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1 Introduction

Let us consider the parabolic problem

u = (a(z)ug)y + b(x)ug + h(z)u, (x,t) € Qr=(0,1) x (0,7), T >0, (1.1)
uw(0,t) = @(t), ux(1,t) =), 0<t<T,
u(z,0) =0, 0 <z <1,

here the real functions a, b and h are smooth in Qr, 0 < ag < a(z) < a1 < co.

Let us pose the following extremum problem: by controlling the temperature ¢ at the left end
of the segment (the function ) are assumed to be fixed), we try to make at some point ¢ € (0,1)
the temperature u(xg,t) close to the given function z € W (0, T) over the entire time interval (0,7
(pointwise observation). This problem arises in the mathematical modelling of climate control in
industrial greenhouses [5,6]. Extremum problems for parabolic equations were considered in various
papers [14,16-19], but as usual, there were problems with final or distributed observation. We also
use quite different methods of investigation.

Now, continuing the research in [1,3,4,7-13], we consider some special quality functional, which
is in demand in applications, providing, among other things, uniform proximity of the solution and
the objective function, implemented by the norm in the space W4 (0, T)). Since in applied problems
the control and observation time 7' is sufficiently large, the influence of the initial function is
relatively small and can be neglected, setting the initial function equal to zero.

As well as in [15, p. 6], we denote the Banach space

Vo (Qr) = {u € Wy (@Qr), u(-,t) € C0,T] = La(0, 1))},
where VV21 2(Qr) is the Sobolev space with the norm

0l 000, = /(ug +?) dedt,
Qr
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||u||V21’O(QT) = OzltlgT w5l rag0,0) + vzl o (@q)-

Let W;(QT) be set of all functions € W4 (Qr) satisfying the conditions 7(-,T) = 0, (0, -) = 0.
Moreover, we define the spaces

Wi0(0,T) = {y € WE(0,T), y(0) = 0}

with the norm | - HWQk(O,T). The space WZ(0,T) is the Sobolev space with the norm

T
2 2
Il o) = (1)) dt.
0

Definition. A function u € V;’O(QT) satisfying the condition u(0,t) = ¢(t) and the equality

M»

Il
=)

J

T
/(a(m)uxnm — b(x)uzn — h(z)un — un) de dt = /a n(1,t)dt
Qr 0

for all n € W;(QT) is called a weak solution to problem (1.1)—(1.3).

2 Main Results

Theorem 2.1 ([9]). If p,¢ € /V[72270(0,T), then problem (1.1)—(1.3) has a unique weak solution
u e Vy 2 (Qr) with ur € Vy ' (Qr), and the inequality

Jully20(gy) + el 25 p) < Cr(Ielwzom + 1lwaom)
holds with some constant C1, independent of ¢ and 1.

Denote by ® C I//[\/Q%O(O,T ) the nonempty set of control functions ¢ and let Z C Y//I\/Q{O(O,T) be
the nonempty set of objective functions z. Consider the functional

3[27()0] = ”'U'(P(x07t) - Z(ﬂ”%/v%(ojy ped 2z€7

where u,, is the solution to problem (1.1)-(1.3) with the given control function ¢. Considering the
function z to be fixed, we denote
m[z, ®] = inf J[z, ¢] (2.1)
ped

to pose the minimization problem.

Theorem 2.2 ([9]). If the set ® is closed, convex and bounded, then for any z € Z there exists a
unique function @9 € ® such that

m[z, ®] = J[z, ol

We study qualitative properties of the minimizer ¢ as an element of the set ®. In the following
theorems we will assume that ® is closed, convex and bounded.

Theorem 2.3. If m[z, ®] > 0, then ¢g € 0.

Theorem 2.4. If &5 C Int 1 and m[z, ®1] > 0, then m[z, ®1] < m[z, $o].



REPORTS OF QUALITDE, Volume 4, 2025 13

3 Proofs

At first let us prove Theorem 2.3.

Proof. Let us suppose that pg € @, J[z, o] = m[z, @] (see Theorem 2.2),

Iz, 0] > 0, (3.1)
and the relation @y € 09 is not true. Then

¢ € Int ®. (3.2)

It follows from (3.1) and the dense controllability of problem (1.1)—(1.3), (2.1) from I//i\/22,0(0, T) to
/WQI,O(O,T) [9, Theorem 2.3] that for any z € WQ{O(O,T) we have the equality m[z,WﬁO(O,T)] =0.
Therefore, there exists a function ¢ € W (0,T) such that

m[z, ]

3[Z7g01] < 4 °

Let @2 = (1 — a)po + ap1, 0 < a < 1. By (3.2), for some ag € (0,1) we have 3 € . Now, we
obtain

V 3[23 902] = HUSOQ(:EO’ t) - Z(t)HWQl(O,T) = H(l - ao)u%(xo,t) + oy, (‘Toat) - Z(t)HW21(07T)
< (1 = ao)llugy (w0, 1) — 2(8) llwp 0,7) + @0 llue: (o, t) — 2()[lwy 0,1)

< (1 — ap)y/m[z, @] + %s/m[z, 3] = (1 - %) m[z, 9.

Hence,

~ 02
Azea] < (1= ) mlz ] < mlz, @),
and ¢ is not a minimizer of J[z, ¢] on ®. This contradiction proves Theorem 2.3. O

Now let us prove Theorem 2.4.

Proof. Tt follows from the inclusion &3 C ®; that m[z, ®1] < m[z, P2]. Suppose,
mz, ®1] = m[z, y]. (3.3)

By Theorem 2.2 and (3.3) we have the unique minimizer ¢g € ®1N®P4 such that J[z, po] = m[z, 1] =
m[z, ®o]. Additionally, it follows from Theorem 2.2 that

wo € 0P N OP,.

But the relation ®5 C Int &1 means 0®; N 9Py = &. O
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