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Let € be a convex piecewise smooth domain on the plane of independent variables x and ¢. In
the domain 2 for the inhomogeneous equation of the string vibration

Owu = uy — uge = F(x,t), (1)

consider the Dirichlet type problem
ulpn = ¢, (2)

where [J := 3722 — (%22 and 0fQ is the boundary of the domain €.

Numerous works are devoted to the investigation of Dirichlet type problem for the homogeneous
string vibration equation. A. Sommerfeld [11] was the first who draw attention to this problem,
pointing out the difference between this problem and Dirichlet problem for Laplace equation. A
systematic study of this problem for the string vibration homogeneous equation dates back to the
works of J. Adamard [5-7], which was later developed in the work of A. Huber [8]. Of particular
note is the work of F. John [9], in which Dirichlet type problem for a fairly wide class of domains
is reduced to the same problem for a rectangle. In the case of a rectangular domain, this problem
was the subject of research of D. G. Bourgin and R. Duffin [2], N. N. Vakhania [12]. In these works,
questions of uniqueness and existence of solutions are closely related to the algebraic properties of
the ratio A of sides of a rectangle. In particular, in the case when A is irrational, there is a unique
solution to Dirichlet problem. In the case when A is rational, the uniqueness of the solution to this
problem is violated, and some special cases of solvability of this problem are studied in the works
of D. W. Fox and C. Pucci [4], L. L. Campbell [3].

In our work, although a special case is considered when A = 1 for the inhomogeneous equation
of forced oscillations of a string, necessary and sufficient conditions for the solvability of Dirichlet
type problem with inhomogeneous boundary conditions are established, under which the solutions
to this problem are written in quadratures. In particular, it is shown that the corresponding
homogeneous problem have an infinite number of linearly independent solutions, which are given
out explicitly.

Below, for simplicity and clarity of the obtained results, we will limit ourselves to considering
the case, when the domain  := {(z,t) e R?: 0 <z <, 0 <t < [} is a square. Rewrite the
corresponding (2) boundary conditions on 0f2 as follows

U(SC,O) = Sp(x)a u(a;,l) = 901(‘%)7 0<z<l (3)
w(0,t) = pr(t), u(l,t) =pa(t), 0<t <L (4)

Considering regular solutions of the class C?(2), we will require the following conditions of
smoothness and consistency at the vertices of the square €2 to be satisfied for problem (1), (3), (4)

FeC'Q), ¢, p1,u € C*[0,1]), i=1,2,



108 O. Jokhadze, S. Kharibegashuvili

©(0) = p1(0), (1) = p2(0),  #1(0) = m(l% p1(1) = p2(l),
11 (0) — ¢"(0) = F(0,0), ui(l) — ¢7(0) = F(0,1),
M2<) e () = F(11), uz(U)—so”(l) = F(1,0).
Let D := PPy P3P, be any characteristic rectangle, lying in Q, where P = P(xg,tp), P; =

Pi(zi, t;), to > t;, i = 1,2, 3, and the segments P, P; P3P, and Py Ps; PP, belong to the families of
characteristics x — t = const and x + t = const, respectively.

Auxiliary statement. Let v = 71 U v9 be a simple piecewise smooth curve dividing the charac-
teristic rectangle PP; P3P» into two simply connected domains D; and Ds, and ; consists of the
characteristic segments of equation (1), and 2 does not have a characteristic direction at any of
its points. Next, let u € C%(D\ ) N C(D) be a solution of equation (1) in D\ 7, and the functions

ui i=ulp, € C*(D1) and ug = ulp, € C*(Dy),

on the line transition v are related by the following relations

aul

Ouy Juz
Y O

:81/

ul‘ :’LL2| (5)

¥
Y2
where % is the derivative with respect to the direction of the outer unit normal v := (v, 14) to
the boundary one of the domains D or Ds.

Then the equality holds

w(P) = u(Py) + u(Py) — u(Py) + % / F da dt. (6)

PP P3Ps

For investigation of the boundary value problem (1), (3),(4) below will be needed solution in
quadratures of the following mixed problem: in the domain (2 find the solution u € C%(Q) of
equation (1) according to the initial

u(z,0) = p(z), w(z,0)=9(), 0<z<l, (7)

and boundary
w(0,t) = ur(t), u(l,t)=pa(t), 0<t<I, (8)

conditions, where the functions F, ¢, ¥, 1 and ue satisfy the following smoothness and consistency
conditions o
FeCl(Q), pel(0.1]), ¢eC(0,1), m, u2eC*([0,1),
F(Ov 0) = N’lll(o) - 90//(0)7 F(lv 0) = //2/(0) - @/,(l)v (9>
11(0) = (0),  p1(0) =4(0), p2(0) = (1), 15(0) = ¥(1).

In order to solve these problem in quadratures let us divide the domain €2, which is a square
with vertices at the points A(0,0), B(0,1), C(l,1) and D(I,0), into four rectangular triangles Q :=
AAOD, Qs := AAOB, Q3 := ADOC and Q4 := ABOC, where the point O( ) is the center of
the square © (see, for example, [10]).

By virtue of d’Alembert’s formula (see, for example, [1]) the solution of problem (1), (7) is given
by the following equality

272

x+t
[o(z —t) + p(z +t)] + /¢ )dr + - /Fd§d7'7 (z,1) € (h, (10)

| =

u(x,t) =
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where D] ; is a triangle with vertices at the points (z,t), (z —t,0) and (z +¢,0).

Let the point P = P(z,t) € Qg, and PP; P3P, be the characteristic rectangle, where P, =
Pi(0,t —z), P, = Py(x +t,0), Py = P3(t,—x). Let us denote by Py = Py(x — t,0) the point of
intersection of the side P; P3 of the rectangle PP, P3P, with the side AD of the square 2. For ¢ < 0,
we introduce the function ug as a solution to the equation Dug = 0 with the initial conditions (7),

i.e.,
T+t

[cp(x —t)+p(x+ t)} + % / w(T)dr, (x,t) € AAED, (11)

r—t

ug(z,t) =

N

where E = E(%, —é) For the characteristic rectangle PP PsP» we use equality (6), in which
v = PyPy, D1 = PPIPyP>, Dy = PaPsPo, ui = u|pp 5 s
(11). Due to the above reasoning, bonding conditions (5) will be satisfied, and then, taking into

account the Dirichlet boundary conditions (8), equality (6) for our case will take the form

and the function us is given by equality

t+x
u(x,t) = p1(t — ) +% [p(t+2) — ot —a)] +% / P(T) dT—F% / F de¢dr, (z,t) € Q. (12)

PP PP,

Carrying out similar reasoning in the case of P = P(z,t) € Q3 and P = P(z,t) € Q4 for
solution u = u(x,t) of problem (1), (7), (8) we will have

21—z —t

u(z,t) = Mg(x—f—t—l)—i-% [go(x—t)—cp(Ql—x—t)]—{—% / (1) dT—l—% / F d¢dr, (z,t) € Qs, (13)
r—t Dg,t
and
w(t) = pat — ) + o + 1~ )
20—t—zx
~plett-nree-t-a+y [ wndre [ Fagan @yen,
t—x D4

x,t

respectively.

Here D%t — quadrilateral with vertices: P(z,t) € Q3, PP(x—t,0), P§(2l—x—t,0) and PJ(l,z+
t—1), and Dj ; — pentagon with vertices: P(x,t) € Q4, P}(0,t — z), P}(t —x,0), P§(2l —x —t,0)
and P{(l,x +t—1).

Thus, due to the conditions of smoothness and consistency (9), the unique classical solution
u € C%(Q) of problem (1), (7), (8) is given by formulas (10), (12)—(14).

From the above reasoning the following theorem follows.

Theorem. Let the smoothness and consistency conditions (9) be satisfied. Then for the solvability

of Dirichlet problem (1), (3), (4) it is necessary and sufficient the following condition

1
p1(e) =l —2) + o) ~ -2+ 5 [ Fdgar, 0<a<i (15)
PPy P3Py

to be satisfied, where

P =P(z,l), Pp=P(0,l—2x), P3y="P(l—x,0), P,=P(l,zx).
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Moreover, if condition (15) is satisfied, all solutions to this problem are given by formulas (10),
(12)—(14), where ¢ is an arbitrary function from the class C*([0,1]).
From this theorem it follows that the kernel

K = {v € C*(@), Dv=0, v|, :0}

of problem (1), (3), (4) is infinite-dimensional and can be described by the formula

x+t
3 [ v woee
® e
3 [vmdn @oen
v(z,t) =< 5. (16)
3 | v @oee
Stz
% / (r)dr, (x,t) € Qq,
t—x

where 1 is an arbitrary function of the class C*([0,1]).

Remark. Taking into account that Dirichlet type problem (1), (3), (4) for the string vibration in-
homogeneous equation, as well as Dirichlet problem for Poisson equation Au = F' is self-adjoint,
then a necessary condition for the solvability of problem (1), (3),(4) in the case of homogeneous
boundary conditions (3), (4) is the following equality

/deacdtZO Vv e K,
Q

where the function v is the given by equality (16).
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