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In the paper, a system of functional-differential equations is established, whose solutions rep-
resent the sensitivity coefficients of the SIR differential model. Let I = [to,?1] be a given interval
and let R? be the 3-dimensional vector space of points x = (a:l,mz,x?’)T, where T" means trans-
pose; suppose that O C R3, vV € R! are open, convex, bounded sets. Let the 3-dimensional vector
function

1 2 3 T
f(t,l’,ﬂjl,l‘g,v) = (f (t,I,LEl,IEQ,U),f (t,l‘,l‘l,xz,’l}),f (t,.’L‘,.’El,.’L‘Q,U))

be continuous on I x O3 x V and continuously differentiable with respect to =, z1, 2, and v.
Furthermore, let 7; > 7; > 0, i = 1,2, and # > 0 be given numbers with tg + 7 < t1, where
7 = max{m1, 70,0} Let ¢(t) = (©*(t), %), p*(t)T € O, t € I = [T,ty] be continuously
differentiable function, where 7 = tg—7 and let §2 be a set of the scalar piecewise-continuous control
function u(t) € V, t € Iy = [, t1]. To each element w = (71,72, u(t)) € W = (711, 721) X (T12, T22) X Q
we assign the controlled functional-differential equation

i(t) = f(t,z(t),z(t — 1), z(t — 72),u(t —0)), tel, (1)
x(t> = (xl(t)7 xQ(t)ﬂ x3(t>)T7
with the initial condition
z(t) = ¢(t), tel. (2)

Definition. Let w € W. A function z(t;w) € O for t € I, is called a solution of equation (1) with
the initial condition (2), or equivalently, a solution corresponding to the element w and defined
on the interval I, if x(t; w) satisfies condition (2), is absolutely continuous on the interval I, and
satisfies equation (1) almost everywhere on I.

Let us introduce the notations:
- Jwl = |7 + 2| 4+ [Jull, [Jull = sup{|u(t)| : t € I2};

- We(wo) ={we W :|jw—wy| <e};
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- € > 0 is a fixed number and wg = (710, 720, uo(t)) € W is a fixed element;
furthermore,
- 671 =71 — T10, 072 = T2 — Tap, du(t) = u(t) — uo(t) and

dw = w —wo = (871,072, 0u(t)), |dw| = [d71| + |d72| + ||0ul],
W—woz{dw:w—woz wGW}.

Theorem 1. Let xo(t) = (x}(t), 22(t), 23 (t))T be the solution corresponding to the element wy € W,
i.e. xq(t) is the solution of the initial problem

z(t) = f(t,x(t),:c(t —T10),2(t — T20), uo(t — 9)), tel,
z(t) = p(t), tel,

defined on the interval I5. Then, there exists a number €1 > 0 such, that for arbitrary dw € W, =
{0w e W —wq : |dw| < e1} the perturbed problem (1), (2) admits a solution z(t;w) = x(t; wy + dw)
defined on the interval Is and the following representation holds:

z(t;w) = o(t) + 02 (t; w) + o(t; Sw), dx(t;ow) = (5z' (t;0w), 6 (¢; dw), 2> (¢; 5w))T, tel, (3)

where
L Jo(t:dw)

——— =0 uniformly for t € I.
sw|—0  |dw|

Moreover, the function

B xl $2 1:3 T _ 0, te Ila
ox(t) = (62'(t),62°(t), 62°(t)) {595(15; Sw), t € (to, t1]

is a solution of the equation

5$(t) = fa:[t](sx(t) + fcc1 [t](sx(t - 7—10) + fxz [t]éx(t - 7—20)
— f;v1 [t]fCo(t - 7'10)(57'1 - faC2 [ﬂi'o(t — 7'20)(57'2 + fv[t]5u(t — 9), t e (to, tl), (4)

with the initial condition
(5.73(t) =0, tel. (5)

Here
fz[t] = fm (t, :L'()(t), xo(t — 7’10), xo(t — 7'20), UQ(t — 9)) (6)

Remark. The Theorem 1 is a simple corollary of the Theorem 2.1 given in [1]. The function
Sx(t) = (521 (t), 622(¢), 623 (t))T := dz(¢; w) in the formulas (4) and (3) is called the vector coefficient
of sensitivity. The functions dz°(t), i = 1,2, 3 are called the scalar coefficients of sensitivity. Finding
of the sensitivity coefficient is an important tool for establishing properties of the mathematical
models. Equations for the sensitivity coefficients are obtained in [2,4-8] for the various classes of
functional-differential equations.

The SIR model [3,9] describes the spread of infectious disease within a population. It divides
the total population into three main compartments: Susceptible (S), Infected (I), and Recovered
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(R). Let us consider the SIR model with delays in state and control variables as the following
system of functional-differential equations:

i) = =Bzt (t — m)a?(t — 1) —u(t — 0)x'(t),
#2(t) = Bt (t — m)a?(t — 1) — 22 (t — ), t eI =lto, 1], (7)
3(t) = v (t — 1) + u(t — 0)zt(t),

with the initial condition ' 4
z'(t) = ' (t), tel, i=1,2,3. (8)

Here, 2'(t) denotes the number of susceptible individuals at time ¢; 2?(¢) denotes the number of
infected individuals at time ¢; and 23(¢) denotes the number of recovered individuals at time ¢; u(t)
is the control function; 8 denotes the infection rate; v is the recovery rate; 71 represents the delay
(represents the incubation period or latent period before an infection has an effect); 72 denotes the
delay (represents the time from infection to recovery); 6 represents the control delay (represents the
time between applying the control and its effect on the system); ©'(t), t € Iy, i = 1,2, 3, are given
initial functions (represents the number of susceptible, infected and recovered individuals during the
delay interval); u(t — 6)) is the control function with a time delay 6 (vaccination, quarantine, etc.);
x'(t —71)x?(t — 71) represents the interactions between susceptible and infective individuals 71 time
units ago, that produces new infections at the current time; u(t — 0)x!(¢) represents the number
of susceptible individuals affected today by a control action that was applied 8 time units ago. In
addition, we note that the model implies the validity of the following equality x!(t) +x2(t) +23(t) =
N(t). This relation means that the population size is fixed (i.e., no births, deaths due to disease, or
deaths by natural causes). N (t) is the total population at time ¢. Incubation period of the infectious
agent is instantaneous, and duration of infectivity is same as length of the disease. It also assumes
a completely homogeneous population with no age or social structure. For the considered model we
suppose that: >0,y > 0; O = (0,a) x (0,a) x (0,a), V =(0,b); a > 0, b > 0. Let us introduce
notations: = = (2!, 22, 2%)7, 21 = (2}, 22, 23)7, 2o = (2,23, 23)T. It is not difficult to see that
using the previous notations we have:

FHt @ wnw2,0) = —Baya] —vrl, () = Bryat —yag, fO() = wh + vl
Now, let us find the matrices fz[t], fz,[t], fz,[t], and fu[t] (see (6))
sl fltl foslt

foltl= | fal] fR0 £l
altl a0t Sl

o~
i

where
L[t =—uo(t—0), fRlt]=0, fult]=0, fAlt]=0, f2[t]=0, fi[t]=0,
St =uo(t—0), fLlt]=0, fX[t]=0,
Full FLl f
fuld = | 721 £200 74l
Rl A 7
here,

f;i% [t] = —B$(2)(t — T10), fig[t] = —533(1)(15 — T10), f;:;[t] =0, fé [t] = 553(2)(75 — T10),
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fé [t] = Bag(t — T10), fi;)[t] =0, f4[t] =0, fi’g[t] =0, fgi’?[t] =0,

1 [1]
U
faylt] = fé[t] fig[ﬂ fﬁg[t] ,
A

where

fall=0, fLll=0, fhll=0, fAl=0, fAl=—v fAl=0,
fg?é[t] =0, fgg[t] =7 fgg[t] =0,
folt) = (F108, 22080, £21) T
Ft = —2d(0), 2 =0, f3[t) = xh(t).

After elementary calculations we get (see (4))

—ug(t — )0zt (t)
fw[t]5$(t> = ( 0 ) s
ug(t — 0)0x3(t)

—Ba3(t — 110)02(t — T10) — Brd(t — T10)02%(t — T10)

fxl [t](sx(t - 7-10) = ﬁ:ﬁ%(t — 7'10)5:E1(t — Tl[)) + B.T(l)(t — T10)5I2(t — TlO) >
0

0 S(t)du(t — 0)
Fanltlow(t — m0) = | =702 (t =720) | | f,[ou(t — 0) = 0
753@ (t — 720) x (t)éu(t —0)

[a:%(t — T10 :co (t —T0) + :Co(t — Tlo)SUg(t — 7'10)]
3

fu[tJEo(t = 710) = | B[23(t — m0)ab(t — T10) + 2§ (t — T10)33(t — 110)] | 5
0
0
Fooltlio(t — 7a0) = | —7E5(t — 720)

g (t — 720)
Using expressions in given above the Theorem 1, it follows
Theorem 2. Let xé(t), 1 =1,2,3 be the solution of the system of functional- differential equations
il (t) = =Bt (t — T10)2%(t — T10) — uo(t — 0)z(t),

2<t) 2533' (t—Tlo)Q,’z(t—Tlo)—7$2(t—7'20), tel
2(t) = y2*(t — 720) + uo(t — )z’ (1),

8- R-H

with the initial condition z'(t) = ¢'(t), t € Iy, i = 1,2,3, i.e. zi(t), i = 1,2,3 is the solution
corresponding to the element wyg € W and defined on the interval Is. Then, there exists €1 > 0
such that, for arbitrary dw € W, = {ow = w —wp : |dw| < e1}, the perturbed problem (7),(8)
admits a solution x'(t;w) = x'(t;wo + dw), i = 1,2, 3, defined on the interval Iy, and the following
representation holds:

z'(t;w) = xh(t) + 02’ (t; 0w) + o' (t;0w), t€ I, i=1,2,3
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(see (3)), where '
Lot ow)|

=0, i=1,2,3 uniformly for t € I.
lbw|—=0  |0ul

Moreover, the coefficients of sensitivity dx'(t) := dz'(t;0w), i = 1,2,3, t € I, satisfy the following
system of functional-differential equations:

5:61(75) = —Bad(t — 110)0x (t — T10) — Bxd(t — T10)02%(t — T10) — uo(t — )5z (t)

+ Blaf(t — T10) @5 (t — T10) + TG (t — T10)EG(t — T10)] 671 — 2H(B)Su(t — 6),
b (t) = Bak(t — 110)0x  (t — T10) + Bad(t — T10)62%(t — T10) — Y022 (t — To0)

— Blag(t — T10)E5(t — T10) + 2G(t — T10)EG(t — T10)] 071 + YEF(t — T20)57T2,
6x3(t) = zb(t)ou(t — 0) + uo(t — 0)62%(t) — v (t — T0)072,

with the initial condition dz'(t) =0, t € I, i = 1,2,3 (see (5)).
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