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Following [2], we give the definition of topological entropy that will be necessary hereafter. Let
X be a compact metric space with a metric d and f : X → X a continuous mapping. Along with
the original metric d, we define an additional system of metrics on X:

dfn(x, y) = max
0≤i<n

d(f i(x), f i(y)), x, y ∈ X, n ∈ N,

where f i, i ∈ N, is the i-th iteration of f , f0 ≡ idX . For any n ∈ N and ε > 0, denote by Nd(f, ε, n)

the maximum number of points in X, pairwise dfn-distances between which are greater than ε.
Then the topological entropy of the mapping f is defined by the formula [2]

hd(f, x) = lim
ε→0

lim
n→∞

1

n
lnNd(f, ε, n).

Let C(X,X) denote the space of continuous functions from X to X with metric

ρ(f, g) = max
x∈X

d(f(x), g(x)).

Theorem 1 ([5, 6]). The function htop : C(X,X) → [0;+∞] belongs to the second Baire class on
the space C(X,X), and its set of lower semicontinuity points is an everywhere dense set of type
Gδ.

Let K denote the Cantor set on the interval [0; 1] with the metric induced by the natural metric
of the real line.

Theorem 2 ([10]). If X = K, then the function htop : C(X,X) → [0;+∞) does not belong to the
first Baire class subspace of homeomorphisms.

Let us denote by Eh(f) the set of limiting realizable values of topological entropy, i.e. those
that are obtained for arbitrarily small uniform perturbations of the mapping f :

Eh(f) =
⋂
n∈N

{
htop(g) : ρ(f, g) < n−1

}
.

Theorem 3 ([9]). For each continuous mapping f : K → K, the equality Eh(f) = [0;+∞] holds.

From Theorems 1 and 3 we obtain

Theorem 4 ([9]). For the function htop : C(K,K) → [0;+∞] it is true:

1. the set of points of continuity is empty;
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2. the set of points of lower semicontinuity coincides with the set of points where the equality
htop(f) = 0 holds and is an everywhere dense set of type Gδ;

3. the set of upper semicontinuity points coincides with the set of points where the equality
htop(f) = +∞ holds and is a set of type Fσδ.

From the results of the work [4] for any continuous mapping f we obtain the equalities

minEh(f) = htop(f),

and from the results of the book [1] we have

maxEh(f) = htop(f).

Theorem 5. If the mapping f ∈ C([0; 1], [0; 1]) satisfies the condition f(0) = 0, then the equality
Eh(f) = [htop(f);+∞] holds.

On the space of the sequence of continuous mappings

f̃ ≡ (f1, f2, . . . ), fi : X → X

we introduce the metric
ρ̃(f̃ , g̃) =

∞∑
k=1

2−k ρ(fk, gk)

1 + ρ(fk, gk)
,

we denote the resulting metric space by C̃(X,X). The topological entropy of the sequence of
mappings f̃ is defined in [3].

Theorem 6 ([7]). The function htop : C̃(X,X) → [0;+∞] belongs to the third Baire class.

Theorem 7 ([7]). If X = K, then the function htop : C̃(X,X) → [0;+∞] does not belong to the
second Baire class on the subspace of sequences consisting of homeomorphisms.

Theorem 8 ([8]). If X = [0; 1], then the function htop : C̃(X,X) → [0;+∞] does not belong to the
second Baire class.

References
[1] L. S. Block and W. A. Coppel, Dynamics in One Dimension. Lecture Notes in Mathematics,

1513. Springer-Verlag, Berlin, 1992.
[2] B. Hasselblatt and A. Katok, A first course in dynamics: with a panorama of recent develop-

ments. Cambridge University Press, New York, 2003.
[3] S. Kolyada and L. Snoha, Topological entropy of nonautonomous dynamical systems. Random

Comput. Dynam. 4 (1996), no. 2-3, 205–233.
[4] M. Misiurewicz, Horseshoes for mappings of the interval. Bull. Acad. Polon. Sci. Sér. Sci.

Math. 27 (1979), no. 2, 167–169.
[5] A. N. Vetokhin, Typical property of the topological entropy of continuous mappings of compact

sets. (Russian) Differ. Uravn. 53 (2017), no. 4, 448–453; translation in Differ. Equ. 53 (2017),
no. 4, 439–444.

[6] A. N. Vetokhin, The set of lower semi-continuity points of topological entropy of a continuous
one-parametric family of dynamical systems. (Russian) Vestnik Moskov. Univ. Ser. I Mat.
Mekh. 2019, no. 3, 69–71; translation in Moscow Univ. Math. Bull. 74 (2019), no. 3, 131–133.



REPORTS OF QUALITDE, Volume 4, 2025 219

[7] A. N. Vetokhin, The exact Baire class of topological entropy of nonautonomous dynamical
systems. (Russian) Mat. Zametki 106 (2019), no. 3, 333–340; translation in Math. Notes 106
(2019), no. 3-4, 327–333.

[8] A. N. Vetokhin, Topological entropy of a continuous family of smooth time-varying dynamical
systems on an interval does not belong to the second Baire class. (Russian) Differ. Uravn. 56
(2020), no. 1, 133–136; translation in Differ. Equ. 56 (2020), no. 1, 131–134.

[9] A. N. Vetokhin, The set of limiting realizable values of topological entropy of continuous
mappings of a Cantor set. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 2023, no. 3,
35–40; translation in Moscow Univ. Math. Bull. 78 (2023), no. 3, 144–149.

[10] A. N. Vetokhin, On the topological entropy of one family of homeomorphisms of the cantor
set. Moscow Univ. Math. Bull. 80 (2025), no. 4, 266–269.


