REPORTS OF QUALITDE, Volume 4, 2025 19

Sharp Conditions for the Solvability
of a Nonlocal Boundary Value Problem
for Linear Second Order Functional Differential Equations

Eugene Bravyi

Perm National Research Polytechnic University, Perm, Russia
E-mail: bravyi@perm.ru

1 Introduction

We establish unimprovable conditions for the unique solvability and positive solvability of a bound-
ary value problem, various forms of which have frequently appeared in recent literature on dif-
ferential equations and their applications. The motivation for this article comes from works
[3,5,6,8,12,13,15-18] which addressed various issues related to these boundary conditions for
different modifications of the heat equation. However, to the best of the author’s knowledge, unim-
provable conditions for the solvability and positive solvability of the boundary value problem have
not been obtained for such boundary conditions.

By unimprovable sufficient conditions for solvability, we mean necessary and sufficient conditions
for all objects from a given family to possess the property we are interested in (namely, the unique
solvability of the boundary value problem). If these conditions are not met, then there exists an
object in this family for which the property in question fails to hold.

For the functional differential equation

#(t) = (Tz)(t) + f(t), te01], (1.1)

where T : C[0,1] — L[0, 1] is a linear bounded operator and f € L[0, 1], we consider the boundary
value problem

Here, C[0,1] and L[0, 1] denote the spaces of real-valued continuous and integrable functions on
the interval [0, 1], endowed with their standard norms, respectively. A solution to the boundary
value problem (1.1)—(1.3) is understood as a function that is absolutely continuous together with
its derivative, satisfies the boundary conditions (1.2), (1.3), and satisfies equation (1.1) for almost
all t € [0,1].

This problem describes the stationary state of a heated rod in a heat conduction model governed
by equation (1.1). The boundary condition (1.2) corresponds to the rod being insulated at the left
end t = 0. The nonlocal boundary condition (1.3) means that the heat flux at the right end of
the rod, at ¢ = 1, is determined by a special controller (thermostat) and is proportional, with a
coefficient o € R, to the temperature measured by a sensor at the point ¢t = £ € [0,1] on the rod.
The nonstationary formulation of the linear heat conduction problem with the nonlocal boundary
condition (1.3) was apparently first studied in [5,6]. In recent years, numerous works have been
devoted to problem (1.1)—(1.3) for the case where the operator T" is a Nemytskii operator [15-17].
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Generalizations of these models have also been considered, in particular, models with fractional
derivatives [8,12,13,18] and with a functional operator T' [3].

Closely related boundary value problems for delay equations are considered in [2,4]. In these
works, conditions for the existence of solutions to problem (1.1)—(1.3) were found for both classical
and generalized models.

Here, problem (1.1)—(1.3) is considered for families of monotone operators 7' with a given norm.
We study such linear operators T for which either T" or —7T is positive, meaning it maps nonnegative
functions to almost everywhere nonnegative ones. The norm of such an operator T is defined by

1
the equality || T||q_r = J |(T1)(s)| ds, where 1 is the unit function.
0

2 Main results

For the general boundary value problem for a second-order functional-differential equation, [1]
established general assertions about necessary and sufficient conditions for unique solvability in
families of regular operators T (representable as a difference of positive operators). Verifying these
conditions requires solving a finite-dimensional optimization problem. This is a standard issue;
however, in each specific case, obtaining the necessary and sufficient conditions in explicit form
requires overcoming particular difficulties that depend on the boundary conditions. Necessary and
sufficient conditions for such families in explicit form have been found only in exceptional cases:
for the Cauchy problem, for the periodic problem, for the two-point boundary value problem with
boundary conditions x(0) = 0, (1) = 0 or (0) = 0, #(1) = 0, and for some other problems,
typically for first and second-order equations, see the works of A. Lomtatidze, S. Mukhigulashvili,
R. Hakl, J. Sremr [7,9-11,14].

Here, based on the approach of [1], we obtain effective necessary and sufficient conditions for the
unique solvability of the boundary value problem for families of equations with monotone operators
T and conditions for the sign preservation of the boundary value problem solutions.

Let us state the unique solvability conditions. They substantially improve the known solvability
conditions for this problem obtained, for example, using the contraction mapping method.

Theorem 1. Let £ = 0. The boundary value problem (1.1)—(1.3) has a unique solution for all
positive operators T with a given norm T+ if and only if either the inequalities

1
44—, ifoz<—§,

0<TH< 1 1 (2.1)
ira 1073

hold, or the inequalities

4+8(vVa(l+a)+a), if ac [é

44—, if a>ao
!

Oél:|,

oo =
QIr

hold, where
1 1/3
- — =019, ¢= (100 + 12+ 69) .
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Theorem 2. Let £ = 0. The boundary value problem (1.1)—(1.3) has a unique solution for all linear
operators T such that —T is a positive operator with norm T~ if and only if either the inequalities

1 1
_ = ; <
- ifa<—].
1
0< T <<{16a+38, if—1<a§a2, (2.3)

hold, where

/ 1
242014+ —, if a>an
«
b

1 1
=— 4+ ——-=0. =(1 12v/
a9 24+2p 1 0.08, p (08+ 69)

4 1 1
a<—=, — ST <2424)1+— (2.4)
3 14+« «

The dependence on « of the set of values of the norms of the operators T =T+ and T =T,
for which problem (1.1)—(1.3) is uniquely solvable, is shown in Figures 1 and 2, respectively. The
diagrams are placed at the end of the text.

Denote & = (v/5 — 2)? = 0.056.

In the following theorems, the parameter £ lies entirely to the left or entirely to the right of &.

1/3
)

or the inequalities

hold.

Theorem 3. Let £ € [0,&], a« > &, TH > %_5 The boundary value problem (1.1)—=(1.3) has a

unique solution for all linear positive operators T with norm T if and only if the inequalities

“> 5Ty
and
aiggT*gmin{zL(ﬁJerfZl_{)Q,HI;’EHR} (2.5)
hold.

Theorem 4. Let € € [§,1], a > &, T > ﬁ
The boundary value problem (1.1)—(1.3) has a unique solution for all linear positive operators

T with norm T+ if and only if the inequalities

o> VEVEL 1)
- 24 €

1 §T+§2+1—7£+2\/1—§ (2.6)
a—¢& « Q

We state several results on the sign preservation of solutions.

and

hold.
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Theorem 5. Let a > 1/2 and £ = 0. Suppose the conditions of Theorem 1 are satisfied. Then
all solutions of problem (1.1)—(1.3) preserve their sign for every nonnegative function f € L[0,1]
satisfying
pesssup f(z) < essinf f(x),
z€[0,1] z€[0,1]
where p € [0, 1], if and only if

Moreover, if conditions (2.1) hold, then the solutions are nonnegative, and if conditions (2.2)
hold, then the solutions are nonpositive.

Theorem 6. Let £ = 0. All solutions of the boundary value problem (1.1)—(1.3) are nonnegative
for every nonnegative function f € L[0,1] and for every positive operator T : C[0,1] — L]0, 1] with
a given norm T if and only if either the inequalities

1
Oéé_]-, T+§]-+77
Q
or the inequalities

a>0, TT< !
14+«

hold.

All solutions of the boundary value problem (1.1)—(1.3) are nonpositive for every nonnegative
function f € L[0,1] and for every positive operator T : C[0,1] — L[0,1] with a given norm T+ if
and only if the inequalities

a>1, ~<T+<1

Q|+

hold.

Theorem 7. Let £ = 0. All solutions of the boundary value problem (1.1)—(1.3) are nonnegative
for every nonnegative function f € L[0, 1] and for every operator T : C[0,1] — L[0, 1] such that =T
1s positive with norm T — if and only if either the inequalities

1 1
a<-1, T-< min{l n f,—f},
a o«
or the inequalities
a>0, T~ <min{l,4a}

hold.

All solutions of the boundary value problem (1.1)—(1.3) are nonpositive for every nonnegative
function f € L[0, 1] and for every operator T : C[0,1] — L]0, 1] such that —T is positive with norm
T~ if and only if the inequalities

< 35 Tl gy L

, <
- 2 l+a ™ - «

hold.

All conditions (2.1), (2.2), (2.3), (2.4), (2.5), (2.6) and the conditions of Theorems 6, 7 are
unimprovable in the sense that if they are not satisfied, then there exists a corresponding operator
T with the given norm for which the property under study fails to hold.
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Figure 1. For each «, the set of norms of positive operators T for which, by Theorem 1,
any problem (1.1)—(1.3) with 7= T is uniquely solvable is highlighted in color. If the
solvability is proved using the contraction mapping principle, the region is shaded black.
For convenience, the graphs are shown in different scales.

109

Figure 2. For each «, the set of norms of positive operators T~ for which, by Theorem 2,
any problem (1.1)—(1.3) with "= —T~ is uniquely solvable is highlighted in color. If the
solvability is proved using the contraction mapping principle, the region is shaded black.
For convenience, the graphs are shown in different scales.
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