REPORTS OF QUALITDE, Volume 4, 2025 175

Approximation of Stochastic Functional-Differential Equations
of Neutral Type by a System of Equations without Delay
in Infinite-Dimensional Spaces

Oleksandr Pravdyvyi

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
E-mail: awxrvtb@gmail.com

Andrii Stanzhytskyi

Institute of Mathematics, National Academy of Sciences of Ukraine, Kyiv, Ukraine
E-mail: a.stanzhytskyi@gmail.com

Olha Martynyuk

Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Chernivtsi Oblast, Ukraine
E-mail: o.martynyuk@chnu.edu.ua

We consider the following stochastic functional-differential neutral equation on Hilbert space
with delay parameter h € (0, 1]:

d(u(t) + g(u(t — h),u(t))) = (f(u(t — h),u(t)) + Au(t)) dt + o(u(t — h),u(t))dW(t), t >0, (0.1)
u(t) = ¢(t), te[—h,0].

Here A is an infinitesimal generator of a strong continious semigroup {S(t),¢ > 0} of bounded linear
operators in real separable Hilbert space H. The noise W (t) is a Q-Wiener process on separable
Hilbert space K. For any h € (0, 1), denote by C}, := C([—h, 0], H) the space of continious H-valued
functions with the norm

¢l == sup [[¢(t)]a-
te[—h,0]
Below, we will denote || - ||z by || - ||. The functions f and g map H x H into H and o:H x H — LY,
where LY = L(Q'?K, H) is the space of Hilbert-Schmidt operators from Q'/?K to H. Finally,
¢ : [—h,0] x Q — H is the initial condition on probability space (2, F, P).

The main goal of this work is to study an approximation systems for neutral type stochastic
delay equations in Hilbert space of the form (0.1),(0.2).

The proposed approach consists of splitting the delay interval and constructing a corresponding
approximation system. It is important to note that the number of equations in this system grows
depending on the number of subintervals. The main result of this work shows that if the number of
subintervals tends to infinity, the mean square distance between the solution of equations (0.1)—-(0.2)
and the solutions of the approximation system tends to zero.

1 Preliminaries

Throughout this paper H and K are separable Hilbert spaces with the norms || - || and || - || x.
Let (2, F, P) be a complete probability space, and @ be a linear bounded covariance operator such
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that ¢tr(Q) < oo. Introduce

=Y VA Be(t)er, t>0,
=1

which is @Q-Wiener process on t > 0. Here [ (t) are standard, one dimensional, independent Wiener
processes, {ex, k > 1} is an orthonormal system in K, and a sequence of real nonnegative numbers
Ak satisfying

Qek = )\kek, k= 1,2,...,

and -
Z A < 00.
k=1
Also, let {F;,t > 0} be a normal filtration satisfying:
1. W(t) is Fi-measurable;
2. W(t+ h) — W(t) is independent of F; for all h > 0 and ¢t > 0.

Let Uy = Q1 2(K) and LY = Ly (U, H) be the space of all Hilbert—Schmidt operators from Uy to
H with the inner product (<I> U)o = tr[®Q¥*] and the norm ||| g , respectively.

Definition 1.1 (Mild solution). A continious F; adapted stochastic process u : [—h,T] x Q@ — H
is a mild solution of (0.1), (0.2) for ¢ € [0, 7] if it satisfies the integral equation

t

u(t) = S()(¢(0) + g(p(=h), #(0))) — g(u(t — h), u(t)) - /AS(t —s)g(u(s — h),u(s))ds

0

+ /S (t—s)f(u(s —h),u(s))ds + /S(t —s)o(u(s —h),u(h))dW (s),
0 0

and u(t) = ¢(t) a.s. for t € [—h,0].
Introduce the following system
d(20(t) — g(20(t), 2m (1)) = (Az0 + f(20(t), 2m (1)) dt + o (20(t), zm (1)) AW (1),
dzi(t) = 5 (z-1(1) = (D), t€[0.T], (1.1)
zj(o):qs(—%), i=0,....m

Definition 1.2. System (1.1) is called approximating system for (0.1), (0.2) in mean square if

h 2
sup EH (t——])—zj(t)H —0, m—o0, j=0,...,m.
t€[0,T]

2 Conditions on functions
Condition (H1). If o(—A) is the spectrum of (—A), we have

Reo(—A) > 4§ >0,
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and A~ is compact in H.

It follows from [4] that for 0 < a < 1 one can define fractional power (—A)“, which is closed
linear operator with domain D(—A)®. We denote H, to be a Banach space D(—A)% with a norm

ulla == [[(=A)%u],
which is equivalent to the graph norm of (—A)®. This way Hy = H. It follows from [2, Section 1.4]
that if A~ is compact, then S(t) is compact for ¢t > 0. Next, it follows from [4, Theorem 3.2] that
under assumption (H1) semigroup S(t) is continious with respect to uniform operator topology for
t > 0. Thus, using [4, Theorem 3.3] we may conclude that the operator A has a compact resolvent.
Consequently, from [2, Theorem 1.4.8] we have the following result.

Proposition 2.1. Under condition (H1) the embedding H, C Hg is compact if 0 < 3 < o < 1.

Proposition 2.2 ([2, Theorem 1.4.3]). Under condition (H1), for every a > 0 there exists Co, > 0
such that
[(=A)*S@)|| < Cat™ e

fort > 0.

In particular

IS(®)]] < Coe™*
for ¢t > 0.
Proposition 2.3 ([8]). Let p > 2, T > 0 and let ® be an LS valued, predictable process such that

T
E/ ||<I>(t)||}£0 dt < oo.
2
0
Then there is a constant Mr > 0 such that

E sup
t€[0,7]

/St—s 5) dW(s)

< MrE / ()7,

Condition (H2). The mappings f: Hx H — H and o : H x H — LS are continious and satisfy:
1. There exist a positive constant K > 0 such that
I1f (w, 0) || + llo(w, v)ll g < K (1 + [Jul + |Jv])
for all u,v € H.
2. There exist positive constant L > 0 such that
1 (u,0) = £ (ur, v0)I” + o (u, ) = o(ur,v1) 79 < L1+ [lu = w|* + o = vi]]?)
for all u,v,uy,v1 € H.
Condition (H3). There exist positive constants o € (3,1) and My € (0, 7) such that for all
u,v,u1,v1 € H the function g: H x H — H, satisfies
lg(u, v) = g(ur, v)lIF, < Mg(llu—wr]* + v — i)
Condition (H4). The initial condition ¢ : [—h,0] x Q — H is a Fo-measurable random variable,
independent of W, which has continious trajectories.

Remark. 1t is easy to see from [5] that under these conditions the above equation (0.1), (0.2) have
a unique mild solution, and this solution have an invariant measure.
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3 Main results

Lemma 3.1 (Continuity modulo lemma). If conditions (H1)-(H3) hold, then for the solution wu(t)
of equation (0.1), (0.2) the following holds

sup E sup |u(ts) — u(t1)||2 <Cc(T,|¢lc,,l) — 0, L —=0. (3.1)
t1€[—h,T] t2€[t1,t1+]]

Sketch of Proof.  Step 1. From Definition 1 we have the following

lu()]? < 8[|S()(6(0) — g(@(=m)||” + 2llg(u(t), u(t — b))

t

—i-SH/AS(t—s)g(u(s),u(s—h))ds 2

: +8H /tS(t —8)f(u(s),u(s —h))ds
0

2

0
+ SH /tS(t —s)o(u(s),u(s —h))dW (s)
0

Therefore, from Proposition 2.1 and conditions (H1)-(H4), using Grownwall lemma we get the

estimate

E sup [[u(s)]* < K(T, ||9|l¢,)-
s€[0,t]

And consequently,

E sup u(s)|® < K(T, ||¢ll¢,)-
s€[—h,T]

Step 2. To complete the last step, it is crucial to prove that there exist C1(T), ||¢||c,,l) — 0 as
[ — 0 such that
E sup (u(ts) = u(t)|* < Ci(T, | ¢]lc, 1) (3:2)
to€[t1,t1+!]
for -1 < t1 <O.
Step 3. Let‘s split interval [0,7] by h. This way there exist some N = [%] such that sequence
hy, = nh is the following 0 < hy < ho < -+ < hy_1 < hy =1T.
After that it can be proved that estimation (3.1) on intervals [h;, hit+1] depends only on previous
step and (3.2). The estimation can be extended to the whole interval and (3.1) holds true. O

Then we have the following result.

Theorem (Approximation system). Assume that conditions (H1)-(H3) hold. Then system (1.1)
is approzimating system for (0.1), (0.2) in mean square in sense of Definition 1.2.
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