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The fundamental solution of the Cauchy problem for parabolic equations according to Petrovskii
and Eidelman, when the coefficients of the equation are increasing coefficients of |z| — oo, has been
well studied. Paper [2] presents results concerning Eidelman parabolic equations with increasing
coefficients. For certain non-degenerate and degenerate ultraparabolic equations, the fundamental
solution of the Cauchy problem and the estimates of its derivatives are obtained in explicit form
[3,5]. Article [4] considers a degenerate ultraparabolic equation with one degeneracy group. In
this case, the equation’s coefficients are independent of the degeneracy variables, and their growth
depends on an increasing function. In [4], as in [1], L-fundamental solutions are studied. Note that
in [2] L-fundamental solutions for ultraparabolic equations with coefficients independent of spatial
variables are investigated.

Here we consider the classical fundamental solution for an ultraparabolic equation with two
groups of spatial variables.

In a layer {(t,z) | t € (0,T], x € R"} of finite thickness T" > 0 we consider the ultraparabolic
equation

(s =Y i = ay(t21)on,, - ao(t,x1)>u(t, z) =0, (1)
j=1

Jys=1

where

T2
S = 8t - ZSUljasz.
J=1

Here n1, ng are given natural numbers such that no < ni; n := ny+neo; the variable x € R" consists
of three groups of variables x; := (z1,...,2,,) € R™, I € {1,2}, so that x := (21, z2).

The equation (1) is a degenerate Kolmogorov equation of the second order, its coefficients a;s,
{J,s} C{1,...,n}, a5, j € {1,...,n1}, and ag do not depend on the degeneracy variables xs;,
j € {1,...,”2}.

The coefficients of the equation (1) are increasing functions of |z1| — +oo. Their growth
depends on the increasing function D with |z1| — +o0.

Definition. The equation (1) will be called a dissipative ultraparabolic equation of Kolmogorov
type in Ilj 7y if there exists a continuous function D : R™ — [1,00), which satisfies the following
conditions:

1) D(z1) — oo for |z1] — oo
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2) functions

bjs(t,x1) = ajs(t, 1), {4, s} C{L,...,m},
bj(?f,lj) =a (t ) (xl) 1, j € {1, - ,nl},
bo(t,x1) = ag(t,z1)D(x1) 72, x1 €R™, 0<t<T

are bounded;

3) for the equation

(at - Z$1jazgj - Z bjs(ta ml)axljaxls
=1

7,s=1
ni

= bt @1) e, (=i, 1) = bo(t 1) (i) 0 (t @) = O,

j=1

with bounded coefficients and an additional spatial variable x,+1 the parabolicity condition
is satisfied:

36 >0 Voi:=(011,.-.,01n,) ER™ VpeR:

ni ni
Re ( — Z bjs(t,l‘l)aljdls — ij(t,xl)alj,u — bo(t,l’l)MQ) > 5<‘01|2 + ,LLQ).

Js=1 J=1
The function D is called the dissipation characteristic of the equation (1).

It is assumed that the following conditions are satisfied for the coefficients of the equation (1).

A;. The equation (1) is a dissipative ultraparabolic equation of Kolmogorov type in IIjy 7 with
dissipation characteristic D.

Aj. There are continuous derivatives 0 ajs, {4, s} C {1,...,n}, Oa;, j € {1,...,m}, O ao,
|k1] < 2, for which evaluations are verified
03t ajs(t,21)| < C(D(an)) 10—,
|05 a;(t 21)| < O(D (1)) HRI0=9),
|O5tao(t, x1)] < C(D(2)MI0=9) ¢ € [0,7], 21 € R™,
where C' > 0, € € (0,1); functions bjs(t, z1), {j,s} C {1,...,n1}, bj(t,z1), j € {1,...,n1}, bo(t, 1)
as functions of ¢ are continuous uniformly with respect to x; € R™.
Aj. Derivatives 05'ajs, {j,s} C {1,...,n}, 0%a;, j € {1,...,n}, Oao, k| < 2, satlsfy the
local Holder condition for x with exponent A € (0, 1) uniformly Wlth respect to t € [0,77, i

VR>0 3C >0 Y{z1,21} C By Vt€[0,T]: |AZ 0 a(t,z1)| < Clay —zll’\,

17Tl

where the symbol a denotes the coefficients of the equation; By, = {z1 € R™ | |z1]| < R}.
Let g : R™ — [1,00) be a function that is related to the dissipation characteristic D by the
condition

Ay. g(z1) — oo for |x1| — oo; there exist locally Holder continuous with exponent A from
condition Az derivatives 8’? g, 0 < |k1| < 4, which are related to the dissipation characteristic D
by the condition

051 g(21)] < Cn(D ()07 2 € R™, 0 < [ki| < 4,
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where C' > 0, ¢ € (0,1), n is a sufficiently small positive number, the choice of which we will dispose
of in each specific situation.

Fundamental solution of the Cauchy problem for the equation (1) we will search by the Levy
method in the form

G(t,;7,€) = Gt, 37, & 21)

t
—|—/d@/@(t,x;H,y;xl)cp(ﬁ,y;ﬂf) dy, 0<7<t<T, {z,£} CR", (2)
T R7

where (-, -;7,§) : Hjgqp — C is an unknown function that we choose so that the function
G(-, 57,61) : o) — C was a solution of the equation (1) for any fixed point (7,§) € ljg 7). Here
G(-, -;7,y1) is a fundamental solution of the Cauchy problem for the equation

ni ni
(5 — > 4= > aj(t,y1)d,, —aolt, yﬁ)U(t?x) =0, y € R,
j=1

J,s=1

Theorem. Let the equation (1) satisfy the conditions A1—As. Then for it there exists a fundamental
solution of the Cauchy problem G(t,z;1,£), 0 <17 <t <T, {x,{} CR", for which assessments are
verified

DGt w5, €)| < Ot — 1) M M0 B (1 — 7, 0,6),

and

k1]

0 G(t a7, &) < O (1 =) M Mot (D(00)) Bt - 7,2, €) exp{g(x) — g(6)},
j=0

0<7<t<T, {z,6} CR", |k1| <2,

where C' and ¢ are positive constants, and g is any function satisfying condition A4. Here

| X1 (t) — &) n | X (t) — &of?

Ec(t,x,f):exp{—c( )}, t>0, {z, & C R,

t t3
|k1 + |l |ka + |l2]
My = 3 .
kl 5 + 5
Using (2) the existence of derivatives 0,,,G, j € {1,...,n2}, is also proved and their estimates

are obtained.

References

[1] M. Di Francesco and A. Pascucci, On a class of degenerate parabolic equations of Kolmogorov
type. AMRX, Appl. Math. Res. Express 2005, no. 3, 77-116.

[2] S. D. Eidelman, S. D. Ivasyshen and A. N. Kochubei, Analytic Methods in the Theory of
Differential and Pseudo-Differential Equations of Parabolic Type. Operator Theory: Advances
and Applications, 152. Birkhéduser Verlag, Basel, 2004.

[3] S. D. Ivasyshen and H. S. Pasichnyk, Fundamental solution of the Cauchy problem for one
parabolic equation with increasing coefficients of the group of younger members. (Ukrainian)
Differential Equations and Related Problems of Analysis: Collection of Works of the Institute
of Mathematics of the NAS of Ukraine 11 (2014), no. 2, 126-153.



166 H. Pasichnyk

[4] 1. P. Medinskyi and H. S. Pasichnyk, Fundamental solution to Cauchy problem for Kolmogorov-
type equation with unbounded coefficients that do not depend on degeneration variables.
(Ukrainian) Dopov. Nats. Akad. Nauk Ukr. Mat. Prirodozn. Tekh. Nauki 2025, no. 3, 3—16.

[5] T. O. Zabolotko, S. D. Ivasyshen and H. S. Pasichnyk On the fundamental solution of the
Cauchy problem for some parabolic equations with increasing coefficients and some of its
applications. (Ukrainian) cientifi Bulletin of the Chernivets National University im. Yu. Fed-
kovich, Ser.: Mathematik 2 (2012), no. 2-3, 81-89.



