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Consider the Sturm—Liouville problem

y' +Q(x)y+ Ay =0, z€(0,1), (1)
y(0) = y(1) = 0, (2)

where @ belongs to the set T, g~ of all locally integrable on (0,1) functions with non-negative
values such that the following integral conditions hold:

1
/x (1-2)PQ (x)dz =1, v £0, 3)
0

z(1—2)Q(z)dr < co. (4)

o _

A function y is a solution of problem (1), (2) if it is absolutely continuous on the segment [0, 1],
satisfies (2), its derivative ¢ is absolutely continuous on any segment [p,1 — p], where 0 < p < % ,
and equality (1) holds almost everywhere in the interval (0, 1).

It was proved that if condition (4) does not hold, then for any 0 < p < oo, there is no non-trivial
solution y of equation (1) with properties y(0) = 0, v'(0) = p ( [4, Theorem 1].

If v<0,a<2y—1or 8 <2y—1, then the set T, 5, is empty; for other values a, 8,7, v # 0,
the set T, g is not empty [7, Chapter 1, § 2, Theorem 3]. Since for v < 0, <2y—1or f <2y—1
there exists no function @ satisfying (3) and (4) taken together, we do not consider the problem
for these parameters.

Consider the functional
1

f ’2d:v—fQ x)y? dx
R[Q.y] = *

fy2 dx
0

If condition (4) is satisfied, then the functional R[Q,y] is bounded below in Hg(0,1) [5]. It was
proved [4,5] that for any Q € T, 5.,

M(@) = inf - RIQ, Y]

yEH;(0,1)\{0}

In this paper we describe estimates for

Mgy = inf  A(Q)

QeTa,ﬁw
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for some values of parameters «, 3, 7. The result of the paper is a generalization of a result obtained
by one of the authors in [2,3]. In order to implement the ideas, used in this paper, the authors
follow the technique applied in [6] where a similar problem was considered.

Let y=1,0< a,8 < 1. For any Q € T, g, we have

1 1

_ B8
/Q Y2 dx < sup — l—xﬁ/Q (1 —=z)de
0 0

(0,1 T
1
2 o l—-a(1 _ 1-8
_ _ y (I-—a) (1 -5) ”
<supz'(1 — 2) P sup < Yy dx
[0,1] ( ) 0,1 (1 — ) (2—a—p)raob /

and . s
(1-—a)(1-58)"
Ma By 2 (1 - (2—a—p)2ap

fO0<a,B<1,Q¢€T,p,, then

>~772>0.

1
2 g y?
Jy”?dx U ety

RIQ,y] > 2 . = L[y).
[ y?dx
0

Functional L is bounded below, thus, there exists

inf Lly| = m.
yEH(0,1)\{0} &

Theorem. If0 < o, 3 < 1, then for a point xg € (0,1) and a number K = xo~*(1 — o)™ we have
Mmea,p1 = m,

where m is a solution of the equation

vm
¢ 1—a0) =
an/m (1 = o) K siny/mxy — v/mcos/mzy’

and mq, g1 is attained on the potential K§(x — o).

Proof. Following [6], we consider Wy [0, 1], the Hilbert space that is a completion of Ls[0, 1] in the
norm

1
]\y||W;1[071] = sup /yz dx.

||Z||W21[071]:1 0

1
For y € WQ_I[O, 1], we denote by f yz dx the result
0

1

(y,2z) = lim [ ypzdz (Where y = lim y,, y, € L]0, 1])
n—oo

n—00
0
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of applying the linear functional y to the function z € W[0,1]. According to [6], for any function
Q € T, and for any A € R we consider the map

M : WQI [0, ].] — Lloc[oa ]-]7
y=y' +(Q+ Ny

that for Q € W{l[O, 1] can be extended to the operator

To(N) : W3[0,1] — Wy [0, 1],
y=y' +(Q+ Ny

The result of applying this operator Ty () to a function z € W3[0, 1] is

1 1
/ —y' 2+ Myz] dx + (Qy, 2) :/ —y' 2 + Myz] dx + hm / QY)nzdx,
0 0

where {Qy},, is a sequence of functions from Lo[0, 1].

Let
. )
f y'“ dx — sup 2“(%771)5'
m= _inf ° - (01] = Llu],
Hg(0,1)\{0} [y? do
0

where u € H}(0,1) is the minimizer of L, xo is one of the points such that

sup u? _ u? (o) '
01 741 —2)f 2§ (1 —x0)?

Denote .
K=—-+4.
3700‘(1 — xo)ﬁ
Consider the equation
!
y' + Ké(x —xzo)y+my =0 (5)
and the boundary conditions
y(0) =y(1) = 0. (6)

Let us consider the equivalent to (5), (6) boundary value problem

y” +my =0, (071‘0) U (l’o, 1)a (7)
y'(z0 +0) — ¢/ (20 — 0) = —Ky(zo), (8)
y(0) =y(1) =0. (9)

Since v = {y"} + [V/],.0(x — zp) and —K(z — z0)y = —Ky(zo), we have

—K&§(x —x0)y —my = —my + (v (x0 + &) — v/ (z0 — €))d(x — x0)

and
Y (xo+¢) —y (zo — &) = —Ky(xo).
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On [0, z¢) we have

y=Csinymz, 3y =Cym cosvmuz,
y'(zo — 0) = Cy/m cos vm xg.

On (xo, 1] we have

y=_Csinyvmz, y =Cym cosymuz,
y'(zo — 0) = Cy/m cos v/m xy,
y = Dy cosv/mz + Dysiny/mz,
D1 == —Dgtan\/ﬁ,
. 1
y = —Dytan/m cosv/mx + Dysin/mz = _DQW,

cos /m
Dy
/
pr— 1 —
Yy p— Vvm cosv/m ( x),

Dov/m
cos\/m

Y (z0+0) =

cosv/m (1 — zp).
By virtue of (9), we have

Do/

COS /TN

cosv/m (1 — zg) — Cv/m cos vVmzg = —KC sin/m xo,

o Dyy/m cos/m (1 — )
B cos v/m (y/m cos/mazo — K siny/mag) ’

and
D5/ vm (1 —
2y/m cos ym ( a:o) sinymaz, x € [0,xg],
cos v/m (y/mcos y/mxo — K sin/m )
]| =Dysinym (1 —
2sin/im (1 = ) x € (zo,1].

cos\/m ’

Since y is continuous at xg, we have

Vm cosy/m (1 — xg . .
Vm cosv/mxy — Ksin\}ﬁwo sin/im.zg = —sin/m (1 — zo)

or
_ vm
- Ksiny/mxzg — /m cos/mzg

In particular [2,3], fora = =0, K =1, 29 = % , m is the solution of the equation

tan v/m (1 — x9)

Jm

tan722m,

attained on the potential 6(x — %) ,

1
C'siny/mz, x € {0,5},

Csinym(l—z), z¢€ (%,1},

’y:

where C is a constant.



REPORTS OF QUALITDE, Volume 3, 2024 63

By virtue of
1 1 1
(T, Ny, z) = / [— 2 + Ayz] dz + (Qy, 2) = / [ =2 + Ayz] dz + nh_)nolo /(Qy)nz dz,
0 0 0
we have
1 1
(T,(N)y,y) = / [ =% +my*] dz +(Qy.y) = / [ =y +my?] dz + Kyo®,
0 0

because if we consider the sequence

1 1
K- n, xe[:co——,xo—kf},
_ 2n 2n
0, xE[O,xO——>U<xO+—,1}
2n 2n

and the sequence {Qy}, of functions belonging to L2[0, 1] such that (Qy),, = Qny, then

1 1
(Qy,y) = nlggo/(Qy)ny dz = nlggo/QnyQ dz = K - y* (o).
0 0

1

1
— 5,00 + 5,-) such

Note that by the mean-value theorem, for any fixed n there exists =, € (xg
that

ftfo+2i"
1 1
o / K-yzdx:K-%-Zn-yQ(x*) = K -9?(z,).
som ik
If
1
(To(N)y,y) = / [—y?+my’] dz +(Qy,y) =0,
0
then
1
/[—y'z—kmyz} dr + Kyy> =0
0
or

1
fy’2 dz — Kyo?
0

- =m.
[ y?dx
0

Therefore, for the found weak solution y of equation (5), we have

—_

1
[y?de — Kyo®  [u*dx — Kug?
m=° 1 Z 1 =m,
Jy?dx Ju?dx
0 0

[e=]

and the weak solution of equation (5) is the minimizer of the functional L. O
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