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We consider the system

u'= fi(u,v), v = folu,v) (S)
subject to the conditions
u(0) = u(w), v(0) =wv(w), (P)
and
u(0) =c¢, sup{|u(t)|+ |v(t)|: t >0} < +oo. (B)

Here, f; and fy are Carathéodory functions on [0,w] x R?, and w-periodic with respect to the
independent variable.

Definition 1. Solutions (u1,v1) and (ug,v2) of (S), (P) are said to be consecutive if u;(t) < ug
for t € [0,w], u1 # u2, and for every solution (u,v) of (S), (P) satisfying u;(t) < u(t) < ua(t)
t € [0,w], either u3 = u or ug = u holds.

(¢)
for

Property O. We will say that (S), (P) possesses Property O if there exists ¢ > 0 such that every
solution (u,v) of (S), (P) satisfies
min {|v(t)| : t € [0,w]} <e.

Remark 1. Consider the problem
1
u' = Acos?(3u)p(v), o = cos’tsinu — 1 u(0) = u(w), v(0) =v(w). (%)

It is clear that for every c, function (u,v) := (%, c+ 3 sin(2t)) is a solution of (x), and consequently,
(%) does not have Property O.

Hypothesis B. We will say that f; : [0,w] x R? — R satisfies Hypothesis B if
fi(t,z, -) : R — R is non-decreasing for a.e. ¢t € [0,w], = € R, (1)

and
fi(t,z,y)sgny >0 for ¢t € [0,w], z,y €R.

Proposition 1. Let Hypothesis B hold, and
meas {t € [0,w] : fi(t,z,y) #0} >0 for z €R, ye R\ {0}
Then problem (S), (P) has Property O.

Property V. We will say that (S), (P) possesses Property V if for every pair (u1,v1) and (ug,ve)
of solutions of (S), (P), satisfying u; = ug, the identity vy = vy is fulfilled.
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Example presented in Remark 1 shows that (x) does not have Property V.

Proposition 2. Let fi(t,x,y) := fo(t,z)¥(y), where fo(t,x) > ho(t) > 0 for t € [0,w], x € R,
ho #Z 0, and v is an increasing continuous function with 1»(0) = 0. Then (S), (P) possesses Property
V.

Hypothesis L,. We will say that f; satisfies Hypothesis L, if (1) holds and for every r > 0 and
e > 0, there exist p,. € L([0,w]) such that

|fi(t,z,y) = filt, 2’ y)] < pre(®)|z — '] for t€[0,w], |z —a'|<e [yl <r

Definition 2. Function («, ) : [0, w] — R? is said to be a lower function of (S), (P) if 8 = 8o+ f1,
a, By € AC([0,w]), B1 is non-decreasing, B1(t) = 0 for a.e. ¢ € [0,w], a(0) = a(w), B(0+) > B(w—),
and

o (t) = fit,a(t), (1), B'(t) > falt,a(t) forae. te

[0, ].
Analogously, (v,6) : [0,w] — R? is said to be an upper function of (S), (P) if § = dp + 1, 7,80 €
AC(]0,w]), 01 is non-increasing, d7(t) = 0 for a.e. t € [0,w], 7(0) = y(w), 6(0+) < §(w—), and

V() = filt,v(1),6(), () < fa(t,¥(t) forae. t€[0,w].

Definition 3. Solution (u,v) of (S), (P) is said to be upper weakly stable (lower weakly stable) if
for every £ > 0, there exist a lower function («, 3) (resp. an upper function (,9)) of (S), (P) such
that

u(t) < at) <u(t)+e for t €[0,w], aZu

(resp. u(t) == <y(t) S ult) for te[0,0], v#u).
Remark 2. Let fi(t,2,0) =0, f2(t,0) =0, eo > 0 and fa(¢, -) is non-increasing on [—eg, gg]. It is
not difficult to verify that solution (u,v) := (0,0) is both u.w.s and Lw.s.
The next proposition (partially) justifies introduced terminology.

Proposition 3. Let Hypothesis L, be fulfilled and (S), (P) possess Property V. Let, moreover,
(u,v) be a Lyapunov stable solution of (S),(P). Then (u,v) is both u.w.s and l.w.s.

Definition 4. Let a,v € C([0,w]), a(t) < () for t € [0,w], a € [0,w], ala) < v(a) and
¢ €]a(0),7(0)[. We say that (S), (P) possesses property Zu-(a,c) if for every solution (u,v) of
(S), (P) satistying a(t) < u(t) < (t) for ¢ € [0,w], the inequality u(a) # ¢ holds.

) | wl,
Remark 3. 1t is clear that if (u1,v1) and (ug,v2) are consecutive solutions of (S), (P), then there
exist a € [0,w] and ¢ €Juy(a),uz(a)[ such that (S), (P) possesses Property Z,, ., (a,c).

Now we are able to formulate results.

Consecutive solutions

Theorem 1. Suppose that (S), (P) possesses Property O and (u1,v1) and (uz,v2) are solutions
of (S),(P) satisfying ui(t) < ua(t) for t € [0,w]. Let, moreover, a € [0,w[, ui(a) < ua(a),
c €lui(a),uz(a)] and (S), (P) possesses Property Zy,u,(a,c). Then there exist consecutive solutions

(us,v4) and (u*,v*) of (S), (P) such that
ur(t) < ui(t) <u*(t) <wug(t) for t€[0,w], uila) <c<u*(a).

Proposition 4. Let Hypothesis B hold, (us,vs) and (u*,v*) are consecutive solutions of (S), (P)
and u.(t) < u*(t) fort € [0,w]. Then, if (us,vs) is u.w.s, then (u*,v*) is not L.w.s and vice versa,
if (u*,v*) is Lw.s, then (us,vy) is not u.w.s.
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Unstable solution

Theorem 2. Let Hypothesis B and Hypothesis L, hold and (S),(P) possess Property O. Let,
moreover, (c, ) and (v,d) be lower and upper functions of (S),(P), a(t) < y(t) for t € [0,w],
a € [0,w], ¢ €la(a),y(a)] and (S),(P) possess property Zn,(a,c). Then, there exist unstable
solution (u,v) of (S), (P) such that

a(t) <u(t) <~(t) for te0,w].
Corollary. Let Hypothesis B and Hypothesis L, hold, problem (S), (P) possess Property O, and
filt,x +wi,y) = filt,z,y), fo(t,x+w1) = fa(t,z) for t € [0,w], z,y € R,
where wy > 0. Let, moreover, (S),(P) be solvable and possess no more than countable many
solutions. Then (S), (P) has countably many unstable solutions.
Bounded solutions

Theorem 3. Let Hypothesis B and Hypothesis L, hold, v > 0, hy € L([0,w]) be nontrivial
non-negative, and

|fi(t,z,0m0)| > ho(t) for t€[0,w], x €R, o€ {-1,1}.

Let, moreover, (uy,vy) and (u*,v*) be consecutive solutions of (S), (P), u«(t) < u*(t) fort € [0,w],
and (s, vs) is u.w.s ((u*,v*) is Lw.s). The, for every ¢ €lu.(0),u*(0)[, problem (S),(B) has a
solution (u,v) such that

us(t) <wu(t) <u*(t), u(t) <u(t+w) for t>0

u(t +w) for t > ()) @)
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and

lim max {|u*(t) — u(t)]: t € [nw, (n+ 1)w]} =0

n—-+00
( lim max {|u.(£) — u(t)| : t € [, (n + 1]} = o).

n—-+4o0o

If, moreover, the Cauchy problem for (S) is uniquely solvable, then all inequalities in (2) hold in
the strong sense.

As an example, we consider the system
u/ = fU(ta U)1/)(U), U/ = pO(t’ ’LL) sinu + Q(t) (S,)
Here, we suppose that

po(t,z) <p(t) for t € [0,w], = €R,
0 < ho(t) < fo(t,z) < h(t) for t € [0,w] z€R, hy#0,

and ¢ € C(R),
Y(y)sgny >0, |Y(y)] <1 for yeR.
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Solvability of (5'), (P)

Theorem 4. Let ||h|p < 27 and

w
1ol + | [ ato)as
0

Then, for every k € Z, there exists a solution (ug,vi) of (S), (P) such that

COSM.

< [l s 1™

1 3 1
Range(us — 2k) C [ — 7 Ihllz. 5 + 7 Al

and

T 1 3r 1
|5 + 7 Ibllz, 5 = Ikl N Range(uy — 2km) #

In the next theorem, another localization of solutions is stated.

Theorem 5. Let ||h||L < 7 and

/ P
1ol + | [ ate)as] < -] cos 15 ®
0
Then, for every k € Z, there exists solutions (uig,vig) and (usg,ver) of (S),(P) such that
Range(uiy — 2km) C } ;. , i [, Range(ugy, — 2km) C }E , S—W[
2°2 2° 2
It is not difficult to verify the validity of
Proposition 5. Let ||h||L <7, i€ {0,1} and
T . Il
a(s)ds > [[lpl+l, = I} cos 5=
0
Then, every solution (u,v) of (S'), (P) satisfies
{(—1)i g +2mn: ne Z} N Rangeu = @.
Conservative solutions of (5'), (P)
Suppose in addition that
Y is increasing on R. (4)

Then, by virtue of Proposition 1 and 2, (S’), (P) possesses Property O and Property V. Taking
into account Theorem 1, 4, 5 and Proposition 5, we get

Theorem 6. Let (4) hold, ||| < 7 and

Ih [ Ih
il = -l cos 5% < | [atopas| < -l eos 5% = e,
0

Then, for every k € Z, there exist a pair of consecutive solutions (ui, v1x) and (ugk, vag) of (S'), (P)
such that:
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w

(1) If [q(s)ds >0, then

0
Range(uyy — 2km) C [g - % kL, 3% ,  Range(ugr — 2km) C }3% , %T [;
(2) If;fuq(s) ds <0, then
Range(u1y — 2k7) C }g ,%T [, Range(ugy — 2km) C 577? , %T + % HhHL[

Theorem 7. Let (4) hold, ||h||L < m and (3) be fulfilled. Then, for every k € Z, there exist two
pairs of consecutive solutions (uyk, vig) and (usg, ver) and (ugk, vsx) and (usk, vag) of (S'), (P) such
that ugk(t) < ugk(t) fort € [0,w],

Range(u1x — 2km) C } T ) T [, Range(ugy, — 2k7) C } il , 3—7T[
2°2 272
and ; 5
Range(usy, — 2km) C } g , ?ﬂ [, Range(ugy, — 2km) C ]% , 5% [

If, moreover, p(t) <0 fort € [0,w], then (uik,vik) is v.w.s and (ugk,vag) is Lw.s.

Unstable solutions of (5'), (P)

First note that Hypothesis L, now reads as follows: for every ¢ > 0, there exists p. € L([0,w]) such
that

[folt. ) — folt,2")| < pe(B)la — | for t€[0,], |o—a| <e. (5)

Theorem 8. Let (5) be fulfilled, and the conditions of Theorem 6 (resp. Theorem 7) hold. Then
from every pair of consecutive solutions of (S'), (P), at least one of them is unstable. In particular,
(S'), (P) possesses at least countably many unstable solutions.

Theorem 9. Let (4) and (5) hold, p(t) <0 fort € [0,w], ||h|lL <7, and

‘ /wg(S) ds
0

Then, for every k € Z, the problem (S'), (P) has an unstable solution (ug,vy) such that

h
< lpl cos 1L (©

3
Range(uy — 2km) C } g , ?ﬂ [

Bounded solution of (S’) and its asymptotics

First mention that under the assumptions of Theorem 4, one can show that for every ¢ € R, the
problem (S'), (B) is solvable. However, we are interested in the existence of non-periodic solutions

of (S),(B).
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Theorem 10. Let (5) hold, and the conditions of Theorem 6 be fulfilled. Let, moreover, (uik, vik)
and (ugg,vor) be solutions of (S'), (P) appearing in the conclusion of Theorem 6. Then, for every
k € Z, there exists a non-periodic solution (uy,vg) of (S), (B) such that

w1k (t) < ug(t) < wugx(t) for t > 0.

Theorem 11. Let (4) and (5) hold, ||h||r <7, and (6) be fulfilled (clearly, conditions of Theorem
7 hold). Let, moreover, k € Z and (uik,vir), 1 = 1,2,3,4, be solutions of (S), (P); their existence
is stated in Theorem 7.

Then, for every ¢ € Juix(0), ugx(0)[, the problem (S'), (B) has a solution (uy,vy) such that

urg(t) < up(t) <wugr(t), wup(t) <ug(t+w) for t >0, (7)
and

im max {[ug(t) = ua(t)] : ¢ € [nw, (n+ D]} =0,
while, for every ¢ € Jus(0), us(0)[, the problem (S'), (B) possesses a solution (uy,vy) such that

usp(t) < ug(t) <uge(t), ur(t) > up(t+w) for t >0, (8)
and

lim max {|ug(t) — usk(t)] : ¢ € [nw, (n + 1)w]} =0,

n—-+4o0o

If, moreover, ¢ is a Lipschitz function, then all inequalities in (7) and (8) hold in the strict sense.
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