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Let us consider a one-parameter family of linear differential systems
i=A,(t)z, z€R? t>0, (1)
whose coefficient matrix is of the form

d diag[1, —1], 2%k —2<t<2k—1,

Au(t) = 0

1
(u+bk)< 0), %k —1<t<2k keN.

Here uk € R is considered as a parameter; by, di are arbitrary real numbers.
E. Sorets and T. Spenser have shown in the paper [8] that major characteristic exponent of
differential equation

i = —(KQ(cost+cos(wt+0)) +E)z, x ER? t>0

is positive for all irrational w € R and for almost all # € R on the set of energy values £ > 0, such
that it’s relative Lebesque measure tends to 1 under increasing to infinity K.

L.-S. Young in the article [9], as a part, have established for all sufficiently big values of dj =
d > 0 and by = kw, k € N, where w € R\ Q satisfies some diophantine condition holding almost
everywhere, that the major characteristic exponent of system (1,), which coincides for almost all
values of 4 € R, approximately equal to d.

In the papers [2,3,6] we considered the case when the inequality dy > d > 0, k € N, holds.
Particularly, in [2], we have proved under condition dy = d > 4In2 that major characteristic
exponent of system (1), is positive for the set of parameter p with a positive Lebesque measure.

The theorem of the article [3] implies an absence of uniform on g € R and ¢ > 0 upper
estimations for a solution norms of system (1,). Where as, the method developed in the paper
[6] essentially uses Parseval’s identity for trygonometric sums. It allows to prove an absence of
analogous estimations, which are uniform on p and subexponential on ¢t. Given there the proof of
system (1,) major characteristic exponent positiveness unfortunately contains invalid statements.
The theorem of article [4], that implies the same conclusion, is wrong as well.

In this report we offer the way sufficient to complete the correct proof of specified result.

For all n € N, an arbitrary o € R and set x = {z1,...,2,}, x; € R, i = 1,n, let us denote

filz) = fi(w, ;) = In|x — 2], x# xi,

and
n

f(.’L') = f($7a7X) =o +n71 Zfz(w)

i=1
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Lemma ([7]). For all a,k,l,lAE R such that | > 1, 7> 0, k >3+ 22\_1, and for every set
x = {z1,..., 2} and number a € R, that satisfy the conditions f(a) > —l, sup{f(x) : |z —a| <
1/2} <1, for Lebesque measure of the set

~

M = M(a, x,a,k, 1) := {:z € K: sup f(y) > f(x) +lA},
yeK

where d == ™% K := [a — d/k,a + d/k], the estimation holds mes M < 48k~2d/l.
Let us denote by X4, (t,s), t,s > 0, Cauchy matrix of system (1,).

Theorem. The major characteristic exponent of system (1,), considered as a function of parameter
W, is positive on the set of positive Lebesgue measure in the case when the condition di > d > 0,

k € N, holds.
Proof. Under

i) = (cosgp _sin ¢>

singp  cosep

we denote the rotation matrix on the angle ¢ € R counterclockwise.
According to estimations (40) from paper [6], the inequality holds

2 k

/XAH(Qk, Odp > 27 [[ chd; > 2m(1 4+ 271d%).
0 j=1

Hence, and because of the equality Xa,(2k,2k — 1) = U(u + bg), we have the relation
2

/XA#(Zk —1,0)dp > 2m(1 + 27 d%)* 1, (2)
0

Remark. In cited article Fj, should been defined by the formula Fy = kpE + ki_1 shdgl. Followed
by estimations (40) an equality in (41) is in general incorrect. Really, for every continuous function
f(+):R— (0,400) and numbers p > ¢ the next formula holds [1, p. 167]

p

exp{pl_q/lnf(t) dt} < /ppiq In f(t) dt. ()

q q

Whereas estimation (41) from paper [6] demands the opposite to (3) inequality. So all subsequent
statements of this article are not justified. Hence the conclusion of Theorem 2 in [6] cannot be
thought as sufficiently proved.

Here we give another way that allows to avoid the indicated failures.
From estimation (2) it follows the existence of v € [0, 27] such that the inequality holds

1Xa,, (2k,0)] > (1+271d*)F. (4)
Denote by w;(t, 1), i,7 = 1,2, the elements of matrix Xy, (¢,0).
In the papre [7] after the formula (36) we have proved that x;;(2n—1, 1), i, 5 = 1,2, is a uniform
polynome P, ; ;(sin y1, cos p1) degree n — 1 on sin p and cos p.
For every real p # (27 +m), m € Z, the equality holds

P j(sinp, cos p) = cos™ uPy ; j(tg u, 1).
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In the opposite case when u # mm, m € Z, we have the formula

Py i j(sinp, cos ) = sin™ pPy, ;. 5(1, ctg p).
Denote

0, if |cosp| >

1, if |cosp| <

(=%}
3
I
(=)
3
—
=
~—
i
S-Sl
[\] [N}

The next relation is correct

Py, (sin p, cos 1) = cos™ (u+2 7r(5( )) m,](tgl On u,ctg u)

The equality

2 2
Pn<tg1 20n Z Z Pg,i,j ( tg 0" i, tg 0 1)
=1 j—1

defines a polynome P,(-): R — R.
Next formulas hold

X4, (2n—1,0)y)?
1Xa, (20 — 1,0)| = max 1A - LOWIE_
yer? Iyl CeR

when -1t ()

sin ¢

2
r? z:: (:1311 (2n — 1, ) cos ¢ + wia(2n — 1, ,u)smg“) .

They imply the inequalities

2 2 2
1

fZZx%j(an 1Lu) < max 1:12]'(2717 1, p)
25 j=1 i=1 €112}

2

2
= max r;1(2n — 1, p) cos ¢ + x2(2n — 1, ) sin )
£ CE{O,Q‘lﬂ}< zl( n ) ¢ 12( n ) in ¢

2
.26
< 21&.‘%{ (xﬂ(?n —1,pu)cosC+ xip(2n — 1, ) sm() ©) [ Xa,(2n — 1,0)|?
1=
(6

) 2 ) o, A
< I}leafé(; (zaa(2n — 1, ) cos€)” + (zi2(2n — 1, ) sin¢)” < Zfoj(Zn

i=1 j=1

» 1

Hence, for some s € [1,2] we have the equalities

2 2
(5) _ _
P, (tg'~%n © E E cos™" (p+2 17r5n(,u))P73”(smu,cosu)
=1 j=1

2 2

=cos " (p+ 2_17r5n(u)) Z Zx?j@n —1,p)

i=1 j=1

)

= sccos" (pu+ 2_17T5n(u)) [ Xa,(2n -1, 0)]2.
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For all 1 € R, such that d,, (1) = 0, the next estimation is correct

1
cos(p 4271 wé =|cospul > —.
| cos(p n()] = leosul = -5
In the opposite case the formulas hold
1
‘ cos(p + 2_17r5n(,u))‘ = ’ cos(p + 2_17'(')‘ = |sinp| = /1 —cos? > 7
The both cases united imply the inequality
1
cos(p+ 2776 > —, pneR. 9
| cos(u )|z 5o n 9)
According to relation (10) from the paper [5], we have the estimation
[ Xa,(t0)] < e, where h := sup dy. (10)
keN
From formulas (8)—(10) the next estimations follow
— (8), (9) (10)
Po(tg' =200 1y < 22| Xy (20 — 1,0)))2 < 27201, (11)
The relations (4) and (8) imply the inequalities
5 e 128 (va) o ) @ —1 2\n—1
Potg " ) 2 ([ Xa,, 20 = 1,0)| = (1 4+277d7)" . (12)

Due to main algebra theorem, there exist o € R and 3; € C, j = 1,2n — 2, such that

Let us put in lemmas conditions (here [-] denotes a whole part of the number)

k.= ollg=1 44 o[t d:=e 2) =
9 max{ ) + [ ]}7 € ) f( ) 2n _ 2

RS

li=1+4+h, 1:= In B, (-).
Denote 7, = tgl_%j(%) Yn- - -
For all v € [3, — d/k,¥, + d/k] there exists u = u(v) € [y, — d/k,yn + d/k] such that v =
1-26n ()
78

Hence, as a consequence of formula (11), for such v the estimation holds

tg

(11) nln2+ h(2n —1)

flv) < o In(2"“e ) — <1l+h (14)
Denote d := $In(1+271d?).
Inequalities (12) imply the relation
12) 1 1
) > In(1+4 2 %)t > =, 1
[G) 2 5 (127 > (15)

Then, considering (13) and (14), due to lemma we have the inequality

~

d d 1 o~ 1 =~ d ~4
mes w7 Yt In P, (tg”" v In P, (tg” p)+~ ¢ < 48k~%d =. (16
mes{,ue[’y o7 —i—k 5 — o 1 (tg 7)>2n—2 n P, (tg M)+4}_ = (16)
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For all = pu(v) € [yn — d/k, ym + d/k] the next formulas are correct

‘ cos (p+ 2717r6n(u)) ’ — } cos (yn + 2717r5n(;4)) ’ R
> —‘ cos (1 + 2_17r5n(u)) — cos (n + 2_17r5n(u))‘ > —% . (17)

Thus, denote ¢ := Elv/ k, for all p € [y, — &, vn + €] with exception of the set W,, which Lebesgue

€
measure mes W, < 1 by the cause of (16) we have the estimations

(8),(16) 1

In||Xa,(2n—1,0)]| > In P, (tg® ~,,)

2n —1 2n — 1
+ ! In | cos™(u — 27 w0, (1))| — | cos(yn + 27 7 (1)) | — é\
2n —1 " " " 4
®,07 1 d dw)d
> In|| X 2n —1 ———— > = 1
The set of limit points of sequence {v;}72; is not empty.
Let us denote by 7. some of them.
For an arbitrary n € N, there exists k(n) > n such that [y;(,) — Yool < 5 -
Denote also
Woo = U ﬂ Wk(n) = mIi}iIloo ﬂ Wk(n)
meNn>m n>m
The next relations hold
: . €
mes Wy, = ml—l>r—ri-loo mes ﬂ Win) < ml—lgrloo s;g mes Wi,y < 1 (19)

n>m

‘We have the inclusions

M = [yoo — 276,700 + 27 €] \ Weo
= N U (oo =27 700 +27%€] \ Wi

meNn>m

meNn>m

Thus for all p € M , as a consequence of formula (18), the next estimations are correct

(18), (20) 4

1
s [ Xa, k() ~ L0 = 2 >0

)\max (A;L) > m 5

n—-+oo 2k(n)
As well, relations (19) imply the inequality

mes M < mes ['yoo — 2_15,%0 + 2_15] —mes Wy, > Z .

The theorem is proved.
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