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In the Euclidean space Rn+1 of variables x = (x1, . . . , xn) and t consider a semilinear partial
differential equation with an iterated wave operator in the principal part

Lfu := �2u+ a(x)utt + b(x, t)u+ f(u) = F (x, t), (1)

where a, b, f and F are given, while u is an unknown functions

� :=
∂2

∂t2
−∆, ∆ :=

n∑
i=1

∂2

∂x2i
, n ≥ 2.

Let DT : ψ(x) < t < ψ(x) + T , x ∈ Ω, denote a cylindrical domain, where Ω is a domain in Rn

with Lipschitz boundary, and the surface S0 : t = ψ(x), x ∈ Ω, is a smooth characteristic manifold,
i.e.,

ψ ∈ C1(Ω), 1−
n∑

i=1

(∂ψ(x)
∂xi

)2
= 0, x ∈ Ω.

Thus, the domain DT is bounded from below and above by characteristic manifolds S0 : t = ψ(x),
x ∈ Ω and ST : t = ψ(x) + T , x ∈ Ω, respectively, and from the side by a cylindrical surface
Γ := {(x, t) ∈ Rn+1 : ψ(x) ≤ t ≤ ψ(x) + T, x ∈ ∂Ω}. Below we will assume that a ∈ C(Ω),
b ∈ C(DT ) and f ∈ C(R).

For equation (1), we consider the boundary value problem in the following formulation: in the
cylindrical domain DT find a solution u = u(x, t) of equation (1) under the boundary conditions

u
∣∣
S0

= 0, u
∣∣
ST

= 0, (2)

u
∣∣
Γ
= 0,

∂u

∂v

∣∣∣
Γ
= 0, (3)

where ∂
∂v is the derivative in the direction of the outer normal to the boundary ∂DT of domain

DT , here v = (v1, . . . , vn, vn+1) is the unit vector of the outer normal to ∂DT and it is obvious that
vn+1|Γ = 0.

Another boundary value problem in a cylindrical domain GT : 0 < t < T , x ∈ Ω, bounded from
below and above by surfaces Ω0 : x ∈ Ω, t = 0 and ΩT : x ∈ Ω, t = T of spatial type, respectively,
when homogeneous Dirichlet and Neumann boundary conditions for systems of type (1) are given
on the entire boundary of the domain GT , was considered in paper [6], and in the scalar case – in
article [3]. We also note papers [2, 4, 5] in which boundary value problems in conical domains of
different geometric structures were investigated for semilinear equation of type (1).
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Let
◦
Ck(DT ) :=

{
u ∈ Ck(DT ) : u

∣∣
S0∪ST

= 0, u
∣∣
Γ
= 0,

∂u

∂v

∣∣∣
Γ
= 0

}
, k ≥ 1. (4)

If v ∈ C4(DT ) and φ ∈ C2(DT ), then integration by parts of the expression � v�φ over the
domain DT gives∫

DT

� v�φ dx dt =

∫
∂DT

∂φ

∂N
� v ds−

∫
∂DT

φ
∂

∂N
� v ds+

∫
DT

φ�2v dx dt, (5)

where ∂
∂N = vn+1

∂
∂t −

n∑
i=1

vi
∂
∂xi

is the derivative in the direction of the conormal, and it is easy to

see that
∂φ

∂N

∣∣∣
Γ
= −∂φ

∂v

∣∣∣
Γ
. (6)

Since on the characteristic manifolds S0 and ST the derivative in the direction of the conormal
∂
∂N is an inner differential operator, then from the fact that φ|S0∪ST

= 0 it will follow

∂φ

∂N

∣∣∣
∂DT \Γ

=
∂φ

∂N

∣∣∣
S0∪ST

= 0. (7)

Therefore, by virtue of (4)–(7), if φ ∈
◦
C2(DT ), then from (5) we obtain∫

DT

� v�φ dx dt =

∫
DT

φ�2v dx dt. (8)

Let us now assume that u ∈
◦
C4(DT ) is the classical solution to problem (1), (2), (3). Then,

multiplying both parts of equation (1) by an arbitrary function φ ∈
◦
C2(DT ) and, integrating by

parts over the domain DT , by virtue of (8), we obtain∫
DT

[
� v�φ− a(x)utφt + b(x, t)uφ+ f(u)φ

]
dx dt =

∫
DT

Fφ dx dt ∀φ ∈
◦
C2(DT ). (9)

In a certain sense, the converse statement is also true, i.e., if u ∈
◦
C4(DT ) satisfies the integral

equality (9) for any φ ∈
◦
C2(DT ), then standard reasoning implies that u is a solution of equation

(1) in the domain DT and, by virtue of the definition of the space
◦
C4(DT ), satisfies the boundary

conditions (2) and (3). Below, we will use equality (9) as the basis of definition of a weak generalized
solution of problem (1), (2), (3) in a certain Hilbert space under certain conditions imposed on the
growth rate of the nonlinearity of the function f(u).

The following bilinear form

(u, v)0 =

∫
DT

[
uv +

∂u

∂t

∂v

∂t
+

n∑
i=1

∂u

∂xi

∂v

∂xi
+�u� v

]
dx dt (10)

defines a scalar product in the space
◦
C2(DT ). Let

◦
W�(DT ) denote the Hilbert space obtaining by

completion the space
◦
C2(DT ) with the norm corresponding to the scalar product (10).

Now we present the conditions imposed on the function f(u) from (1):

f ∈ C(R), |f(u)| ≤M1 +M2|u|α, α = const ≥ 0, u ∈ R, (11)
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where Mi = const ≥ 0, i = 1, 2, and

0 ≤ α = const <
n+ 1

n− 1
. (12)

Remark 1. The embedding operator I : W 1
2 (DT ) → Lq(DT ) is a linear compact operator for 1 <

q < 2(n+1)
n−1 and n > 1 [7]. At the same time, the Nemitskii operator K : Lq(DT ) → L2(DT ), acting

according to the formula Ku = f(u), where u ∈ Lq(DT ) and the function f satisfies conditions
(11) and (12), is continuous and bounded for q ≥ 2α [1]. Therefore, if α < n+1

n−1 , then there exists
a number q such that 1 < q < 2(n+1)

n−1 and q ≥ 2α. In this case, the operator

K0 = KI :W 1
2 (DT ) → L2(DT )

is continuous and compact. It follows in particular that if u ∈
◦
W�(DT ) ⊂ W 1

2 (DT ), then f(u) ∈
L2(DT ). Here W 1

2 (DT ) is the well-known Sobolev space consisting of elements of L2(DT ) that have
generalized partial derivatives of the first order from L2(DT ).

Definition 1. Let conditions (11), (12) and F ∈ L2(DT ) be satisfied. The function u ∈
◦
W�(DT )

is called a weak generalized solution of problem (1), (2), (3), if the integral equality (9) is valid for
any function φ ∈

◦
W�(DT ), i.e.,∫

DT

[
� v�φ− a(x)utφt + b(x, t)uφ+ f(u)φ

]
dx dt =

∫
DT

Fφ dx dt ∀φ ∈
◦
W�(DT ). (13)

Note that, by virtue of Remark 1, the integral
∫
DT

f(u)φ dx dt is defined correctly, since from

u ∈
◦
W�(DT ) follows that f(u) ∈ L2(DT ) and, consequently, f(u)φ ∈ L1(DT ).
We introduce a bilinear form

(u, v)1 =

∫
DT

[
� v�φ− a(x)utφt + b(x, t)uv

]
dx dt (14)

in the space
◦
W�(DT ) induced by the left-hand side of equality (9).

Remark 2. Under the assumption that

b
∣∣
DT

≥ 0, a
∣∣
Ω
≤ −c0, c0 = const > 0, (15)

it is proved that the bilinear form (14) is a scalar product and is equivalent to the scalar product
(10) in the Hilbert space

◦
W�(DT ). The latter allows us to equivalently reduce the boundary value

problem (1), (2), (3) to the functional equation

u = L0
−1(−f(u) + F )

in the space
◦
W�(DT ), where L−1

0 : L2(DT ) →
◦
W�(DT ) is a linear bounded operator corresponding

to the problem for f = 0.
Remark 3. The fulfillment of only conditions (11), (12) imposed on the nonlinear function f = f(u)
is not yet sufficient for the solvability of problem (1), (2), (3) in the sense of Definition 1. However,



80 S. Kharibegashvili

if we require the fulfillment of certain conditions concerning the behavior of the nonlinear function
f = f(u) in the neighborhood of infinity, for example, the following condition

lim
|u|→∞

inf
f(u)

u
≥ 0, (16)

then for the weak generalized solution u ∈
◦
W�(DT ) of problem (1), (2), (3) there is an a priori

estimate
∥u∥ ◦

W�(DT )
≤ c1∥F∥L2(DT ) + c2

with positive constants c1 and c2 independent of u and F . The latter, taking into account Re-
marks 1 and 2, allows us to prove the existence of at least one weak generalized solution of problem
(1), (2), (3) in the space

◦
W�(DT ) in the sense of Definition 1.

Theorem 1. Let conditions (11), (12), (15) and (16) be satisfied. Then for any F ∈ L2(DT ) there
exists at least one weak generalized solution of problem (1), (2), (3) in the space

◦
W�(DT ) in the

sense of Definition 1.

As for the uniqueness of a solution of problem (1), (2), (3), it is a consequence of the monotonicity
of the function f = f(u).

Theorem 2. Let conditions (11), (12), (15) and

(f(u)− f(v))(u− v) ≥ 0 ∀u, v ∈ R (17)

be satisfied. Then for any F ∈ L2(DT ) problem (1), (2), (3) cannot have more than one weak
generalized solution in the space

◦
W�(DT ) in the sense of Definition 1.

From these theorems follows the following theorem.

Theorem 3. Let conditions (11), (12), (15)–(17) be satisfied. Then for any function F ∈ L2(DT )

problem (1), (2), (3) has a unique weak generalized solution in the space
◦
W�(DT ) in the sense of

Definition 1.

As the following theorem shows, if (17) is violated, problem (1), (2), (3) may not have a solution.

Theorem 4. Let the function f = f(u) satisfy conditions (11), (12) and

f(u) ≤ −|u|β ∀u ∈ R, β = const > 1,

and the function F = µF0, where F0 ∈ L2(DT ), F > 0 in the domain DT , µ = const > 0. Then
there exists a number µ0 = µ0(F0, β) such that problem (1), (2), (3) may not have a weak generalized
solution in the space

◦
W�(DT ) in the sense of Definition 1.
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