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For a given positive integer n, we denote by M̃n the set of linear differential systems

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0,+∞), (1)

with piecewise continuous functions A : R+ → Rn×n, and by Mn its subset consisting of systems
with coefficients bounded on the time half-axis R+.

The Lyapunov exponents of system (1) are denoted by λ1(A) 6 · · · 6 λn(A).
One of the key questions in the theory of Lyapunov exponents is the following: how are the

Lyapunov exponents of the solutions of the perturbed system

ẋ = A(t)x+ f(t, x), x ∈ Rn, t ∈ R+, (2)

where the perturbation f is “small” in one sense or another, related to the Lyapunov exponents of
the original system?

When investigating this question, it is natural to distinguish the case when the perturbation f
is of higher order with respect to x, i.e., satisfies the condition

lim
x→0

sup
t∈R+

∥f(t, x)∥
∥x∥m

= 0 (3)

for some m > 1, and the case when the perturbation f(t, x) is linear in x, i.e., f(t, x) = Q(t)x,
where the function Q : R+ → Rn×n is “small” in some sense.

O. Perron constructed [6] an example of a two-dimensional system (1) with both Lyapunov
exponents negative, and of its nonlinear perturbation f satisfying condition (3) for m = 2, such
that all solutions of the perturbed system (2), except for a certain one-parameter family of them,
have positive characteristic exponents.

In [7], the author introduced a two-dimensional system (1) with Lyapunov exponents zero
and a > 0, along with an exponentially decaying linear perturbation Q, resulting in Lyapunov
exponents a and γ > a for the perturbed system. Thus, in this example both Lyapunov exponents
jump upward under the perturbation.

Perron’s examples [6,7] served as a starting point for numerous studies on the influence of various
classes of linear and nonlinear perturbations on the Lyapunov exponents of solutions to systems
from Mn, and the results obtained in this direction constitute a substantial part of the modern
theory of Lyapunov exponents. The effect of changing the values of the Lyapunov exponents
of a system from Mn under certain “small” perturbations was called the Perron effect in the
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monograph [5, Chapter 4]. Subsequently, this term — the Perron effect — came to be used only
for the situation (which was considered by O. Perron) where perturbations do not decrease the
exponents of the solutions of the original system, while the opposite effect came to be called the
anti-Perron effect [2–4].

In [1], families of parametrically perturbed systems are considered:

ẋ = A(t)x+Q(t, µ)x, x ∈ Rn, t ∈ R+, µ ∈ M,

where A ∈ Mn, M is a metric space, Q : R+ ×M → Rn×n is a continuous function satisfying the
condition

lim
t→+∞

sup
µ∈M

1

t
ln ∥Q(t, µ)∥ < 0.

For the class of pairs consisting of the spectrum of the original system and the spectrum of the
perturbed system, under the condition that all exponents of the original system do not exceed
the corresponding exponents of the perturbed one, a complete description from the viewpoint of
descriptive set theory is obtained.

A similar question for parametrically perturbed systems A with unbounded coefficients is in-
vestigated in [8]. There, in particular, it is established that the class under consideration does not
change if we require the perturbation Q to decay faster than any exponential.

Thus, the papers [1,8] contain a complete description of the linear parametric Perron effect for
systems from the spaces Mn and M̃n, respectively.

In [2], which focuses on the anti-Perron effect, the following question is posed: is it true that if
λ1(A) > 0, then λn(A+Q) > 0 for any A,Q ∈ Mn, where Q decays exponentially at infinity, i.e.,
for some C > 0 and σ > 0 satisfies the estimate

∥Q(t)∥ ≤ Ce−σt, t ∈ R+? (4)

We have obtained a negative answer to this question. Applying the method of [1] yields the
following result.

Theorem 1. For any numbers n ≥ 2, σ > 0 and n-tuples α1 ≤ · · · ≤ αn and β1 ≤ · · · ≤ βn,
satisfying the condition αi ≥ βi, i = 1, n, there exist systems A,Q ∈ Mn such that

λi(A) = αi, λi(A+Q) = βi, i = 1, n,

and for some C > 0 inequality (4) holds.

Remark 1. The stated theorem strengthens the result of [3], where a similar result was established
in the case α1 > 0, βn < 0 and Q(t) → 0 as t → +∞.

If we abandon the condition of bounded coefficients, then the statement of Theorem 1 can be
strengthened as follows.

Theorem 2. For any n ≥ 2 and n-tuples α1 ≤ · · · ≤ αn and β1 ≤ · · · ≤ βn, satisfying the
condition αi ≥ βi, i = 1, n, and an arbitrary function Θ ∈ C(R+,R), there exist systems B ∈ M̃n

and Q ∈ Mn such that
λi(B) = αi, λi(B +Q) = βi, i = 1, n,

and for some C > 0 the following holds:

∥Q(t)∥ ≤ C exp(−Θ(t)t), t ∈ R+.
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