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The differential equation
y" = aop(t)f(t,y,1/), (1)
where ag € {—1;1}, p : [a,w[—]0,+00[ (—00 < a < w < +00) is a continuous function, f :
[a,w[ x Ay, X Ay, —]0,+00[ is continuously differentiable, Y; € {0, +o00}, Ay; is either [y, Yi[* or
1Yi, y?], is considered. We also suppose that the function f satisfies the conditions

o (t) - G (¢, v0, v1)

1t1TI£ F(t.v0.01) = v uniformly by vy € Ay,, v1 € Ay,, (2)
0 (00 1) iformly by f € [a,w[,0; € Ay, j £k, ke{0,1}.  (3)
im = o} uniform a,wl,v; " , ,1}.

Y=Yy f(t,vo,v1) g Yoy ! i J

k€AY,

By conditions (2), (3) the function f is in some sense close to regularly varying function by
every variable.
We call the measurable function ¢ : Ay —]0, +o00[ a regularly varying as z — Y of index o if
for every A > 0 we have
i o @
ZzEAY

Here Y € {0,400}, Ay is some one-sided neighbourhood of Y. If ¢ = 0, such function is called
slowly varying.

It follows from the results of the monograph [5] that regularly varying functions have the next
properties.

R;: The function ¢(z) is regularly varying of index o as z — Y if and only if the next represen-
tation takes place

p(z) = 270(z),
where 6(z) is a slowly varying function as z — Y.
Ry: If the function L : Ayo —]0,400] is slowly varying as z — Yp, the function ¢ : Ay — Ayo

is regularly varying as z — Y, then the function L(y¢) : Ay —]0,4o00[ is slowly varying as
z—Y.

Rs: If the function ¢ : Ay —]0, +00[ satisfies the condition

/
lim 22 %)

) o0 =0 € R,
e PV

then ¢ is regularly varying as z — Yof index o.

'As Y; = +oo (Yi = —o0) assume 3y > 0 (39 < 0).
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Ry: For every regularly varying as z — Y function ¢ the property (4) takes place uniformly as
A € [c,d] for every segment [c, d] C |0, +o0[.

Definition. Solution y of the equation (1) is called P, (Yp, Y1, Ao) if it is defined on [tg,w[C [a, w|

and Lo
limy®(t) =Y; (i=0,1), TRCAG)
tw ttw y(t)y" (t)

For different values of parameter Ay the class of such solutions contains regularly slowly and
rapidly varying as ¢t 1 w functions. P, (Yp, Y7, Ag)-solutions of the equation (1) are regularly varying
functions as ¢ T w of index )\3‘21 if \o € R\ {0,1}.

A lot of works (see, for example, [2,3]) have been devoted to the establishing asymptotic repre-
sentations of P, (Yp, Y1, \g)-solutions of equations of the form (1), in which f(¢,y,9") = ¢o(y)p1 ('),
where ¢o and ¢ are regularly varying functions. For more general case as f depends only on y
and 1/ asymptotic properties and necessary and sufficient conditions of existence of such solutions
of the equation (1) have been obtained in [1].

We need the next subsidiary notations.

) t as w = +o0,
T, =
v t—w as w < +00,

Oi(2) = wi(2)|2[7 (1 =0,1),

)\0 — 1100
— Y+0oo
310 = [ (aoplmmpe 252" ar
Al
a, if /p(7)|7rw(7)|'7+‘70 dT = +o00,
Al —_ a

w, if /p(7)|7rw(r)\7+"0 dr < 400,

t
1 1
Jz(t) = }(1 — 09 — o’l)‘ 1-0p—01 sjgny(l) / |J1(t)| rr—t dT,
B3

1
b it [ @) dr = e,
B? b,
1
w, if /|J1(t)\1—f’0—f’1 dr < 4o0.
b

The following theorem is obtained for the equation (1).

Theorem 1. Let in the equation (1) o1 # 1. Then for the existence of P, (Yo, Y1, Ao)-solutions to
the equation (1) in cases \g € R\ {0,1}, it is necessary and if

M#o1—1 or (o1 —1)(op+01—1) >0,
then also sufficient

Ww(t)y?yg)\o()\o —-1) >0, Ww(t)aoy?)\o()\o —1)>0 as t € [a,w],
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_Ao 1
limy8|7rw(t)‘ Xo—1 — }/0’ 1imy(1)!7rw(t)| No—1 — Y17
thw ttw

lim 7w () J5(t) _ N lim 7w (t)J1(t) _1-00—o ‘
ttw Jo (t) )\0 -1 ttw J1 (t) )\0 —1

The next result is devoted to research P, (Yp, Y1, Ag)-solutions in special and most complex case
Ao = 0. In this case, such decisions or their first order derivatives will be slowly changing functions
as t T w, which significantly complicates the study. Therefore, consider the differential equation

y" = aop(t)|y|”y'|7" exp (R(| In|my, (£)yy'l])), (5)

where ag, p are the same as in a general equation, and R is continuously differentiable, with a
monotone derivative, regularly variable at infinity function return order p, 0 < p < 1.

Theorem 2. Let

i IO
ttw T (t) In |, (8)]J'(t)

Then, for the existence of P, (Yy, Y1,0)-solutions to the equation (5) for which there is a finite or
infinite boundary
T ()y" (1)

ey

the following conditions and inequalities are sufficient and sufficient

=0.

1—0c 1
lim 9] J(8)| 7707 = Yo, lmyd|I(8)|77 = Vi,
tTw tTw

! !/
lim T OO _ oy eSO
ttw I(t) ttw J(t)
I(t dy (1 — o) J (¢
#>0, Yoyr (L = o) J () >0 as t €la,w].
yl(l—al) 1—0‘0—0‘1

In addition, for each such solution, the following asymptotic representations hold as t T w

y(t) —— = 1_10_(]—0'1 |1—O'1‘ﬁ<](t)[1+0(1)],
|exp(R(| In o (y()y () ) ly(B) |70 =7 o
y(t) . (1—0'0—0'1)J(t) o
y/(t) o (1 — Ul)Jl(t) [1 + (1)]7

where
t

Iwzw/wwanz/mﬂﬁmn
A, B,

the integration limits A, B, are chosen so that the corresponding integrals are either 0, or co.

For differential equations of more specific type, one can get more detailed information about
P, (Yy, Y1,0)-solutions to the equation (3).
In [4] it was considered the differential equation

y" =mt” " exp(kIn? )|y|7|y'|7 exp ((| In |yy'])") (6)

on the interval [to; +oo] (tg > 0), where m €]—00,0[, k €]0,4+00[, v, €]0;1[, 00,01 € R, 0p+01 #
1, o1 # 1 is the equation of the form (1), where ag = signm = —1, p(t) = mt°* 2 exp(kIn7 t),
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wo = |y|?°, ¢1 = |y|?', R(z) = z*. This function ¢; satisfies the condition S. Let us consider the
case, when w =Yy =Y = +o0.
If w —~ < 0, then for the existence of P (+00,+00,0)-solutions of the equation (6) the
following condition
l—09g—01>0 (7)

is necessary and sufficient.
Moreover, for each such solution the following asymptotic representations take place as t — +oco

oo [y@y @Iy 1-oo—o1 _ (Klnty
1—0o — v
Yy 1 exp( o1 ) o3 exp<1_01>ln t[1 + o(1)],
y(t) (1 —og—oi)yk It
= 1 1)].
G R

Let us now consider the case p—+ > 0. In this case for u—+ > 0 for existence of Py (400, +00, 0)-
solutions to the equation (6) the condition (7) is necessary and sufficient. Moreover, each such
solution satisfies the next asymptotic representations as t — 400

[ Inly(@)y'@)[" _ 1—00—01 klnvty

= In' =" ¢[1 + o(1

n ) =y e (1w o)
Y@ _ p

y(t)  oo+o1—1

l—og—0o1

t172 I 1 4 o(1)].
In case p = 7 we obtain that for the existence of P (400, +00,0)-solutions to the equation (6)
the condition (7) together with the condition

(1—01—k)(1—01)>0

is necessary and sufficient. Moreover, each such solution satisfies the next asymptotic representa-
tions as t =+ +o0

10—y [ In [y (t)y' (¢)|* 1 —09—o01 klnmty, o
1—0o = K
vy eXp( o1 — 1 ) w(l—o1 — k) eXp(1fa1)ln ti+o(1);
y'(t) u(l —o1 —k) —2 1 y—1
— 2172 1In" " t[1 4+ o(1)].
y0) ~ (oo tor— D —o1) (L o(L)]
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