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Abstract
By passing to the corresponding difference equation, a criterion is obtained for the existence

of a unique solution bounded on the entire real axis of a linear differential equation with piecewise
constant operator coefficients.

1 Introduction
Let (X, ∥ · ∥) be a complex separable Banach space, L(X) be the Banach space of linear continuous
operators acting from X into X, I and O be the identity and null operators in X, and Cb(R, X)
be the Banach space of functions x : R → X continuous and bounded on R with the norm

∥x∥∞ = sup
t∈R

∥x(t)∥.

Let us fix a natural number p, operators A, B; An, 1 ≤ n ≤ p, from L(X), real numbers
t0 < t1 < · · · < tp and consider the differential equation

x′(t) = Ax(t) + y(t), t ≥ tp,

x′(t) = Anx(t) + y(t), tn−1 ≤ t < tn, 1 ≤ n ≤ p,

x′(t) = Bx(t) + y(t), t < t0,

(1.1)

in which y is a fixed function from Cb(R, X). A bounded solution of equation (1.1) is a function
x ∈ Cb(R, X) such that for each t ∈ R \ {t0, t1, . . . , tp} there exists x′(t) and equality (1.1) holds.

Our goal is to obtain necessary and sufficient conditions on the operator coefficients A, B; An,
1 ≤ n ≤ p, for the following condition to be satisfied.
Boundedness condition. For each function y ∈ Cb(R, X) the differential equation (1.1) has a
unique bounded solution.

2 Auxiliary statements
Consider the corresponding to (1.1) difference equation

un+1 = eAun + vn, n ≥ p,

un+1 = eAn+1(tn+1−tn)un + vn, 0 ≤ n ≤ p− 1,

un+1 = eBun + vn, n ≤ −1,

(2.1)

in which {vn, n ∈ Z} is a given and {un, n ∈ Z} is a sought sequence of elements of the space X.
We will say that the difference equation (2.1) satisfies the boundedness condition if it has a unique
bounded solution {un, n ∈ Z} for each bounded sequence {vn, n ∈ Z}.

The following theorem holds.
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Theorem 2.1. For the differential equation (1.1) to satisfy the boundedness condition, it is neces-
sary and sufficient that difference equation (2.1) also satisfy the boundedness condition.

Let S = {z ∈ C | |z| = 1}. Let T be an operator from L(X) such that σ(T ) ∩ S = ∅; σ−(T ),
σ+(T ) are the parts of the spectrum of T that lie inside and outside the circle S, respectively;
P−(T ) and P+(T ) are the Riesz projectors corresponding to σ−(T ) and σ+(T ). Then the space X
can be decomposed into a direct sum X = X−(T )+̇X+(T ) of subspaces X±(T ) = P±(T )(X) that
are invariant with respect to T (see, for example, [3, pp. 32–34]).

For brevity, we denote Ek = eAk(tk−tk−1), Ejk = EkEk−1 . . . Ej , 1 ≤ j ≤ k ≤ p. Since the
operator Ejk is continuously invertible, the image Ejk(G) of an arbitrary subspace G of a Banach
space X is also a subspace. Therefore, by Theorem 3 of [4], the following theorem holds.

Theorem 2.2. For the difference equation (2.1), the boundedness condition is satisfied if and only
if the following conditions are satisfied:

(i1) σ(eA) ∩ S = ∅, σ(eB) ∩ S = ∅;

(i2) X = X−(e
A)+̇E1p(X+(e

B)).

3 Main results
Now let iR = {it | t ∈ R}, V ∈ L(X), σ(V ) ∩ iR = ∅, σ̃−(V ), σ̃+(V ) be the parts of the
spectrum of the operator V that lie in the left and right half-planes of C, respectively. Then, as
for the operator T , the space X decomposes into a direct sum X = X̃−(V )+̇X̃+(V ) of subspaces
X̃±(V ) = P̃±(T )(V ) that are invariant with respect to the operator V , where P̃±(V ) are the
Riesz projections corresponding to σ̃±(V ). The above statements allow us to prove the following
theorems.

Theorem 3.1. For the differential equation (1.1) to satisfy the boundedness condition, it is neces-
sary and sufficient that the following conditions be satisfied:

(j1) σ(A) ∩ iR = ∅, σ(B) ∩ iR = ∅;

(j2) X = X̃−(A)+̇E1p(X̃+(B)).

Theorem 3.2. Assume that conditions j1), j2) of Theorem 3 are satisfied. Then the following
statements hold:

(b1) for each 0 ≤ k ≤ p,
X = E−1

(k+1)p(X̃−(A))+̇E1k(X̃+(B)), (3.1)
where E(p+1)p = E10 = I;

(b2) corresponding to the function y ∈ Cb(R, X) the unique bounded solution x of the differential
equation (1.1) has the following form:

if t ≥ tp, then

x(t) =

t∫
tp

eA(t−s)P−(A)y(s) ds−
+∞∫
t

eA(t−s)P+(A)y(s) ds

+ eA(t−tp)P−
p

( +∞∫
tp

eA(tp−s)P+(A)y(s) ds+

p∑
k=1

Ekp

tk∫
tk−1

eAk(tk−1−s)y(s) ds
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+ E1pP
−
0

t0∫
−∞

eB(t0−s)P−(B)y(s) ds

)
;

if 1 ≤ k ≤ p, then (sequentially in descending order from k = p to k = 1)

x(t) = −
tk∫
t

eAk(t−s)y(s) ds+ eAk(t−tk)x(tk), t ∈ [tk−1; tk);

if t < t0, then

x(t) =

t∫
−∞

eB(t−s)P−(B)y(s) ds−
t0∫
t

eB(t−s)P+(B)y(s) ds

− eB(t−t0)

(
E−1

1p P
+
p

+∞∫
tp

eA(tp−s)P+(A)y(s) ds

+

p∑
k=1

E−1
1(k−1)P

+
k−1

tk∫
tk−1

eAk(tk−1−s)y(s) ds+ P+
0

t0∫
−∞

eB(t0−s)P−(B)y(s) ds

)
.

Here for each 0 ≤ k ≤ p P−
k , P+

k are the projectors corresponding to representation (3.1).

For a differential equation with a variable operator coefficient, the boundedness condition was
studied, in particular, in [1–3,5] using the exponential dichotomy condition on R for the correspond-
ing homogeneous differential equation. In the general case, checking the exponential dichotomy
condition is not trivial. Theorem 3.1 contains necessary and sufficient conditions directly on the
operator coefficients that ensure that the exponential dichotomy condition is satisfied for the ho-
mogeneous differential equation corresponding to equation (1.1).
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