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Consider a linear discrete system
z(n+1) = By(n)z(n), € R? neNU{0}, (1)

Ulp+ve(p) +bx), n=2k—1,
parameter y, the numbers by € R and the continuous 27-periodic functions di(-),vx(-) : R — R.
Here, by U(p) = (COSSD sy

singp  cose
angle p € R.
M. Herman in [4] considered system (1) in the case where for some functions d(-) and «(-) the
following conditions are satisfied:

with a coefficient matrix B, (n) := { where £ € N, the real

) we denote the matrix of the counterclockwise rotation by an

dp(p) = d(p+ kw), w(p) =7y(p+kw), by =kw, k€N, peR, weR\Q, (2)

d(-)=d>1, v(-)=0. (3)

In this case, the Cauchy operator of system (1) Yp,(k,n) aef Bu(k—1)---B,(n), k >n >0,

considered as a function of p, is a linear cocycle (see the definition, for example, in Section 5 of the
article [1], or more detailed in [3]).

If conditions (2) hold, by the ergodic theorem, the upper Lyapunov exponent of the system

(1), defined by the formula )\JF(BM)déf @ L1n||Ys,(n,0)|, is equal for almost all u € R to
n—-+0o0

2
L(B) := lim ﬁoflnuygu(n,o)udﬂ.

n—-+0o0o
In [4, Section 4.1] under conditions (2) and (3), using a sub-harmonicity “trick”, the following
estimate was proven
d_ ,—d
L(B)>In % . (4)
Sorets—Spencer [12] further developed Herman’s complex-analytic method to show positivity of
the upper Lyapunov exponent for the linear differential equation

i = —(K?*(cost + cos(wt + 0)) + E)x, z € R* ¢t>0

with any irrational w € R and almost all # € R on the set of values £ > 0, whose relative Lebesgue
measure tends to unity for large K.

L.-S. Young in [13, Corollary 1] considered the case when p + v(u) is a diffeomorphism of the
unit circle, i.e., the condition

Y(pw) >-1, peR (5)
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is true. Provided that w satisfies some Diophantine condition, which holds almost everywhere, she
proved the approximation L(B) & d for the average Lyapunov exponent of system (1), (2), (5) with
sufficiently big values of d(-) =d > 0.

A. Avila and R. Krikorian in [2] studied so-called “monotonic” cocycles, i.e. systems (1), (2),
that the polar angle of any their solution is a monotonically increasing function of the parameter
w. This property can be represented by the inequality (here (-, -) denotes the scalar product of
vectors in R?)

(Bu(Qk:)Bu(Qk ~ 1)y, U(g) (Bu(2k) B, (2k — 1)y);) >e>0, 0£y€eR% keN.  (6)

Assuming the inclusion d(-),v(-) € C*, they showed the smoothness of its upper Lyapunov
exponent considered as a function of u. Clearly, each of conditions (3) or (5) implies inequality (6).
Therefore, the major Lyapunov exponent remains positive in some C°°-neighborhood of system
(1)-(3).

Besides of the discrete system (1), we consider also the linear differential system

i=A,)zr, z€RY t>0 (7)
with matrices B,(t) := {dk(u) diag[l, =1}, 2k =2 <t <2k—1, where k € N, J = ( 0 1),
(+ () +bk)J, 2k—1<t<2k, -1 0
and p is a real parameter; the numbers by and the functions di(-), () are assumed to be as
those in system (1).
The Cauchy operator X4, (t,s), t,s > 0, of system (7) for any n € N satisfies the equality
Xa,(n,n—1) = B,(n—1). Thus systems (1) and (7) are asymptotically equivalent.
The case
de(p) =dp >d >0, 3(-)=0, keN (8)

was considered in [7,8].

In [7], under the constraint dy = d > 41n2, it is shown that the upper Lyapunov exponent of
system (7) is positive in a set of parameter p values of positive Lebesgue measure. The result of [§]
implies the absence of any upper bound of the norm for system (7) solutions uniform with respect
topeRandt > 0.

We denote by p(H) the spectral radius of the matrix H, i.e., the maximum of the absolute
values of its eigenvalues.

Due to Theorem 2 in [1], for any 2 x 2-matrices H, ..., H,, n € N, with unit determinant the
equality holds

2 n

N T

2

Another proof of this formula is obtained in [3] using the geometry of the action of SL(2,R) on
the projective line.
From equality (9) we have

Lemma 1. Under conditions (8) we have the estimate

2
1 " di+dyt
_ > _ .
e [ 11X, (2, 0) du = 3 tn (%)
0

k=1
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The next lemma is a general form of the statement previously used in [7].

Lemma 2. Suppose for some constants C, h > 0 and an infinitely increasing sequence {t;}7°; C R

it holds that )

1
X, (0 < <% & [ Xa, (0 du = b, bEN,
k
0

Then the magjor Lyapunov exponent of system (7,) is positive in the set of parameter p values of
positive Lebesgue measure.

Lemmas 1 and 2 allow us to generalize Herman’s estimate (4) to the general case of systems
(1), (8), not necessarily quasi-periodic. Specifically, we have the following statement.

Theorem 1. Let conditions (8) be satisfied and the sequence {dj}3>, be bounded. Then the upper
Lyapunov exponent of system (1,,) is positive for all ji in some set of positive Lebesgue measure.

For any natural number n, we denote by v5(n) the maximum power of 2 that divides n. Thus,
the equality n = 2"2(")p(n) holds, where p(n) is odd.
The main result of this report is the next

Theorem 2. Let {ay,}o_, be an arbitrary sequence of real numbers, the sequence {by}7>, be
defined by the equality
b = Q14 (k) k €N, (10)

and the functions dy, satisfy the conditions di(-) = d(-) > 0 for all k € N; besides of that assume the
functions d(-) and () to be differentiable on R, m-periodic and such that the following inequalities
hold

V() >2ld ()| —27", peR, (11)

™

/d(u) du > 213 (12)
0

Then the largest Lyapunov exponent Amax(A,) of system (7) is positive for all jn from some set of
positive Lebesgue measure.

If the matrix A,(-) is defined by conditions (10), Lemma 2 from [6] asserts that the following
equality holds:
Xa,(2"41,0) = U(apy1 — ar) X3, (25,0), keN. (13)

Systems, whose coefficients satisfy (10), allow one to construct one-parameter families with var-
ious asymptotic properties. For example, as shown in [6] after formula (32), if the sequence {a;, }72 4
converges, then the matrix A,(-) is the uniform limit as ¢ — oo of periodic matrices sequence.
V. M. Millionshchikov used these systems in [10,11] (see also [5]) to prove the existence of irregular
under Lyapunov linear differential systems with limit-periodic and quasi-periodic coefficients.

In [9] we proved the existence of the parameter value p € R, such that the corresponding system
(7) is unstable, in more general case when d( - ) is supposed to be an arbitrary continuous function,
~(-) = 0 and conditions (10) hold.

In the rest of our report we will assume that the conditions of Theorem 2 are satisfied.

Now let us explain the method of its proof.

We suppose v(u) = 0 for simplicity.

For any fixed 0 # 2z € R?, let z,,(t) denote the solution of system (7) that satisfies the initial
condition x,(0) = z, and let ¢, (t) be its polar angle, which is a continuous function of two variables
t and p (its values are not limited to any interval of length 27).
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On even time intervals of the form (2k —1,2k), k € N, any solution of system (7) rotates by an
angle proportional to pu.

Therefore, for any g, the difference between the polar angles of solutions with 4 = ug and
W = po + 7 increases on .

On odd intervals of the form (2k,2k + 1), by the diagonality of the coefficient matrix, any
solution does not leave a certain coordinate plane.

Thus the difference between ¢, and ¢, 4, remains the same, since the coefficients of system (7)
are m-periodic with respect to u, and therefore this difference is a multiple of 7.

By induction, we obtain the equality

Outn(2n) — pu(2n) =nm, neN. (14)

Let us take two solutions of system (7) for the parameter values pu = ug and p = po + Ap, and
such that their norm at the moment ¢ = 2k are equal to unity.

For small Ap, they are close to each other, and the distance between them at t = 2k + 1 will
be not much more bigger than the coefficients difference of the corresponding systems (7) in the
interval (2k,2k 4 1).

The latter does not exceed approximately |d),| Ap.

Hence, as a part the difference between the polar angles of these solutions at this moment is
not greater than ~ |d),| Ap.

Thus, because of 1A, — ¢, increases by Ap over time interval (2k — 1,2k), if |d,| < 1, then
the monotonic growth of the polar angle with respect to u, assumed at the moment ¢ = 2k — 1, will
also hold at t = 2k 4 1.

Therefore, by induction, we obtain the inequality stated in Lemma 1

(u(k)), >0, keN. (15)

Lemma 2 establishes the symmetry in singular value decomposition of the Cauchy operator
XA(0,7) of system (7) for time interval from 0 to 2¥ — 1, namely, the equality of rotation angles in
right and left sides. So, it can be represented as (here Dy, = diag [rg, 7“,;1] for some 0 # r, € R)

Xy, = X4(2F —1,0) = U(¢y) DeU (Y1), 1, € R. (16)
Similarly to formula (13), we prove the equality
X1 = XkU(M+ka_1)Xk~ (17)

If relation (16) is valid at k-th step, then the mentioned symmetry together with (17) implies
the same symmetry at k + 1-th step, which, by induction, gives representation (16) for all k.

Denote y = U(—¢y)e1, er = (1,0)". The vectors Dy, ,U(¢y )y and e; are obviously collinear.

Hence, in the case (‘pk,u); < 0, if v is little bigger than p, by representation (16), it is easy to
get the inclusion of the vector Xj, ,y to the right-hand neighborhood of U (v ,)es.

While (15) implies that the vector X} ,y belongs to the left-hand neighborhood of the vector
Xy 2 U p)er.

So, we have the contradiction that proves the inequality

(%7#); > 0. (18)

Further, if ¢y, is a multiple of 7, then the matrix X}, is diagonal. Thus the polar angle ¢ of
the vector Xye; satisfies for some integer m the equality

o(Xger) = mm. (19)
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Because of (18) the value of 9, strongly increases with respect to p, therefore the segment [0, 7]
is divided into intervals, at whose boundary points the angles 1 ;, are some multiplies of 7.

It follows from (19) that their quantity does not exceed the number of vector X}, ,e1 intersections
with the Ox; axis.

Equality (14) means that the latter is not bigger than 2F~1.

Thus we have asserted the estimate

Yo — Yo < 2877 (20)
Denote 60, = 2¢;, + byr_y + p. By use of (17) we have

6),(17)

1 72 cos 0 —sind
1 X (L1 HDkUwu)Dkn:(k Z :

o 2
2 o 0#) ~ 1y cos 6. (21)

sinf, .

(18) and (20) gives the continuity and monotonic growth of 6, with respect to p, together with
the inequality 0,1, — 0, < nm, where n := 2k=1 4 1.

Therefore, there exist no more than n intervals I;, where | cos6,| < L.

By (18), % > 1. Hence, the length of each I; does not substantially exceed % Moreover, by
the same reason we have approximately |cosf,| ~ % for prevailing set of points in I;.

Thus, in integral average, a similar inequality will hold on the entire interval [0, 7]:

1

|cosO,| > s, 2, ~ —. (22)
n
It gives us the estimates
[ @y _ | [ (16), (22)
Ly := /ln | Xpp |l dpe > 2/lnrk7u dp + /ln|cosﬁﬂ|dy > 2L —1Insg, =~ 2L, — k. (23)
0 0 0

Increasing 71, one can choose the norm L so big that, by (23), Lgy1 does not significantly less
than 2L;. This, by induction, leads to the positivity of the integral of system (7) upper Lyapunov
exponent.
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