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1 Introduction

Consider on the interval I = [a,b] the systems of higher order linear differential equations with
argument deviations

™ (1) = pi(ui ((0) + alt) (i =1,....m), (1)

where n > 2, m; > 2, upq1 :=u1, q¢; € L(I; R), p; € Loo(I; R), and 7; : [ — I are the measurable
functions.
Here we study system (1.1) under the conjugate

U(jrl)(a):az‘ju U('jrl)(b):bijz, gi=1.. ki, jo=1,...omi—k;, i=1,...,n, (1.2))

(2 K3

and the right-focal

u(jrl)(a) = Gy s u(»jzil)(b) :bij2, i=1,...0k, jo=k;+1,....my, i=1,...,n, (122)

(2 K3

boundary conditions, where k; := [m;/2] is the integer part of the number m;/2.
Throughout the paper we use the following notations.

- 5"‘1(1 ; R) is the set of functions u : I — R which are absolutely continuous together with
their (n — 1)th derivatives;

- L(I; R) is the Banach space of Lebesgue integrable functions p : I — R with the norm
b
ol = [ (o)l ds
a

- Lo (I; R) is the space of essentially bounded measurable functions p : I — R with the norm

[plloc = esssup {|p(t)| : t € I};
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- M(I) is the set of measurable functions 7: I — I.

By a solution of problem (1.1),(1.3,) r € {1,2} we understand a vector-function u := (u;)}_;
where u; € C™~Y(I;R) (i = 1,...,n), which satisfies system (1.1) almost everywhere on I and
satisfies conditions (1.3;).

The aim of our work is to study the question of unique solvability of the above-mentioned prob-
lem. We have proved unimprovable sufficient conditions, which describe the relationship between
the coefficient p; and the deviations of the arguments |t — 7;| that guarantees the unique solvability
of problems (1.1),(1.21) and (1.1), (1.22). Our study is motivated by some original results for the
functional differential equations with argument deviation (see [1-4]).

2 Main results

To formulate the uniqueness theorems of problems (1.1),(1.21) and (1.1),(1.22), let us introduce

the following notation
or /| 1/2
pt7) = 52 ([ w9 slas)

Theorem 2.1. Let the functions 7, € M(I) and p; € Loo(I;R) (i = 1,...,n) be such that the
conditions

0<opi(t) (i=1,...,n) for tel, (2.1)
where 0; € {—1,1}, and

n

H (2szHoo +p pz;Tz)szul/2> < 42:1 kl( T >1§1m2 (2.21)

i=1
hold. Then problem (1.1), (1.21) is uniquely solvable.

Theorem 2.2. Let the functions 7; € M(I) and p; € Loo(I; R) (i = 1,...,n) be such that conditions
(2.1), and

Zl_{ (4”sz0@ + p( puTz)szul/Q) < 4"(2(b7(_ a))i:l , (2.2,)

hold. Then problem (1.1), (1.22) is uniquely solvable.

Corollary 2.1. Let the functions 7, € M(I), p; € Loo(I; R), and oy € L(I; Ry) (i =1,...,n) be
such that conditions (2.1),

1pilloo|pi(E)| |7:(t) — t] < ;(t) (i=1,...,n) a.eonl, (2.3)
and . .
- 1/2 23 ki—n TF > m
il oo - 1/ 2 =1 =1
HHM!+ ~leu%) < (3o—a)

hold. Then problem (1.1), (1.21) is uniquely solvable.

Corollary 2.2. Let the functions 7, € M(I), p; € Loo(I; R), and a; € L(I;R4) (i =1,...,n) be
such that conditions (2.1),(2.3), and

ﬁPWM+mwﬂ<Tleﬂi

=1
hold. Then problem (1.1), (1.22) is uniquely solvable.

M=

m;
1
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From the last corollaries with a; = 0 it immediately follows

Corollary 2.3. Let the functions 7, € M(I), pi € Loo(I; R) (i =1,...,n), be such that conditions

2.1,
lpi(t)] |7:(t) —t|=0 (i=1,...,n) a.e. onl, (2.4)

and

n 2 znj ki—n T Enj m;
illoo < 2 =1

Eup lse < (2(b_a))

hold. Then problem (1.1), (1.21) is uniquely solvable.

Corollary 2.4. Let the functions 7, € M(I), pi € Loo(I; R) (i =1,...,n), be such that conditions
(2.1),(2.4), and

m;

s

1

<
Il

- ™
[T Ind < (so=a)
hold. Then problem (1.1), (1.22) is uniquely solvable.
For the illustration of Theorems 2.1 and 2.2, we consider here the system
wf(t) = p1(t)uz(t) + @ (t), uz(t) = p2(H)ur(r(t)) + a2(t), (2.5)

with p1,p2 € Loo(I; R) and 7 € M(I), under the boundary conditions (1.21) and (1.22), and the
equation

u™ (1) = p(t)u(r (1) +q(t), (2.6)
where m = 2k + 2 (k € N) under the boundary conditions
WD) =crj, uFDO)=cy, j=1,...k+1, (2.7)
and ‘ ‘
w2 (a) = ¢, uPIVOB)=cy, j=1,...,k+1. (2.72)

Then from Theorems 2.1 and 2.2 it immediately follow

Corollary 2.5. Let r € {1, 2}, and the functions p1,p2 € Loo(I; R), 7 € M(I), be such that
conditions (2.1) with n = 2, and

b
1/2
s 1 T \4
ol (el + 57 (o2l [ (o179 = slas) ) < 2 (575)

hold. Then problem (2.5), (0.2,) is uniquely solvable.

Corollary 2.6. Let r € {1,2}, and the functions p € Loo(I;R4), T € M(I) be such that the
conditions

0 <op(t) for tel,
where o € {—1,1}, and

b 1/2
7T _ (2—1)k+1 7T "
ol t 57 (ol [ 17(6) = slas) <201 (7

hold. Then problem (2.6), (0.9,) is uniquely solvable.
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