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Let the control system be described by the equation
= f(t,x,u), teR, zeR"

the right-hand side of which ensures the existence and uniqueness of solutions and is periodic or
almost periodic in ¢. The control u takes values from a certain feasible set determined by the
formulation of a specific problem [9,10], etc. The problem of selecting a control u such that a given
equation will produce irregular periodic solutions whose frequency spectrum contains a given subset
L is called the spectrum assignment problem for irregular oscillations (asynchronous spectrum) with
a target frequency set L [3].

The solvability of the formulated problem was studied in [1,5, 6] for linear periodic systems
with control having the same period. It is quite natural to expect that the problem of controlling
an asynchronous spectrum admits modified versions associated with other types of control. For
example, in [4, Chapter III] the case of control synthesis in the form of feedback linear in phase
variables was considered.

In this paper, we formulate for the first time the problem of controlling the asynchronous
spectrum of periodic systems, where the admissible set consists of periodic functions whose period
is incommensurate with the period of the system.

For a continuous w-periodic function f(t), the mean value is a constant

/wf(T)dT,
0

and the oscillating part is defined by the equality

f=

&=

~ ~

ft)=f)—f.

By rank,ow H we denote the row rank of some periodic matrix H(t), i.e., the largest number of
its linearly independent columns. The column rank of this matrix rank.., H can be defined similarly.
Note that in general the row and column ranks of the matrix H(t) do not have to coincide. Indeed,

for the matrix
sint 2sint
H(t) =
(t) (cos t 2cos t>

we have rank,ow H = 2 and rank., H = 1. In the stationary case, the ranks introduced coincide.
We say that H(t) is a matrix of incomplete column rank if column rank of H is less than the
number of columns.
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Consider a quasiperiodic system
dz
— =g(t,z) + h(t,z), ze€R",
dt
where the vector functions ¢ and h are periodic in the first argument with periods w and 2,
respectively, and the ratio of these periods is irrational.
A periodic solution z = z(t) with period € of this system is called partially irregular [2], and

the frequency spectrum of z is called partially asynchronous.
Now we consider a linear control system

= A(t)x+ Bu, teR, xeR",

in which A(t) is a continuous w-periodic n x m-matrix, B is a constant n x m-matrix, u is the
control. We suppose that u(-) is Q-periodic m-vector continuous functions defined on the real axis
and such that the numbers w and 2 are incommensurable. Admissible sets of periodic functions of
this kind will be called irregular.

Problem A. The problem of assignment for the partially asynchronous spectrum with a target
set L and an irregular feasible set can be formulated in the following form: select a programmed

control
u="U(t) (1)

from the specified feasible set such that the system
& = A(t)x + Bu(t) (2)
has a nontrivial partially irregular solution x = z(t) of period Q with a given frequency spectrum L.

Theorem. If assignment problem A has a solution, then the oscillating component of the coefficient
matriz has an incomplete column rank, i.e.,

rankeg A =n—d, 1<d<n. (3)

Proof. Assume that Problem A is solvable, and condition (3) does not hold. In other words, there
exists an (2-periodic vector (1) such that system (2) has a nontrivial solution z = x(t) of the same
period, and the matrix A(¢) has full column rank, i.e. the equality

rankeo; A=n (4)

holds. Let us expand the Q-periodic vector z(t) into a Fourier series

where
1 ’ 2mi
Tm = /w(T) exp ( - ﬂém 7') dr
0
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Let us expand the w-periodic matrix function into a Fourier series

1 7 2mik

/A )dr ~ Z Akexp( ™

W w
0 k=—00, k#0

t). (6)

where
w

1 2mik
Ak—w/A(T)exp(— " T> dr.
0

Using expansion (6), we apply the properties of formal operations on Fourier series [8, p. 39|
to (5)

17 > omik  2mi
(A(t)—w / A7) dr>x(t) ~ ¥ Akxmexp( 7;’ + Wém>t. (7)
0 k.m=—o00, k#£0

Let us write (7) as a series

( iZA > fvféqmmwmm (8)

j==o0

with the coefficients .
m
ci = A = — = —. 9
J Z kTm, Vi w ) Hm 0 ( )
Vk+/»lm:)\j
We show that for each pair of indices £ and m, the index j is the only one that ensures the
equality
Uk + fm = Aj.
This means that each of the sums (9) will consist of only one term for any values of the indices k

and m. Let us assume that this is not true, i.e. there exist two pairs of indices k1, mq and ko, mo
(k1 # ko, my # mg) such that the equality

Vg + Hmy = Vi + Himy
is satisfied. Therefore, by (9) we obtain
w ki — ko

Q mi1 — My '
Since the indices k1, ko, m1, mo are integers, the right-hand side of this equality is a rational number.
Consequently, the periods w and €) are commensurable. We have obtained a contradiction. This
means that the assumption made is incorrect, and each coefficient ¢; of series (8) defined by relation
(9) consists of only one term.

Since quasiperiodic system (2) has a partially irregular solution z(t) and the ratio w/Q is
irrational, then according to [7] the vector x(t) satisfies the identity

(10~

Taking into account identity (10), we have the representation

05< i/wA ) ~ i ¢; exp(2mi\;) (11)
0

j=—00

w

/A d7>— At)a(t) = 0. (10)

0

E\r—‘
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for series (8).
From the series expansion (11), based on the uniqueness theorem for almost periodic functions [8,
p. 51], it follows that all the coefficients of this series are zero. Therefore,

Ayt =0 (12)

forall k =+1,£2,... and m =0,£1,£2,....

By assumption there exists z(t) #Z 0. Hence a Fourier coefficient of x has a nonzero component
zs (s € {0, N}). Let us apply the properties of formal operations on Fourier series [8, p. 39] to one
of the terms of representation (5) for m = s, i.e. consider the product

<A(t) - i/wA(T) d7'> T~ i Az exp (2751{; t).
0

k=—o00, k0

As shown above, according to (12), all products Agzs = 0 (k = £1,+2,...). Therefore, due to
the periodicity of the function ﬁ(t)xs, based on [8, p. 51] and the adopted notation, we have the
identity

ﬁ(t)xs =0, zs#0,
from which it follows that g(t) is a matrix of incomplete column rank. We have a contradiction
with assumption (4). O
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