70 S. V. Golubev

Asymptotic Behaviour of Rapidly Changing Solutions of Fourth-Order
Differential Equation with Rapidly Changing Nonlinearity

S. V. Golubev

Odessa 1. I. Mechnikov National University, Odessa, Ukraine
E-mail: sergii.golubev@stud.onu.edu.ua

The following differential equation is considered

(4)

Y = aopo(t)e(y), (1)

where ag € {—1,1}, po : [a,w][— |0, +00[ — continuous function, —oco < a < w < +00, ¢ : Ay, —
10, +00[ — is a twice continuously differentiable function such that

) either 0, . "
¢'(y) #0 at y € Ay, lim p(y) = lim w =1 (2)
vy Yo or 00, Yy PP(y)
yeAYO yEAYO

Yy is equal to either 0, or o0, Ay, — unilateral dislocation Y. It directly follows from condition
(2) that

/
as y = Yy (y € Ay,) and lim v (y)

—Y(
NG ©(y)

= +o00.

According to these conditions, the function ¢ and its first-order derivative (see the monograph
by M. Maric [5, Chapter 3, Section 3.4, Lemmas 3.2, 3.3, pp. 91-92]) are rapidly changing functions
as y — Yp.

Definition 1. A solution y of the differential equation (1) is called B, (Y, Ag)-solution, where
—00 < Ao < 400, if it is defined on the interval [tg, w[ C [a,w] and satisfies the following conditions

y(t) € Ay, at t € [to,w], ltiTmy(t) =Yp,
w

'th 0 1" 2
limy® () = 40T O g gy i Oy
ttw or = oo, thw (t)y(4) (t)

Earlier, the asymptotic behaviour of P,(Yp, \g)-solutions of equation (1) was investigated in
the case when A\g € R\ {0,%,2,1} in [3]. The purpose of this paper is to study the existence and
asymptotic behaviour of P, (Yp, Ag)-solutions in the special case when \g = 1. In this case, due to
the a priori asymptotic properties of the P, (Yp, Ag)-solutions (see [1, Section 3, Subsection 10]),
the following asymptotic relations hold for each P, (Yp,1)-solution

/t 7 t " t " t t /t
y()Ny()Ny()Ny()attTw’ ltiTmM()y()_ioo’
w

y(t) Y)Yyt v y(t)

where

mo(t) = t, or w = +o0,
“ t—w, or w< -4oo.
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It follows, in particular, that the P, (Yp,1)-solution of equation (1) and its derivatives up to and
including the third order are rapidly changing functions at ¢ T w.

Let us introduce the necessary auxiliary notation and assume that the domain of the function
¢ in equation (1) is defined as follows

[yo, Yo[ if Ay, left neighbourhood Yy,

Ay, = A , where A =
Yo v (30) v (30) {]Yo,yo] if Ay, right neighbourhood Yy,

and yo € Ay, such that |yp| < 1at Yo =0and yo > 1 (yo < —1) at Yy = +oo (at Yy = —o0).
Next, let’s assume that

1 lf A5/0 = [y()vaO[a

. / .
po =sign¢'(y), o =signyy, v = .
{_1 if AYo :]Yb>y0]7

and introduce the following functions

ds
—3 1
s[4 (s)

)

qt) = [phr)ar, o) - /

Ag B

where p : [a,w[—]0, +00] is a continuous or continuously differentiable function as ¢ 1 w,

w ( Yo
1 . ds
w if /p4(7') dr < o0, Yo if /31 = const,
ARIEE
AO - aw B = YO
. 1 ds
a if /p4 (1) dr = +o0, yo if /31 - +o00.
S " R

Let’s pay attention to some properties of the function ®. It keeps its sign at Ay;, goes either to

zero or to +00 at y — Yp, and increases at Ay,, since in this interval ®/(¢) = |y|" 11 (y) > 0.
Therefore, there exists an inverse function &1 : A 7z, — Ay,, where, due to the second condition
(2) and the monotonic growth of ®~1,

either 0,

or +o0,

Zy= lim ®(y) = {
y—Yo
yEAy,

A _{[ZQ,ZQ[ if Ay, = [yo, Yo,
Zo —

. 20 = ®(yo),
120, 20) it Ay, =]Y0, 0],

Given Definition 1, we note that the numbers vy and v determine the signs of any P,,(Yp, 1)-solution
and the first derivative in some left neighbourhood of w. The conditions

v, <0, if Yo=0, o1 >0, if Yy = to0,

are necessary for the existence of such solutions.
In addition to the above designations, we will also introduce auxiliary functions:

S w1 Jo(t) (@ (1 do(t)))
(@~ (v1Jo(t))) ’

Ji(t) = / (PN (D do(7)) dr,  Ja(t) = / Ji(r)dr,  Ja(t) = / Jo(7) dr,
Aq Az

Ao

H(t) =
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where

toit [ p(e(@ () dr = +oc,

W if / p(F)p(® L (o (7)) dr < +o0,

\ t1

tl if /Jl(T) dr = +00, tl if

t1
w

w if /Jl(T)dT<+oo, w if

t1

&

Il

0N

w

|
S\ES\E

The following statement is true for equation (1).

Theorem. For the existence of P,(Yy,1)-solutions of the differential equation (1), the following
inequalities must be satisfied

vipodo(t) <0 at t €la,w],
agry <0 if Yo=0, aov1 >0 if Yy = Fo0,

and conditions

codi(t) A0 AW KO @ mh®)
(I)fl(l/ljo(t)) Jl(t) Jz(t) Jg(t) (I)fl(l/ljo(t)) ’

. _ . _ () (@ (11 o (1)) . Tw()Jo(t) _
B = oo 0 = 2 Gy WA

In addition, for each such solution, the following asymptotic representations are obtained

) =2 k)14 7]

Y () = aols@®L+o(L)],  y'(t) = aola ()1 +o(D)], ¥ (t) = ao/i(®)[L +0(L)] as ¢ T,

The sufficiency of the obtained conditions is proved by imposing an additional condition.
Namely,

©'(y)
lim (so(y)) ye' (y) |3 0
—Yp (@'(@)2 o(y) -
yyeAyo e(y)

The question of the actual existence of solutions with these asymptotic images is established
under some additional conditions, by transforming the found asymptotic images to a system of
quasilinear equations using Theorem 2.2 from the work by Evtukhov V. M., Samoilenko A. M. [4]
on the existence of solutions tending to zero.
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