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We consider the following differential equation

y" = aop(t)eo(y )1 (y). (1)

In this equation the constant «y is responsible for the sign of the equation, functions p : [a,w][—
10,400, (—o00 < a < w < +00) and ; : Ay, — 10, +o0o[ (i € {0,1}) are continuous, Y; € {0, £o0},
Ay, is some one-sided neighborhood of Y;.

We also suppose that function ¢; is a regularly varying as y — Y7 function of the index
o1 [8, pp. 10-15], function ¢ is twice continuously differentiable on Ay, and satisfies the next
conditions

/ /! /
L) #0 as ¥ € Ay, lim @o(y) € {0,400},  lim poW)eo¥) _ 9
@0(3/) 7& Yy 0 V' Yo P (y) { } V' SYo (906(?/))2 ( )
y’EAyo y/GAYO

It follows from the above conditions (2) that the function ¢y and its derivative of the first order
are rapidly varying functions as the argument tends to Yy [1]. So equation (1) is the second order
differential equation that contains the product of a regularly varying function of unknown function
and a rapidly varying function of its first derivative in its right-hand side. In previous works [3]
we obtained results for this kind of the equation containing a rapidly varying function of unknown
function and a regularly varying function of its first derivative.

Let’s consider the following class of solutions for equation (1).

Definition 1. The solution y of equation (1), defined on the interval [to,w[C [a,w][, is called
P,(Yp, Y1, Ng)-solution (—oo < A\g < 400) if the following conditions take place

W'()* _
ttw y" (t)y(t)

This class of solutions was introduced in the work by V. M. Evtukhov and A. M. Samoilenko [6]
for nth-order Emden—Fowler type differential equations and was later specified for the second-order
case. Due to the asymptotic properties of functions in the class of P, (Y, Y1, Ao)-solutions, each
such solution belongs to one of four disjoint sets depending on the value of Ag:

YW lto,wl= Ay, imy®(@) =Y, (1=0,1),

)\oeR\{O,l}, A=0, =1, A ==Fcc.

In this work, we investigate equation (1) with respect to the existence of P, (Yp, Y1, +00)-
solutions. This class of solutions for equations of the form (1) is among the most difficult to
study, since the second derivative cannot be explicitly expressed in terms of the first derivative.
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For the P, (Yy, Y1, £00)-solutions under consideration, in [6] it was established the following a
priori asymptotic relations:

=[1+4+o0(1)], —F—==0(1) as tTw, (3)

where
if w= 400,

t,
mu(t) = .
t—w, if w<+oo.

From conditions (3) it follows that P, (Yp, Y1, +00)-solutions are regularly varying functions of
order 1 as t T w, and their first derivatives are slowly varying functions in the same limit. Some
results concerning P,,(Yp, Y1, Ao)-solutions of equation (1) in the case A\g = t0o were obtained in [3]
and [4].

The aim of this work is to establish necessary and sufficient conditions for the existence of
P, (Y, Y7, 00)-solutions of equation (1), and also to obtain asymptotic representations as t T w
for these solutions and their first derivatives in a certain critical case that was not considered in [3]
and [4].

To formulate the main results, we introduce the following definitions.

Definition 2. Let Y € {0,00}, and let Ay be a one-sided neighborhood of Y. A continuously
differentiable function L : Ay —]0,+oo] is called a normalized slowly varying function as y — Y
(y € Ay) (see [7, pp. 2-3]) if
L/
i VY ®)
y—=Y L(y)
yEAy

=0.

Definition 3. We say that a slowly varying as z — Y (z € Ay) function 6 : Ay — ]0; +o0] satisfies
the condition S as z — Y, if for any continuous differentiable normalized slowly varying as z — Y
(z € Ay) function L : Ay, —]0; +00[ the next relation is valid

0(zL(2)) =0(2)(1+0(1)) as z—=Y (z € Ay).

Conditions S is satisfied by functions In |y|, |In |y||* (© € R), In|In|y|| and many others.
Let us put in the following notations

17 if AYO = [y87YYO[a

. 12 / . 0
po =signpy(y'), wvo =signyy, v = .
{—1, if Ay, =1Y0, 93]

According to the definition of P, (Yp, Y7, +00)-solutions of the differential equation (1), the
numbers vg, v; and g uniquely determine the signs of any such solution, as well as the signs of its
first and second derivatives in some neighborhood of w. Note that the conditions

vy-v1 <0 for Yo =0, wvg-v1 >0 for Yy = Foo,

and

vy -ap <0 for limy' (t) =0, ap-v1 >0 for limy/(t) = oo
tTw tTw

are necessary for the existence of such solutions.
Then, taking into account (3), the conditions

vg - 1T (t) > 0 for t € [a,w]|
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and
Yo =0 for w< 400, Yy==xo0 for t € [a,w|

are also necessary for the existence of P, (Yp, Y1, £00)-solutions.
In [4] the following theorem is proved.

Theorem 1. Let o1 # 1, and suppose the function p1(y')|y'|~7* satisfies condition S as y' — Y1
(y' € Ay,). Then every P, (Yp, Y1, 00)-solution of (1) can be written as

y(t) = mo(t) L(2). (4)

Here L : [ty,w[— R is twice continuously differentiable, and satisfies the conditions

YL (t)L(t) >0, L'(t) #0 for t € [t1,w], (5)
, . 7w ()L (1)
lim L(t + 1 w(OL(t) =Yy, lim————= =0.
lim L(t) € {0, 00}, I, (L(t) = Yo, lim L) 0 (6)
If the limit
()L (t)
lim 2@\~ AW
e L)
exists, then
7 ()L (t) /
lim ————~ = —1 L'(t .
10 , agL’(t) >0 (7)
Moreover, the next asymptotic representation ast 1 w takes place
OéoL/(t)

|7 () L(£) |71 01 (e () )00 (L(E) [1 + = £57—])

Theorem 1 contains the necessary conditions for the existence of P, (Yp, Y7, £00)-solutions of
equation (1).
To formulate the sufficient conditions, we introduce the following definition.

Definition 4. We say that condition N holds for some L(t) : [to,w]— R (to € |a,w]), satisfying
(4)—(7), if and only if

o= |7rw(t)L(t)UIOI(WWZ(;)LgoE)t()L(t)[l =y )
where r(t) = 0 as ¢ 1 w.
Let
01(y) = er(y)lyl~ ", ,X(t) = L(t) - ex(t), ,
er(t) =1+ ”‘*’(Lt)(f),(t) ety =2+ ”‘*’(Lt?é;@

From (2) and (6) it follows that the following statements are true.
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1)
lim el(t) = lim ea(t) =1, (9)
lim H(t) = £oo, limgi(t) =0; (10)
2) If the limit
_L(t)  H'(t)
1 .
to L'(t)  [H(t)/2
exists, then
. L) H(t)
1 : —0. 11
o mmpr = (11)

Indeed, statements (9) follow directly from conditions (6) and (7). Statements (10) follow from

the validity of the corresponding relations.

Statement (11) is proved analogously to the corresponding result presented in the work by
Evtukhov V. M. and Chernikova A. H. [5].

In this paper, unlike [3] and [4], we consider the case when the condition

. mu(t) L' () 1/2 _
i 25 0 o
holds.
In this case, taking (11) into account,
7w (6) L' (t)
— " H -1 1 .
O = -1+ 001), t1e

From the form of the functions H, ¢1, and ¢s, it follows that

li t) = —1
tlTrng() 7

which, in view of (7) and (8), implies that the function #0(y)
y/ — Yo, (y/ € AYO)»

vo(y’)

- L0 XOAXO) | 1 aloee) | Gan)
LD wX0)  al’ (& D) X0

Thus, the case when condition (12) holds is in a certain sense critical.
We further assume that the finite or infinite limit

X(t)

lim (1 t
#3( + qu(t) +

is regularly varying of order —1 as

exists.

ea(t)L/(t)

)+ (er®) = 1) er(t) - HE) =7

Note that the sign of 71 must coincide with the sign of g - vg - v1 - po(2).

The following theorem takes place.
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Theorem 2. Let o1 # 1, the function 01 satisfy condition S, and conditions N and (12) hold.
Then the differential equation (1) has at least one P,(Yp, Y1, 00)—solution for which the following
asymptotic representations as t T w hold:

y(t) = m(t) - L(t) (1 + o(1)), (13)
Iy @o(X(1)) ) /2
v =X+ Dy IHOM o). (14)

Moreover, if w < +00, then when one of the conditions
etther 1 <y <0, or v1 =0 and ag - p > 0,

is satisfied, equation (1) has a one-parameter family of P, (Y, Y1, +00)-solutions with asymptotics
(13), (14).
If w = 400, then there exists a two-parameter family of such solutions in the cases

etther 1 <v1 <0, or 1 =0 and ag-puy <0
and a one-parameter family in the cases
—o0o <y <—1 or 0 <y <+o0.

To prove Theorem 2, equation (1) is reduced by a special transformation to the equivalent
system of quasilinear differential equations. The limit matrix of coefficients of this system is such
that the determinant of the matrix is nonzero, the sum of the elements of the first row is equal
to 0, and the sum of the elements of the second row is nonzero. Therefore, all the conditions of
Theorem 2.7 from [6] are satisfied for the system.

According to this theorem, the system has at least one solution

{witioy [t +oo[ = R? (t* > 1),
which tends to zero as ¢ T w. These solutions correspond to the solutions
y: [t*,+oo[ = R (t* > t1)

of equation (1), which admit the asymptotic representations (13), (14) as t T w.

If w < 400 and aguovovr < 0, and also if w = +o0 and aguovovy > 0, then there exists a
one-parameter family of such P, (Yy, Y1, £00)-solutions.

If w = 400 and apuovovr < 0, then there exists a two-parameter family of such P, (Y, Y1, +00)-
solutions.

From the form of the representations (13), (14), it follows that the obtained solutions are indeed
P, (Y, Y1, 00)-solutions of equation (1).

Thus, this paper studies second-order differential equations of the form (1) whose right-hand
side contains the product of a regularly varying nonlinear function of the unknown function and a
rapidly varying nonlinear function of its derivative, as the arguments tend to zero or to infinity.

We obtain necessary (Theorem 1) and sufficient (Theorem 2) conditions for the existence of
slowly varying P, (Y, Y1, £00)-solutions in a certain critical case (12), as well as asymptotic repre-
sentations for these solutions and their first derivatives.

Under additional restrictions on the coefficients of the characteristic equation of the associ-
ated equivalent system of quasilinear equations, we establish conditions for the existence of one-
parameter and two-parameter families of P, (Yp, Y1, £00)-solutions.

It is worth noting that earlier similar results were obtained for equations in which, on the
contrary, the right-hand side is the product of a rapidly varying function of the unknown function
and a regularly varying function of its derivative. For the equations studied in this work, the
obtained results are new.
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