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1 Introduction
We consider the boundary value problem for a system of integro-differential equations

ẋ(t) = X

(
t, x(t),

t∫
0

φ(t, s, x(s)) ds

)
, (1.1)

subject to the boundary condition
F (x(0), x(T )) = 0. (1.2)

We also study the corresponding boundary value problem for a family of integro-dynamic equa-
tions defined on a family of time scales Tλ with λ ∈ Λ ⊂ R, where 0 is assumed to be a limit point
of Λ. Denoting [0, T ]λ := [0, T ] ∩ Tλ, we assume that the points 0 and T belong to all time scales
Tλ. The corresponding boundary value problem on Tλ takes the form

x∆λ (t) = X

(
t, xλ(t),

t∫
0

φ(t, s, xλ(s))∆s

)
, (1.3)

F (xλ(0), xλ(T )) = 0. (1.4)

Here, the function X(t, x, y) is defined and continuous for t ∈ [0, T ], x ∈ D ⊂ Rd, and y ∈ D1 ⊂
Rm. The function φ(t, s, z) is defined and continuous on Q1 = [0, T ]× [0, T ]×D, with φ : Q1 → D1.
A more precise formulation of the problem will be given below.

Let µλ(t) : Tλ → [0,∞) denote the graininess function, which characterizes the density of the
time scale, and let µλ := sup

t∈Tλ

µλ(t). If µλ → 0 as λ → 0, then [0, T ]λ approaches the continuous

interval [0, T ], and the boundary value problem (1.3), (1.4) on the family of time scales tends to
the integro-differential boundary value problem (1.1), (1.2). This naturally raises the question of
the relationship between the solutions of these two types of problems.

The main contribution of this work is to demonstrate that, under suitable assumptions, the
solvability of the integro-dynamic boundary value problem (1.3), (1.4) for sufficiently small λ guar-
antees the solvability of the integro-differential boundary value problem (1.1), (1.2). Conversely, we
show that if problem (1.1), (1.2) admits a solution, then the corresponding problems (1.3), (1.4) are
also solvable for small λ. Furthermore, we prove that the solutions xλ(t) converge to the solution
x(t) of problem (1.1), (1.2) as λ → 0.
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2 Time scales
We recall some standard notations from the theory of time scales (see [1]). A time scale is defined
as a nonempty closed subset of R. For a subset A ⊂ R we write AT = A ∩ T.

The forward jump operator σ : T → T is given by σ(t) := inf{s ∈ T : s > t}. Similarly, the
backward jump operator ρ : T → T is defined as ρ(t) := sup{s ∈ T : s < t}. Here we adopt the
convention inf ∅ := supT, sup∅ := inf T.

A point t ∈ T is said to be left-dense (LD) if ρ(t) = t, left-scattered (LS) if ρ(t) < t, right-dense
(RD) if σ(t) = t, and right-scattered (RS) if σ(t) > t.

When T possesses a left-scattered maximum M , we put Tκ = T \ {M}; if no such point exists,
we simply take Tκ = T.

The graininess function µ(t) := σ(t)− t characterizes the density of the time scale.
We say that a function f : T → Rd is ∆-differentiable at a point t ∈ Tκ whenever the limit

f∆(t) = lim
s→t

f(σ(t))− f(s)

σ(t)− s

exists in Rd. In this case, the value f∆(t) is referred to as the ∆-derivative of f at t.
A function f : T → Rd is said to be rd-continuous provided it is continuous at every right-dense

point of T and admits finite left limits at all left-dense points.
We say that f : T → Rd is regulated when it admits finite right limits at every right-dense point

and finite left limits at every left-dense point of T.
Suppose f : T → Rd is regulated. We call a function F an antiderivative of f if

F∆(t) = f(t), t ∈ T.

In this case, the Cauchy ∆-integral of f is given by
s∫

τ

f(t)∆t = F (s)− F (τ), s, τ ∈ T.

3 Auxiliary results
The proofs of the main results are based on estimates of the proximity between the Cauchy problems
associated with (1.1) and (1.3).

We assume that X(t, x, y) is continuously differentiable in its domain, and that there exists a
constant C > 0 such that

|X(t, x, y)|+
∣∣∣∂X(t, x, y)

∂t

∣∣∣+ ∣∣∣∂X(t, x, y)

∂x

∣∣∣+ ∣∣∣∂X(t, x, y)

∂y

∣∣∣ ≤ C (3.1)

for all t ∈ [0, T ], x ∈ D, and y ∈ D1.
Moreover, we assume that ∥∥∥∂φ(t, s, z)

∂z

∥∥∥ ≤ C (3.2)

for all t, s ∈ [0, T ] and z ∈ D.
Here, ∂X

∂x , ∂X
∂y , and ∂φ

∂z denote the corresponding Jacobian matrices, while | · | and ∥ · ∥ denote
the norms of a vector and a matrix, respectively.

Let t0, t1 ∈ [0, T ]λ, and let x(t) and xλ(t) denote the solutions of the corresponding Cauchy
problems on [t0, t1] and [t0, t1]λ, with the initial conditions x(t0) = x0 and xλ(t0) = x0, respectively.

The following result establishes the closeness of these solutions, with an estimate that is uniform
over all time scales.
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Lemma 3.1. Suppose that conditions (3.1) and (3.2) hold. Then, for all t ∈ [t0, t1]λ, the following
inequality holds:

|x(t)− xλ(t)| ≤ µλK, (3.3)
where

K = eC(t1−t0+1)
(
c+

C2(t1 − t0)

4

)
+ 3C.

The proof of this statement follows from the approach of works [2, 3], where it was established
for the case of ordinary differential equations. The main difficulty of the proof lies in establishing
estimate (3.3) at limit points that are limits of left-scattered points. In doing so, the boundedness
of the partial derivatives in (3.1) and (3.2) plays a crucial role.

We will also need results on the continuous dependence and continuous differentiability of the
Cauchy problem for (1.1) with respect to the initial data.

Consider, for equation (1.1), the Cauchy problem with the initial condition x(0) = x0, and
denote its solution by x(t, x0) as a function of x0. The following result holds concerning the
continuous dependence of this solution on x0.

Lemma 3.2 ([5]). Assume that conditions (3.1) and (3.2) are satisfied. Then the solution x(t, x0) of
the Cauchy problem exists in a certain positive neighborhood of the origin and depends continuously
on the initial value x0 ∈ D.

An important question is also the continuous differentiability of the solution of the Cauchy
problem with respect to x0.

Lemma 3.3 ([5]). Assume that the conditions of Lemma 3.2 are satisfied. Then the function x(t, x0)
is continuously differentiable with respect to the parameter x0, and the function z(t) = ∂x

∂x0
(t, x0)

satisfies the linear integro-differential equation

ż =

∂X
(
t, x(t, x0),

t∫
0

φ(t, s, x(s, x0)) ds
)

∂x
z(t)

+

∂X
(
t, x(t, x0),

t∫
0

φ(t, s, x(s, x0)) ds
)

∂y

t∫
0

∂φ(t, s, x(s, x0))

∂z
z(s) ds. (3.4)

Remark 3.1. By analogy with ordinary differential equations, equation (3.4) will be called the
variational equation.

Regarding the continuous and differentiable dependence of the solution of the Cauchy problem
for (1.3) on the initial data, the following result holds.

Lemma 3.4. Assume that the conditions of Lemma 3.2 are satisfied. Then the function xλ(t, x0)
is continuously differentiable with respect to the parameter x0, and the function zλ(t) = xλ(t, x0)
satisfies the linear integro-dynamic equation

z∆λ =

∂X
(
t, xλ(t, x0),

t∫
0

φ(t, s, xλ(s, x0))∆s
)

∂x
zλ(t)

+

∂X
(
t, xλ(t, x0),

t∫
0

φ(t, s, xλ(s, x0))∆s
)

∂y

t∫
0

∂φ(t, s, xλ(s, x0))

∂z
zλ(s)∆s. (3.5)
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Again, by analogy with ordinary differential equations, we will call equation (3.5) the variational
equation on time scales.

The proof of this fact is carried out similarly to that in [4], where a corresponding result was
obtained for dynamic equations on time scales.

4 Main results
Our main results concern the relationship between the solutions of boundary value problems
(1.1), (1.2) and (1.3), (1.4).

Theorem 4.1. Under assumptions (3.1) and (3.2), suppose there exists λ0 ∈ Λ such that, for all
λ ∈ (0, λ0], the boundary value problem (1.3), (1.4) admits a solution xλ(t) lying in D together with
a ρ-neighborhood (where ρ > 0 is independent of λ).

Then the boundary value problem (1.1), (1.2) admits a solution x = x(t), and there exists a
sequence λn ∈ (0, λ0) with λn → 0 as n → ∞, such that

sup
t∈[0,T ]λn

|x(t)− xλn(t)| → 0 as λn → 0. (4.1)

Moreover, if problem (1.1), (1.2) has a unique solution, then the convergence in (4.1) holds for
all λ ∈ (0, λ0) as λ → 0.

To formulate the converse result, we assume that (1.1) has a solution x(t) = x(t, x0) with the
initial condition x(0, x0) = x0. Define the function

F0(x0) := F (x0, x(T, x0)),

and compute the total derivative of F0 with respect to x as follows:

∂F0(x0)

∂x
=

∂F (x0, x(T, x0))

∂x
+

∂F (x0, x(T, x0))

∂y
· ∂x(T, z)

∂z

∣∣∣∣
z=x0

,

where x(t, z) denotes the solution of (1.1) with the initial condition x(0, z) = z.

Theorem 4.2. Let Assumption A hold, and suppose that problem (1.1), (1.2) admits a solution
x = x(t) lying in D together with a ρ-neighborhood. Furthermore, assume that

det
∂F0(x0)

∂x
̸= 0.

Then there exist constants λ0 > 0 and σ ≤ ρ such that, for all λ ∈ (0, λ0), problem (1.3), (1.4)
has a unique solution xλ(t) that lies within the σ-neighborhood of x(t), i.e.,

|x(t)− xλ(t)| < σ, t ∈ [0, T ]λ,

and the following convergence estimate holds:

sup
t∈[0,T ]λ

|x(t)− xλ(t)| → 0 as λ → 0.

Acknowledgements
This research is funded by the Science Committee of the Ministry of Science and Higher Education
of the Republic of Kazakhstan (Grant # AP23485618).



REPORTS OF QUALITDE, Volume 4, 2025 211

References
[1] M. Bohner and A. Peterson, Dynamical Equations on Time Scales: An Introduction with

Applications. Birkhäuser, Boston, Basel, Berlin, 2001.
[2] O. Karpenko and O. Stanzhytskyi, The relation between the existence of bounded solutions

of differential equations and the corresponding difference equations. J. Difference Equ. Appl.
19 (2013), no. 12, 1967–1982.

[3] O. Karpenko, O. Stanzhytskyi and T. Dobrodzii, The relation between the existence of
bounded global solutions of the differential equations and equations on time scales. Turkish J.
Math. 44 (2020), no. 6, 2099–2112.

[4] R. Hilscher, V. Zeidan and W. Kratz, Differentiation of solutions of dynamic equations on
time scales with respect to parameters. Adv. Dyn. Syst. Appl. 4 (2009), no. 1, 35–54.

[5] A. N. Stanzhitskiĭ, S. T. Mynbaeva and N. A. Marchuk, Averaging in boundary value problems
for systems of differential and integrodifferential equations. (Russian) Ukraïn. Mat. Zh. 72
(2020), no. 2, 245–266; translation in Ukrainian Math. J. 72 (2020), no. 2, 277–301.


