:(f—w)

£ = £+ £+
have equal limits at infinity ¢°, (foo) = g¢°  (f£o0)g°., . (foo) = 1 and
9% (0) = 97, 1, (0)g% 1, 1 (0) = (=0)".

If a(—o0) = 1 and a(+00) = ™, then ag, = 0, af, = 2a and the symbol a5 (o0, &)
acquires the form:

sinw(%—s—l—a—zf)

a5(00,8) = emtter . (7.6f)
1 .
cosST (— — zf)
Note that, the Mellin convolution operator
Qo(r)dr 0 1 md P!
K o(t) = =M, ., MK =
*190( ) «({ t+71 //[%f—1 p 71(6) sin W(ﬁ - lf)

(see (3.10b)), which we encounter in applications, has a rather simple symbol in the Bessel
potential space H(R™) (see (7.6b), where ¢ = —1 = ¢'):

—TSt
e

AP (w) 1= q sinm(B — i€) K
0, w=(Too,n) ely,.

, w=(&00) €T UTS,

Theorem 7.1 Let 1 < p < oo, s € R. The operator
A ]I—]I;(R*) — H;(R*), (7.7)

defined in (7.1), is Fredholm if and only if its symbol ﬂfps(w) defined in (7.5) and (7.6a)—
(7.61), is elliptic.
If A is Fredholm, the index of the operator has the value

IndA = —inddet%s.
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Proof: Let ¢;,d; € C, 0 < arg ¢; < 2m. Lifting the operator A to the L,,(R™) space we get

AT AN = dogAS AT+ AT W AT + Z Wa, A* KL AWy, (7.8)
7j=1
where ¢~* ]c\‘ —isarg ¢ and ~; are such that 0 < argy; < m, —7 < arg(c; ;) < 0 for
j=m+1,.
To derlve (7.8) we have applied the following property of convolution operators A* W, =
Wa, A2 , and W, Afy = Ainj, Ai: = W/\;s , which are based on the analytic extension

Ty

properties of the symbols \°_,a1(§), ..., a,(§) in the lower half plane Im§ < 0 and of
symbols A\2*,b1(§), . . ., b,(§) in the upper half plane Im € > 0 (see (2.6)).

The model operators I, K} and W, Lifted to the space L,(R™) acquire the form
AilA;s = ng%w AiwakA;S - Wakgiw 4

KWy for — 1 < arg(cy) <0,
ANKAT =4 KW, e, BT for 0 <arg(cy) <, (7.9)

—m < arg(cyo)| <0,

where T is a compact operator. Here, as above, 0 < argc < 27, 0 < argvy < 7, 0 <
arg 7o < 7 and either —m < arg(cy) < Oor, if —7 < arg(cy) < 0, then —7 < arg(co)| <
0. Here ¢ % = |¢| Se 528 €,

Therefore the operator A° 7AA; 5 in (7.8) is rewritten as follows:

AS—’YAA';S - dOWg Y5y + Waog + Z SWaJKl icj’Mij

- Z Wa K W g Wy, + T 2 Ly(RY) — Ly(RY), (7.10)

j=m+1

where T is a compact operator and we ignore it when writing the symbol of A.
We declare the symbol of the lifted operator A* AA ® (see (7.10)) in the Lebesgue

space L,(R™) as the symbol of the initial operator A : ]H[f,(]R*) — H5(RT) in (7.1).

The function g°, € C(R) is continuous on R, but has different limits at the infinity

2msi

9°,,(0) =™, (7.11a)

€ C(R) are continuous on R including the infin-

g, (=o0) =1, g° (+o0)=ce

While the functions gi%_%, qg°
1ty

S
v 9=cvo,y

gicw,’y(ioo) - g Y, ,YO(_I_OO) - gicwo,'y(i_oo) = 17

s s _ - ° —CY% o s
0 0 = (1) (F22) = (o, 7.11b)
9 ery(0) = (=c)” if 0 <argc<2m
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In the Lebesgue space L,(R™), the symbols of the first two operators in (7.10), are
written according the formulae (5.8)—(5.9) by taking into account the equalities (7.11a) and
(7.11a). The symbols of these operators have, respectively, the form (7.6a) and (7.6b).

The symbols of operators W,,,..., W, and W, ..., W, are written with the help of
the formulae (5.8)—(5.9) and have the form (7.6c).

The lifted Mellin convolution operators
AK A Ly(RT) —, L,(RY)
are of mixed type and comprise both the Mellin convolution operators Ki,j = My, ©>
AL
where the symbol 7.} (&) := .4, /in/C]l, (€) is defined in (3.10b) and (3.10c), and the Fourier
convolution operators I¥ys and W s g . The symbol of the operators AiKi.AV_S
—Cj Y05 = 7=707 ¢ 70+ 3

from (7.9) in the Lebesgue space LL,(R™) is found according formulae (5.8)—(5.9), has the

form (7.6d) and is declared the symbol of K, : ]ﬁl;(R*) — HZ(R™). The symbols of

Fourier convolution factors WWs and Ws e , which contribute the symbol of
—C5 7057 — =707 ¢ 70,Y

Kij = zmg@ ,are written again according formulae (5.8)—(5.9) by taking into account the
equalities (7.11a) and (7.11Db).

To the lifted operator applies Theorem 6.3 and gives the result formulated in Theorem
7.1. ]

Corollary 7.2 Let 1 < p < 00, s € R. The operator
. TS (TRt s (To+
A H(RT) — H(RT),

defined in (5.17), is locally invertible at 0 € R™ if and only if its symbol <7 (w), defined in
(7.5) and (7.6a)—(7.6Y), is elliptic on I'y, i.e.
inf |det o/ (w)| = gelﬂg |det (€, 00)| > 0.

wely

Proof:
n

For the definition of the Sobolev—Slobodeckij (Besov) spaces W>(2) = B> (€2), W;(Q) =

]E;’p(Q) for an arbitrary domain 2 C R", including the half axes R, we refer to the mono-
graph [?].

Corollary 7.3 Let 1 < p < oo, s € R. If the operator A : ]ﬁ;(]R*) — H5(RT), defined in

(5.17), is Fredholm (is invertible) for all a € (sg,s1) and p € (po, p1), where —00 < sg <
51 <00, 1 <p, <p1 <0, then

A WE(RY) — WE(RY), s € (s0,51), pE (po,p) (7.12)
is Fredholm and has the equal index

IndA = —inddet;’. (7.13)

(is invertible, respectively) in the Sobolev—Slobodeckij (Besov) spaces W, = B; .
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Proof: First of all recall that the Sobolev—Slobodeckij (Besov) spaces W, = B  emerge

as the result of interpolation with the real interpolation method between the Bessel potential
spaces

(Hzo (), H! (Q))e,p =W5(2), s:=s0(1 —0)+ 510,

~ N 7.14
(fio(@), {3 (), =Wy@), p=2(1-0+10 0<o<t. 7Y

0,p

If A : ]ﬁl;(Rﬂ — H5(R*) is Fredholm (or is invertible) for all s € (so,s;) and
p € (po,p1), it has a regularizer R (has the inverse A~! = R, respectively), which is
bounded in the setting

R: W;(R*) — W;(R*)
due to the interpolation (7.14) and

RA=1+T, AR=1+T,,

where T and T are compact in ﬁ;(Rﬂ and in H(R™), respectively (T = Ty = 0if A
is invertible).

Due to the Krasnoselskij interpolation theorem (see [?]), T; and T are compact in
W;(R*) and in W? (R™), respectively for all s € (so, s1) and p € (po, p1) and, therefore, A
in (7.12) is Fredholm (is invertible, respectively).

The index formulae (7.13) follows from the embedding properties of the Sobolev—Slobodeckij
and the Bessel potential spaces by standard well-known arguments. [ ]
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Chapter 5

BVPs FOR THE LAPLACE-BELTRAMI
EQUATIONS ON SURFACES WITH
LIPSCHITZ BOUNDARY

In the present chapter we present results on boundary value problems for the Laplace-
Beltrami equation on a surface with the Lipschitz boundary 4" in a non-classical setting,
when solutions are sought in the Bessel potential spaces H> (%), 1/p < s < 1+ 1/p,
1 < p < 0o. The Fredholm and unique solvability criteria is found. By the localization the
problem is reduced to the investigation of Model Dirichlet, Neumann and mixed boundary
value problems for the Laplace equation in a planar angular domain €2, C R? of magnitude
«. Results are presented on the model Dirichlet, Neumann, Mixed Dirichlet-Neumann and
impedance boundary value problems in a non-classical setting. The problems are investi-
gated by the potential method and reduced to locally equivalent 2 x 2 systems of Mellin
convolution equations with meromorphic kernels on the semi-infinite axes R™ in the Bessel
potential spaces. Such equations were studied recently by R. Duduchava in [Dul5] and V.
Didenko & R. Duduchava in [DD16].

1 INTRODUCTION AND FORMULATION OF THE PROBLEMS

Many problems in mathematical physics e.g., cracks in elastic media, electromagnetic
scattering by surfaces etc., are reformulated in the form of a boundary value problem for
an elliptic partial differential equation in domains and surfaces with angular points at the
boundary. In the recent paper [BDKT13] investigation of such BVPs are reduced with the
help of localization to the investigation of a family of model problems in plane with finite
number of angular points on the boundary of magnitude o; € (0,27), j = 1,...,m are
reduced to the investugation of the associated model BVPs in angles with vertex at 0 and the
same magnitude.

Consider a hypersurface 4 C R? with the Lipschitz boundary I" and by .t denote the

the angular points (the knots) of I'. Let v := (v, 1s, Vg)T be the normal vector field on the
surface €,
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v ()

On ¥ we consider the mixed BVP

Agu(t) = f(1), tes,
ut(s) = g(s), on TI'p, (1.1)
(8V1‘u)+(5) = h<3)7 on FNa

where A¢ is the Laplace-Beltrami operator

and 9; = 0; — v;0,, j = 1,2,3, are the Giinter’s tangential derivatives on the surface

(cf. Chapter 1, § 3). vr := (vp1,vra,vrs) " is the normal vector field to the boundary T,
tangential to . and 0, = vr1 %1 + vr 2% + vr 395 is the normal derivative.

Problem (1.1) is considered in the non-classical setting
weHY(E), [eM(F), geH /(Tp), heH ' (y), (1.2)
1
'=TpuUly, 1<p<oo, s>-.
D
.. 1 1. . .
Note that, the upper constraint in — < s < 1 4+ — is necessary to ensure an invariant

p
definition of the Bessel potential and Besov spaces on non-smooth boundary I', while the
lower constraint ensures the existence of the Dirichlet trace ™ and, together with the Green
formulae, also the existence of the Neumann trace (J,u)" of a solution on the boundary.
These constraints can not be relaxed.

For the definitions of the Bessel potential H) (%), ]ﬁl;(f ), H (), ﬁ;(R*) and Sobolev-

Slobodeckii W;(RJF) etc. spaces forr € R, 1 < p < oo we refer to the classical source
[Tr92] and also [Du01, DS93, Hr83, Ta96].

Here we define only the space ]ﬁl; o(%) mentioned above. Let ]ﬁlg (%) be a subspace of
H~(%), orthogonal to
(€)== {f € Hy (%) : (f,p) =0forallp € C4(%)}.

]ﬁ; 1(%) consists of those distributions on %, belonging to H~!(%’) which have their supports
juston I" and H~!(%) is decomposed into the direct sum of the subspaces:

H (%) = H:'(¢) @ Hy ().
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The space ﬁ; (%) is non-empty (see [HWOS, § 5.1] and excluding it from H~'(%) is nec-
essary to make BVPs uniquely solvable (cf. [HWO08] and the next Theorem 1.1).

Let
- - - 1
H, (%) = Hy '(€) [ \Hy '(6), 7> >

Theorem 1.1 (Theorem 2.1, Remark 2.2 and Remark 2.3, [DTT14]) . The BVP (1.1) has
a unique solution in the classical weak setting:

we (%), feH,Y(¢), geHY* ), heH Y*). (1.3)

A natural question is raied: why we investigate BVP (1.1) in the non-classical setting,
when in the classical setting the solvability result is easily obtainable. Besides that this is
an interesting mathematical problem, in many cases, for example in approximation methods,
it is important to know a maximal smoothness of a solution. From the solvability results in
non-classical setting it is possible to conclude smoothness property of a solution.

To formulate the appropriate main theorems of the present work we need the following
definition.

Definition 1.2 The BVP (1.1) in the setting (1.2) (the BVP (1.10), the BVP (1.11)) is Fred-
holm if the homogeneous problem f = g = 0 (f = h = 0, respectively) has a finite number
of solutions and the BVP has a solution if and only if the data f, g, h satisfy a finite number
of orthogonality conditions.

Next is the main theorem of the present chapter.

Theorem 1.3 The BVP on a surface (1.1) in the non-classical setting (1.2) is Fredholm if
and only if the following holds:

i. Ifat c; € M collide the Dirichlet conditions, then

2P gin? (s — i€) + e ™ sin(a; — ) (1/p— s — 1 —i€) #0 (1.4)

forall &€ R.
ii. Ifatc; € M collide the Neumann conditions, then
2P 6in? (s — i) 4+ e ™ sin®(a; — ) (1/p — s — i€) # 0 (1.5)
forall ¢ eR.

iii. Ifatc; € M collide the Dirichlet and Neumann conditions, then

e /Psin? w(2/p — i€ — ) 4 cos?[(m — a;)(2/p—i —s)] #0 (1.6)
forall ¢ eR.

If conditions (1.4), (1.5) and (1.6) hold (i.e. the BVP (1.1), (1.2) is Fredholm), the subset
(1/p,00) x (1, 00) of the Euclidean plane R?, where the pairs (s, p) range, decomposes into
an infinite union %, \J %1 U - - - of non-intersecting connected subsets of regular pairs, for
which the BVP (1.1) is Fredholm in the setting (1.2).

If the connected subset %, contains the point (1,2) (i.e. s = 1,p = 2) then BVP (1.1) is
uniquely solvable in the setting (1.2) for all pairs (s, p) € .
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The formulated theorem is proved at the end of the last § 4. Theorem is proved based on
a local principle, which reduces the proof to the investigation of model problems: Dirichlet,
Neumann and Mixed BVPs on a model domain, which is an angle of magnitude ov. We will
investigate model Dirichlet, Neumann and Mixed BVPs in § 3-5. Next we formulate what is
a model domain and model BVPs.

To the set of knots .Z we add all those smoothness points on I" where the Dirichlet and
Neumann boundary conditions collide.

Rq

(—sin a,cos )’

T

R-‘r

Fig. 2

With the BVP (1.1) we associate at all knots ¢; € .#r the model domain Qq, (see Fig.
2), which represents the angle of magnitude «; and the corresponding boundary is a model
curve:

Faj = 8Qo¢j =RtU Raja Rt = [07 OO),

, (1.7)
Ry, = {e'*" = (tcos oy, tsin a;) : t € R}

v denotes the unit normal vector field on the boundary 'y, := 9, = Rt U Ry,

0,—1)" for teR"
v(t) = (n(t), ) = { (1.8)

(—sin aj,cos ;) for t€ Ry,

and 0, := 10, + v,0,-the corresponding normal derivative.

The set of knots .#r we divide in three subsets: #r = #p J M U M N, where A p
consists of all knots ¢; where Dirichlet conditions collide and «; # m; .#y consists of all
knots c; where Neumenn conditions collide and o; # 7; .#px consists of all knots ¢; where
Dirichlet and Neumenn conditions collide and here a; can be arbitrary 0 < «o; < 27.

Consider the following model BVPs, associated with the BVP (1.1).
The Model Dirichlet BVP

{ Au(t) = [f(t), t €,

(1.9)
ut(s) = g(s), on Iy, =RTUR,,
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1
s s—2 s—1
u € H (), fGH (Q,), geH; /p(Faj), 1 <p<oo, $>2—?

at a knot ¢; € .#p (where Dirichlet conditions collide).
The Model Neumann BVP
f te Qg
Au(t) = f(t), ; (1.10)
(Guu)*(s) = h(s), on Ty =RTUR,,,

S s—2 s—1-—1
we (), fEMA(N,), heHTVP(T,), 1<p<oo, s>

J

SR

at a knot ¢; € .# (where the Neumann conditions collide).

The model Mixed BVP
Ault) = f(1). e,
ut(s) = g(s), on R* (1.11)
(Opu)t(s) = h(s), on R,
u € H;(Qaj), fe ﬁ;52(9aj), ge H;—l/p(R-i-)’ he H;—l—l/p(Raj>,
l<p<oo, s> 1
p

ataknot ¢; € .#pn (where the Dirichlet and Neumann conditions collide).

Theorem 1.4 (Local Principle, [BDKT13]) The initial mixed boundary value problem (1.1)
in the non-classical setting is Fredholm if and only if the boundary value problems (1.9),
(1.10) and (1.11) are Fredholm in the non-classical setting for all knots c; € M.

As a particular case of Theorem 1.1 we get the following.

Corollary 1.5 The boundary value problems (1.9), (1.10) and (1.11) have unique solutions
in the classical weak setting p = 2, s = 1.

Results for the model mixed BVP (1.11) was obtained in [DT18, DT19] (Fredholm cri-
teria, the unique solability). Similar results for the BVPs with mixed impedance conditions
are proved in [?].

The purpose of the present paper is to write the criteria of the solvability of the BVP on a
surface (1.1) in the non-classical setting (1.2). For this we need to study first model Dirichlet
(1.9) and the model Neumann (1.10) boundary value problems.

Investigations of the boundary integral equations run into difficulties due to the absence
of results on Mellin convolution equations in the Bessel potential space setting € H’ (R*)
f € H3(R*). In the recent papers [?] L. Castro & D. Kapanadze reduce BVPs (1. 9) and
(1.10) in the H'*4(2,) space settings to equivalent Wiener-Hopf = Hankel operators, by
manipulating with the even and odd extensions and the reflection operators. The obtained

equations were investigated in Ly (R ™) space and, in the last paper [?], in the special potential
space, defined by Mellin transforms.
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In a series of papers [?] P.A. Krutitskii investigated Boundary value problems for the
Helmholtz equation in a planar 2D domain {2 outer to a finite number of domains and cuts,
with Dirichlet, Neumann, mixed and impedance conditions on the boundary and faces of

cuts. Unique solvability was proved in classical strong setting v € C*(Q) N C%(Q2) by
reducing the problems to boundary Fredholm integral equations. Singularities at the tips of
cuts were described as well.

In the present paper we apply the potential method and reduce investigation of BVPs
(1.9) and (1.10) to the investigation of simpler equivalent systems.

The paper is organized as follows.First we recall auxiliary materials on potential oper-
ators and representation of solutions to BVPs in model domains (see In §,2) and then on
Mellin convolution operators in the Bessel potential spaces ( In §,3). Then we prove criteria
of Fredholmi proprty and unique solvability of model Dirichlet problem (see §, 4) nad of
model Neumann problem (see §, 5). In conclusion, at the end of the last § 4, we prove the
main Theorem 1.1.

2 POTENTIAL OPERATORS

It is well known that the Laplace operator A has the Fundamental solution %5

1
T () = %ln |z, AJN(x) = 0(x), r € R?,

which is used to define the standard double layer W A, the single layer V' A and the Newton
NN A potentials on the angle €2,,:

1

Vap(x) = %/ In |z — 7|¢(T)do,
1 (3

Wap(x) = o /. Oy(ryIn |z — T]p(T)do, (2.1
1 [e3

Nap(x) = %/Q In|z — y|e(y) dy, z € (.

For the standard properties of these potentials we refer to [Du01].

Any solution v € H;(Qa) to the BVP (1.9) (and also of the BVP (1.10)) is represented
as follows

uw(z) = Naf(z)+ Waut(z) — Valdyu|" () z € (), (2.2)

(see [?2, Du01]), where vt and [0, u|" are the Dirichlet and the Neumann traces of the solu-
tion u on the boundary I',, (cf. Fig. 2, Formulae (1.7) and (1.8)).

Let us recall the Plemelji formulae

DN | —

(Wap)* () = £ 3600+ Wangl0, GuatoVar) )0) = F3000)+ Wi (o) , o
(OuayWah)* (1) = Vash(t), (Vap)*(t)=Va_1p(t) tel, = 0Q,,
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where the pseudodifferential operators (VDO)

1
Vaielt) =5 [ Inlt=rlp(r)do

@

1
Wan®)i= 5= | oo lnlt = rliolr)do
o 24)
: 1 (
A,o%p(t) = - . 81/(1:) In[t — 7|o(7)do,
1 «
Varpt) = I Ou(t)Ou(r) I |t — T|p(T)do, tel,
Fa

of orders —1, 0, 0 and +1, are associated with the layer potentials of the Helmholtz equation.
The operator V' o _; has weakly singular kernel and the integral exists in the Lebesgue sense,
while the operators Wx o and W , have singular kernel of order —1 and the integrals
exists in the Cauchy Mean Value sense. V' o ynis a hypersingular integral operator and it
is interpreted in [DT18, § 1]. The standard mapping property is listed below (see [?, Du0l,
HWO8] for details):

Va1 @ H(T,) — HEH(T,),
Wapo o HY(T,) — H(Ty),
(2.5)
Ao ¢ HO(Ty) — HE(Ty),
Vas o H3(T,) — H YD), seR, 1<p<oo.

Next we will write some pseudodifferential operators (PsDOs) in explicit form for the
later use in §§ 3-5. For this consider the pull back operator J, : H*(R,) — H(R*) and

its inverse J ' : H(R") — HS(R,) are defined as follows
Jop(t) = p(t cos a,t sin @), t € R,
J W(ar,2) =4 (m) ; (z1,22)" € Ry, (26)
First let us consider the PsDOs mg+ V A 417w, . By applying the equality
Ou(@)Ou(y) In |z —y| = —83(y) Infz—y|=-0(z—y)+ (9@2(1,) In |z —yl,

proved similarly to (5.7), we get:

Vap(t) = A () Ou(ry In |t — T[p(T)do = — (1) +/F Oy In [t — 7](T)do
=—p(t)—= [ Ouryln|t —7|0yryp(r)do, teTl,.
Ia

By using the parametrization = (z1,75)" = (¢t,0)" of R*, the parametrization y =
(y1,92) " = (T cos a, Tsin a)" of Ry, recalling that R, is oriented from —oo to 0, using the
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equality
- hr;n Oy for x on R,
au = x1,x2)—t,0 27
(@) lim [—sin a0, + cos ad,,| forx onR,. 2D

(z1,22)—(tcos a,tsin a)

snd the equalities
. 1
Oiy) = —cos a0y, —sin a0y,, Inlr —y|= 3 In [(xl — )% 4 (29 — yg)ﬂ (2.8)

fort € RY, y € I',, we proceed as follows:

W aop(z) / Oy I [(21, 22) — (Y1, y2)|p(y)do
/ Oy In /(21 — 91)% + (29 — Y2)? o(T)dr
y=(7,0)
+% [—sin a9y, +cos ady,]In /(21— y1)? + (29 — ya)? ( . )gpl(T)dT
Yy=(T COs «,TsIn «
1 /°° xop(T)dT 1 /°° (z18in @ — x5 cos )1 (T)dT 2.9)
C2r (x1—7)2+23 27 (r1 — Tcos a)? + (z2 — Tsin a)?’ '

Here p1(7) := (7 cos a, T sin «) because in the second summand we have changed first
the orientation (R, is oriented from oo to 0), than variables and have reduced integration on
R, to integration on R™. Note, that the first integral summand in (2.9) vanishes if we restrict
variable 7 = (z1,72)" = (£,0)" to the axes R* (because x5 = 0) and, vice versa, the second
integral summand in (2.9) vanishes if we restrict variable x = (71, 22)" = (tcos a,tsin o)’
to the axes R, (because then 21 sin o« — 9 cos a =t sin « cos a — t sin « cos o = 0) and
the integrals differ only in sign:

sin a [ to(7)dr
TR+ Waorr,o(t) = —Jorr, Waorg+p(t) = / 21(7)
0

27 24+ 72 —2tTCcos «

e} —iq

1< e .
1 - | ;
47TZ 0 |:t — ear t — e—zaT:| 901(7-) T
1, |

= 5 [ K —e Kol oi(t), o) = (Jap)(t),  tERT,(2.10)

where J, is the pull back operator (see (2.6)) and 7g+ and 7, are the restriction operators
to the spaces on the corresponding subsets R™ and R,,.

By a similar calculation for the dual operator W7, , we get the following:

. B » _sina [*° T(T)dr
TR“WA’OTRHO@) = ~Jarme WA’OTRﬂD(t) o or /0 12+ 72 — 2tT cos «
1 1 1

= e L

47y t—elr  t—etoT
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1
— Z[Keia —Kefia]gp(t), tER+ (2.11)

?

For the singular integral operators W 5 o and its dual W7, , we have proved the following
(see (2.10), (2.11)):

1

TR+ WA oTR, 0(t) = =T arr, W aoTr+ (1) = —

o (€K o — €K jier-o ] (1), (2.122)

1
— [Kpia — K igr-a] @(t), t€ RT(2.12b)

TR, W*A,Ormgp(t) = —JQTR+W*A,OTR+@(75) =%

TR+ Warg+ = rg, Warg, = rg+ Warg+ = g, Wirg, = 0, (2.12¢)
where J, is the pull back operator (see (2.6)) and 7g+ and rr, are the restriction operators
to the spaces on the corresponding subsets R™ and R,,.

By using the equality (2.7) we proceed as follows

Oty Ou(y) Ha(t = y) = Ou(a) Ouy) Ha(x — y)‘ =(20)

y=(7 cos a,Tsin «)

= —0y,(—sin a0y, + cos ady,) Hn(x — y)

x=(t,0)
y=(7 cos a,Tsin «a)

= {—sin ad,,0,, + cos a;, } Ha(z —y)

z=(¢,0)
y=(7 cos a,Tsin «)

= [cos aAHN(z —y) — 0y, {cos a0y, +sin ady,} Fn(x —y)] ‘ o (t0)
y:(T,cos a,Tsin )

= [cos ad(x —y) + Oy, Opy)Ha(x — ?/)] ‘ 2=(t,0)
y=(7 cos a,T sin «a)

1
:kmaam+5@@%mﬁm—mﬁum—wﬂ]

(,0)
(T cos a,Tsin )

T
Y

_ {Cos 0 5(0) — — a2t }

- =9,
21 Y or (1 — 1) + (22 — 12)7

x=(t,0)
y=(7 cos a,Tsin a)

Now integrating by parts (see (??)) we continue as follows:

1 (21 — yl)ae(y)v(y)dg
VvV t)=—
T Vanre.(f) o & /Ra (1 —y1)? + (22 — y2)?

z=(t,0)
y=(7 cos a,Tsin «a)

1 [ t — 7cos «

- J.0 d
27T/0 2+ 72— 2t1 cosoz( w)(r)dr

R 1

 4r ),

t—elor  t—eiar

} (J 0 0pv)(T)dr,
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1
= Z[Keza ‘I—Kefia] aTvl(t), t E R+, (2.13)
since (J,0p)(7) = —(0;v1)(T), where v; := J,v. K, is the Mellin convolution operator

(see [Du79, Du84b, Du86, Du82] and Chapterv 4, §2):

1 [ é(r)d
Klo(t) == — / o(7) T7 0 <argc<2m, ¢€L,(RY). (2.14)
™ t—cT
0
The formula
1
JQTRQVA,+1TIR+UJ(75) = _Z [Keia + Ke—m} (6Tw)(t), teR" (2.15)

is proved similarly.

Now we look to the singular integral operators 7r, 0,V A _17g+ and rg+ 9,V A _17R,, -
We proceed as in (2.13):

1
JoTr, 0V A _1mR+w(t) = %JQTRQ Ouzy In |2 — y| w(y)do
R+

z=(t cos a,tsin a))
y=(7,0)

_ _iJaT]Ra/ cos a(xry — 7) + x98in aw(T) ir
R+

27 (x1 —7)2+ 23 z=(tcos a,tsin @)
1 [~ t — t sin®
_ 1 cos atcos a — 1) + ' s;n aw(T)dT
27 Jo (t cosa — 7)% + tsin” «
1 [~ t—
- __/ T cosa ——w(7)dT
21 Jo  (t cosa — 7)% + {2sin” «
1 [ 1 1
=—— . — | w(T)dr,
A Jo |t —eT  t—eTtoT
1
— —Z [Keicx + Ke—ia] w(t), t E R+ (2.16)
The formulae
1
TR+({9@VA,,1TRQU)(15) = - [Kem + Kefia] Jaw<7'), teRt 2.17)

4

is proved similarly.

3 MELLIN CONVOLUTION EQUATION IN BESSEL POTENTIAL SPACES

99 Let us recall from [DD16] results on the Fredholm properties of operators

A=dol + Y dK] ¢ Hi(RY) — Hi(RY), (3.1)

=1
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where K! , ..., K are admissible Mellin convolution operators and dy, . . ., d,, are m x m
constant matrix coefficients. H(R™) and Hj(R™) are the spaces of m-vector functions.

To this end consider the infinite clockwise oriented “rectangle” R := I'; UT, UTJ UTs,
where (cf. Figure 3)

1“1 e {—I—OO} X E’ F;__ = RJF X {iOO}, F3 = {O} X @

(00, —00) I ; (o0, +‘<.>o)
(0,8)
rsk (n,—o0) (n, +00)| T
[N (0.€), ’)
(0, —o0) ry, (0, +00)

Fig. 3. The domain R of definition of the symbol .27 (w).

According to [DD16, formulae (52)-(53d)] the symbol 42%; (w) of the operator A is

o (w) = )+ Zd A1 (w) (3.2)
where
92 p(00:8), w=(00,§) € Iy,
I (w) = (iZ;Z)i w = (n, Too) EF;, (3.3a)
emst, w=(0,6) €Ts, &,neR,
92 p(00,€) 1= e%s;Jr L e%zi_ 1 Cot7T<]1; - if) = e“SiSinﬂG . ig) { R,

sinw(% — @'f) ’
( —im(L—ig) L-ig—s—1
e "M% er -
- . 1 : ) w = (OO, 5) € Flv
sin(; — i§)
+
A5 (w) =4 0, w=n,+too)ely, (3.3b)

c?p
6—i7r(%+s—i§)0%—i§—s—1

si1r17r(1—17 —i€) c w=0.9¢€l,
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where ' _
0 < arg ¢ < 2, ™% = || tei®rmarg s oY = |c[veivare (3.3¢)

The function det.o7; (w) is continuous on the rectangle . The statement is easy to verify
analyzing the symbols in (3.2), (3.3a)-(3.3b) and taking into account that

jl;S(_OOJ _OO) =1, j;(o, _OO) = j;(o, —|—OO) = 6”‘%7 j;(-FOO, +OO) — eQTrsi7
Hi5(—00, —00) = (0, —00) = A, (0, +00) = HLY, (00, +00) = 0,

P P

g p(00,—00) =1, g° _ (00,+00) = e,

Therefore, the image of the function det.</;(w) is a closed curve in the complex plane and,
if the symbol is elliptic
inf |det.Z’(w)| > 0,

wEeER

the increment of the argument (1/27) arg o7 (w) when w ranges through 9 in the direction

of orientation, is an integer. It is called the winding number or the index of the curve I' :=
{2 € C: z = dete,(w), w € R} and is denoted by ind det.7,.

Propositions 3.1-3.3, exposed below, are well known and will be applied in the next
section in the proof of the main theorems.

Proposition 3.1 ([DulS] and Theorem 5.4, [DD16]) Let 1 < p < oo, s € R. The operator
A ]HI;(]R*) — ]I-]I;(]R*) (3.4)

defined in (3.1) is Fredholm if and only if its symbol %s(w) defined in (3.2), (3.3a)— (3.3b),
is elliptic. If A is Fredholm, then

IndA = —inddet%‘s.

The operator A in (3.4) is locally invertible at 0 if and only if it is globally invertible.

The operator A in (3.4) is locally invertible at 0 if and only if its symbol <7; (w) is elliptic
on the set I'y only, inf,cr, ‘det&fp‘*(wﬂ > 0.

Proposition 3.2 ([Dul5], Corollary 6.3) Ler 1 < p < oo, s € R and let A be defined
by (3.1). If the operator A : H3(R*) — H(R") is Fredholm (is invertible) for all
s € (80,81) and p € (po,p1), where —00 < g < 81 < 00, 1 < p, < p1 < o0, then A is

Fredholm (is invertible, respectively) in the Sobolev-Slobodeckii space setting

A W;(R*) — WX(RT),  forall se&(so,s1) and p € (po,p1)

and has the same index

Ind A = —ind det szf;f.
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Proposition 3.3 ([?, ?]) Let two pairs of parameter-dependent Banach spaces ‘B3 and *53,
51 < 8 < 8o, have intersections ‘Bj’ N %j” dense in ‘Bj’ and in %ju forall 7 = 1,2,
s', 8" € (51, s2).

If a linear bounded operator A : B85 — B3 is Fredholm for all s € (s1, s2), it has the
same kernel and co-kernel for all values of this parameter s € (s1, S3).

In particular, if A : B85 — B3 is Fredholm for all s € (s1, s3) and is invertible for only
one value sy € (s1, S2), it is invertible for all values of this parameter s € (s1, $2).

4 MODEL DIRICHLET BVP

In the present section we derive an equivalent boundary integral equation for the model
Dirichlet problem (1.9) and investigate it. For this we need the following auxiliary result.

Let C§(I',) denote the set of Holder continuous functions with with exponent s and
compact supports. It is well known that C(I',) is a dense subset of Hi(I',) for 0 < s <

1+1/p.

1 1
Lemmad.l Let ] <p <oo, —1——-<s<1+- go€ C§,), g(0) =1, is a fixed
p

p
function. Let us consider the linear functional
FO _}—‘1—%2_5/ ¢ g, ¢€Hp(ra>7

where I, . is the intersection of I, with the circle of radius € centered at the vertex 0 € T,

Then for arbitrary p € H;(T',) and 1 € W;(T',,) the following representations hold:

© = Fo(@)go + 0+ + @as pr € H(RY), ¢q € Hi(R,),
b= Fo(¥)go + ¥y +ay Uy € WH(RT), 9, € Wi(R,), (4Dspan
FO(()O+) = FO(QOa) = Fo(er) = Fo(wa) =0.

Proof: Easy to check that for ¢ € C§(I',) holds Fy(p) = (0) and, since go(0) = 1, we get
©4+(0) = 0, ©(0) = 0. The inclusions ¢, € ]ﬁl;(R*), Vo € ]IT]I;(RQ) follow automatically.
Since the subset C5(I',) is dense in H(T',) (also in W>(T',)) and Fy is a linear bounded
functional in H?(I',) (also in W>(I',)), the both representations in (4.1) remain valid for
arbitrary function ¢ € H(I',) (for arbitrary function ¢ € W7 (I',)). [

We remind that the Dirichlet trace u™ = ¢ € Wf._l/ P(T'y,) is a known function and let

(Ou)t =1 € WZ_I_I/ P(T',) denote the unknown Neuman’s trace. Then the representation
formula (2.2) for a solution to the Dirichlet BVP (1.9) has the following form

u=Naf+Warg—Var. (4.2)
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By applying the Plemelji Formulae (2.3) to (4.2) we get
)" == @QNsf) + Vang+ 30—~ Wi, vel,
and rewrite the obtained equality as follows:
S0+ Wi =G,
G:=O,Naf)"+Varg, ¥ GeW, P(T,).

4.3)

Since I = rg+ + 7r,, applying the equalities (2.12c¢) we rewrite the equation (4.3) as
follows:

1 * *
5@/} +ree Wi oTr ¥ + TR, W A g+ = G,

G, e Wy VT,

4.4)

Now we recall the representation (2.12b), restrict equation (4.4) to Rt by applying rg-+,
which gives us the first equation in (4.5) below. Then restrict equation (4.4) to R, and apply
the pull back operator J, and its inverse (see (2.6)) and get the second equation in (4.5).
Thus, we get the system of two equations on the half axes with two unknown functions:

1
51/11 + (ree Wagrea J 2 )2 + Fo(¥)g2 = Gy,
4.5)

1

57#2 + (Jarra W orr+ )01 + Fo(¥) g1 = G,
g1 = TR+W*A,0TRQ.907 g2 ‘= JQTRQW*A,OTR+QO7
77[)1 = TR+77Z), ’QZJQ = JQTRQ@Z), G1 = TR+G, G2 = Ja’f‘RaG, (46)
V1,2, € WZ_I_I/p(R+)7 91,92, G1,G2 € Wf)_l_l/p(RJr)-

Since one dimentional operator Fy(-) does not influence Fredholm property of the system
(4.5), the system

1
5@/)1 + (res Wi gre,J o )2 = Gy,

1
5152 + (Jarr, W ores )th1 = G,

4.7)

i, P, € WETIIP(RT), Gy, Gy € W3 I-VP(RY)

is Fredholm-equivalent to the system (4.6).
Due to the formula (2.12b) the system (4.7) of boundary integral equation coincides with
the following system of integral equations of Mellin type:

1
wl - 2_ [Kiza - Ki’i(2ﬂ'70¢)i| wQ = Gl)
v (4.8)

1
¢2 + Z [Kém - Kii(QTr—a)} ¢1 = G27
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Ts—1—1 + s—1—1 +
U, s, € Wil TVR(RT), Gy, Gy € WETITV/P(RT),

1 1
Theorem 4.2 Let 1 <p<oo, —<s<1+—.
p p

The model Dirichlet boundary value problem in the non-classical setting (1.9) is Freholm
if and only if the system of boundary integral equation (4.8) is Fredholm.

Now we can prove the main teorem of the present section.

Theorem 4.3 The Model Dirichlet BVP in the non-classical setting (1.9) is Fredholm (and
the system of boundary integral equation (4.8) is Fredholm) if and only if the following holds:

e =UP in? (s —if) + e 2™ sin®(a—m)(1/p—s—1—i) A0 YEER. (4.9)

If the condition (4.9) holds, the semi-strip (1/p,o0) x (0,1) of the Euclidean plane R?,
where the pairs (s, 1/p) range, decomposes into an infinite union %y U %, U - - - of non-
intersecting connected subsets of regular pairs, for which the BVP (1.9) is Fredholm.

If the point (1,1/2) (i.e. s = 1,p = 2) belongs to the connected subset %, then BVP
(1.9) is uniquely solvable for all pairs (s,1/p) € K.

The same unique solvability holds for the system of integral equations (4.5).
Proof: Let us investigate the Fredholm properties of the system (4.8). An equivalent task is
to study the Fredholm property of the corresponding operator ]

1 wys—1— s—1—
D,=1- Zd[Kim — K] @ WETITVP(RT) — W VP(RY), (4.10a)

For this it suffices, due to Proposition 3.2, to prove the same theorem for the operator

1 ~
D,=1— gd[Kim — Klioro) © H7UVP(RT) = HETUVP(RY). (4.10b)

Here d is the 2 x 2 constant matrix

1 01
d:= { 0 O] (4.11)

The symbol of the operator D, in (4.10b) on the set Ty, according to the formulae (3.3a)-
(3.3¢), reads:

Diw P (00,€) = (4.12)
€i7r(5_1/p) SiIlTl'(S — Zg) —e~ims Sin(o‘/ — 7T)(]_/p —s—1- Zf)
_ sinm(1/p —i€) sinm(1/p — i€)
B e*lﬁrs Sin(Ct B 7.‘-)(1/2? —s—1- 7’5) eiﬂ(sfl/p) sin 7T<S — Zf) ’
sin(1/p —i€) sin(1/p — i€)
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since

fpsflfl/p(oo, 6 — 627T(811/p)isul7r<1/p +s—1—-1/p— z§>
Sinﬂ'(l/p - z’f)

sin7r<s — 25) ‘
sin7r<1/p — if’)’

— eiﬂ'(sfl/p)

(4.13)

[ e, — (00, 9)

22 eia7p et(2m—a),p
ia(l/p—s—1—1i&) _ i(2mr—a)(1/p—s—1—i&
_ _e—in(l/p—ig)e (1/p | ') eil ).( /p )
2isinm(1/p —i&)
eila—m)(1/p—s—1-if) __ p—i(a—m)(1/p—s—1-if)
2isinm(1/p — &)

imsSiD(@ — ) (1/p — s — 1 — i)
sinm(1/p —i&) '

—ims
= €

Since det 75" (00, €) coincides with the function in (4.9), due to Proposition 3.1
the operator in (4.10b) is locally Fredholm and, therefore, globally Fredholm if the condition
(4.9) holds.

The determinant of the symbol
det @;_l_l/p(oo, €) = 2P gin? (s —i€) + e * ™ sin?(a — ) (1/p — s — 1 — i€)

is a periodic function with respect to the parameters s and 1/p and vanishes on curves which
divide the strip (1,00) x (0,1) C R? into connected subsets %y, %, . . .. Due to Corollary
1.5 the BVP (1.9) is uniquely solvable for s = 1 and p = 2. Then, due to Proposition 3.3,
BVP (1.9) is uniquely solvable for all pairs (s, 1/p) € %, provided (1,1/2) € %,. n

5 MODEL NEUMANN BVP

In the present section we will derive equivalent boundary integral equations for the model
Neumann problem (1.10) and investigate it.
s_1-1 s 1
If the Neuman’s trace (0, u)t = h € W, ' "(T'y) is known and u™ = ¢ € W, *(T',)
denotes the unknown Dirichlet trace, the representation formula for a solution to BVP (1.10)
has the following form

u=Naf+Warp—Vah. (5.1
By applying the Plemelji Formulae (2.5) to (5.1) we get

1
ut = Y= (JVAJC)Jr + 5@ + WA,OSO - VA,flha p € L.
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Since I = rg+ + g, , rewrite the obtained equation as follows:

1
3® TR Waorr,p — e, Waorr+p = H, 52)

H:=(0,Naf)" —Va_ih, o, H e W5 P(T,).

By using the representation (4.1), similarly to (4.4)—(4.6) the equation (5.2) is rewritten as
an equivalent system of boundary integral equations on the semi-axes RT:

1

51~ rr+ Waorr, 02 — Fo(p)he = Hy,

1 (5.3)

52~ Jorr W aorr+p1 — Fo(p)hy = Ho,

hy == re+Waporr,go, ho = Jarr, W a ore+go,
1i=rree,  @2i=Jarr.p, Hyi=rreH, Hy:=Jare,H,
1,2 € W;_l/p(RJr) hy, ho, Hy, Hy € WZ_I/p(R+)-

Due to the formula (2.12a) the system (5.3) of boundary integral equation coincides with the
following system of integral equations of Mellin type:

1. '
wl —_ 2— [elaKeia - eilaKei(27rfa):| w? - Gl?
i 5.4

1., ;
Upt o [ Koo — e Koo | 1 = Go,

Y1, o, € WETITP(RT), Gy, Gy € WETITVP(RY),

1 1
Theorem 5.1 Let1 <p<oo, — <s<1+—.
p p

The model Neumann boundary value problem in the non-classical setting (1.10) is Fre-
holm if and only if the system of boundary integral equation (5.4) is Fredholm.

Now we can prove the main theorem of the present section.

Theorem 5.2 The Model Neumann BVP in the non-classical setting (1.10) is Fredholm (and
the system of boundary integral equation (5.4) is Fredholm) if and only if the following holds:

2P gin? (s — i€) + e 2™ sin(a — w)(1/p — s —i€) A0 VEER. (5.5)

If the condition (5.5) holds, the subset (1/p,00) x (1,00) of the Euclidean plane R?,
where the pairs (s,p) range, decomposes into an infinite union %, U %, U --- of non-
intersecting connected subsets of regular pairs, for which the BVP (1.10) is Fredholm.

If the point (1,2) (i.e. s = 1,p = 2) belongs to the connected subset X, then BVP
(1.10) is uniquely solvable for all pairs (s,p) € Ro.

The same unique solvability holds for the system of integral equations (5.3).
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Proof: Let us investigate the Fredholm properties of the system (5.4). An equivalent task is
to study the Fredholm property of the corresponding operator ]

1 i —ia wys—1— s—1—
No=1-gd (€K 5io — €K ginw] © WTITVP(RY) — WTIZVP(RT), (5.62)
For this it suffices, due to Proposition 3.2, to prove the same theorem for the operator

1. | _
No=1I-d[" Ko —e K gneo] « BTV RY) = H7VPRY). (5.6b)
1

Here the 2 x 2 matrix d is defined in (4.11).

The symbol of the operator D, in (5.6b) on the set I'y, according to the formulae (3.3a)-
(3.3¢), reads:

Doy (00,€) = (5.7)
eim(s=1/p) sin (s — i) _eims sin(a — m)(1/p — s —if)
_ sin7(1/p — i) sin7(1/p — i)
B e—iﬂ's Sin(a B 7T)(]_/p - S = Z§> eiﬂ'(S—l/p) sin 7T(S — Zé) !
sinm(1/p — i) sin7(1/p — i€)

since

i' [eia%1,5—1—1/p(007€) _ e,ia%1,5—1—1/p<oo,£)]

2Z 65.“",]7 65.i(27r—a),p

o5 ia(1/p—s—i€) _ gi(2m—a)(1/p—s—if)
2isinm(1/p —i&)

o5, ila=m)(1/p=s—i€) _ p=ila=m)(1/p=s—i€)

2isinm(1/p —i&)

_sinfa = m)(1/p— s — i)
sin(1/p —i€)

_ _min(1/p=it)

—iTS
= e

and for .7, P (00, £) see (4.13).

Since det ;" 7 (00, €) coincides with the function in (5.5), due to Proposition 3.1
the operator in (5.6a) is locally Fredholm and, therefore, globally Fredholm if the condition
(5.5) holds.

The determinant of the symbol

det %S_l_l/p(oo, ) = P gin? (s — i) + e 2™ sin’(a — 7)(1/p — s — i€)

is a periodic function with respect to the parameters s and 1/p and vanishes on curves which
divide the strip (1,00) x (0,1) C R? into connected subsets %y, %4, . . .. Due to Corollary
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1.5 the BVP (1.10) is uniquely solvable for s = 1 and p = 2. Then, due to Proposition 3.3,
BVP (1.10) is uniquely solvable for all pairs (s,1/p) € %, provided (1,1/2) € Z,. [

Proof of Theorem 1.3: Due to the local principle, Theorem 1.4, the BVP (1.1) is Fredholm
if all local representatives (the corresponding BVPs (1.9)—(1.11)) at the knots ¢; € .# =
Mp U My U Mpy are Fredholm. Due to Theorems 4.3, Theorem 5.2 proved above and
Theorem 0.3 proved in [DT19] Conditions (1.4), (1.5) and (1.6) are necessary and sufficient
for the corresponding Dirichlet, Neumann and mixed BVPs are Fredholm in appropreate
settings.

The determinants of the symbols in (1.4), (1.5) and (1.6) are periodic function with re-
spect to the parameters s and 1/p and vanishes on curves which divide the strip (1, 00) X
(0,1) C R? into connected subsets %y, %1, .... Due to Theorem 1.1 the BVP (1.1) is
uniquely solvable for s = 1 and p = 2. Then, due to Proposition 3.3, BVP (1.1) is uniquely
solvable for all pairs (s, 1/p) € Z,, provided (1,1/2) € Z,. n
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