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For a natural number n ∈ N and a domain G of the Euclidean space Rn with the Lebesgue
measure mes, consider a differential system of the form

ẋ = f(t, x), x ∈ G, f(t, 0) = 0, t ∈ R+ ≡ [0,+∞), f, f ′
x ∈ C(R+ ×G). (1)

Let Bδ ≡ {x0 ∈ Rn : 0 < |x0| ≤ δ}, Sδ(f) be the set of nonextendable solutions of system (1)
with initial values x(0) ∈ Bδ, and Sδ,x0(f) ⊂ Sδ(f) – its subset consisting of solutions satisfying
the additional condition x(0) = cx0, c > 0.

The initial concepts of this report are such properties of the zero solution as stability, asymptotic
stability and complete instability. They are massive [6] in the sense that in their description certain
conditions are imposed on all solutions starting in a neighborhood of zero. In addition, each of
them can be of one of the following three types: Lyapunov, Perron and upper-limit (the last two
ones, introduced relatively recently [4, 5], admit contrasting combinations with the first one [3]).

Definition 1 ([7]). We say that system (1) (more precisely, its zero solution) has the Lyapunov,
Perron or, respectively, upper-limit:

1) stability if for any ε > 0 there exists a δ > 0 such that any solution x ∈ Sδ(f) satisfies the
following corresponding requirement

sup
t∈R+

|x(t)| ≤ ε, lim
t→+∞

|x(t)| ≤ ε, lim
t→+∞

|x(t)| ≤ ε (2)

(assuming by default that this solution is defined on the entire ray R+; otherwise, this re-
quirement is assumed to fail to hold);

2) asymptotic stability if: in the Perron or upper-limit cases – there exists a δ > 0 such that any
solution x ∈ Sδ(f) satisfies corresponding requirement (2) for ε = 0, and in the Lyapunov
case – it has both upper-limit asymptotic stability and Lyapunov stability;

3) complete instability if for some ε, δ > 0 no solution x ∈ Sδ(f) satisfies corresponding require-
ment (2).

Each of the properties introduced in Definition 1 can be associated with its radial analogue, in
which the initial values of the perturbed solutions are taken not from the complete neighborhood
of zero, but only along a given ray starting from zero.

Definition 2 ([10]). We say that system (1) has the Lyapunov, Perron or upper-limit:

4) radial property: stability, asymptotic stability or complete instability in the direction of
nonzero vector x0 ∈ Rn – if it has the corresponding property from points 1–3 of Defini-
tion 1 with the replacement of the set Sδ(f) in it by the set Sδ,x0(f);
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5) total radial property: stability, asymptotic stability or complete instability – if it has this
property in each direction.

There is a simple, albeit one-sided, logical connection between the properties introduced in
points 1–3 of Definition 1 and their total radial analogues from point 5 of Definition 2.

Theorem 1. If system (1) has stability, asymptotic stability or complete instability of the Lyapunov,
Perron or upper-limit type, then it has total radial stability, asymptotic stability or, respectively,
complete instability of the same type.

In the one-dimensional case, the statement of Theorem 1 is reversible.

Theorem 2. If for n = 1 system (1) has a total radial property of the Lyapunov, Perron or upper-
limit type: stability, asymptotic stability or complete instability, – then it has stability, asymptotic
stability or, respectively, complete instability of the same type.

In the special case of a linear homogeneous system

ẋ = A(t)x ≡ f(t, x), t ∈ R+, x ∈ G ≡ Rn, A ∈ C(R+,EndRn), (3)

total radial properties have some peculiarities.

Theorem 3. If linear system (3) has a total radial property of the Lyapunov, Perron or upper-limit
type: asymptotic stability or complete instability, – then it has asymptotic stability or, respectively,
complete instability of the same type.

Theorem 4. If linear system (3) has a total radial stability of the Lyapunov or upper-limit type,
then it has stability of both of these types at once.

Remark 1. The problem of the possibility to extending the statement of Theorem 4 also to similar
Perron-type stability properties (separately from Lyapunov and upper-limit) from points 1, 5 of
Definitions 1, 2 remains unresolved for now.

In the case in which system (1) does not have some of the initial properties of Definition 1, the
question of whether this property holds at least to some extent, becomes meaningful. To answer
this question, the following definition introduces characteristics (partly new), which are naturally
called measures of these properties and have a probabilistic connotation.

Definition 3 ([8]). The measures of Lyapunov, Perron or upper-limit stability and instability of
system (1) for κ = λ, π, σ are respectively defined by the formulas

µκ(f) = lim
ε→+0

lim
δ→+0

mesMκ(f, ε, δ)

mesBδ
, µκ(f) = lim

ε→+0
lim

δ→+0

mesMκ(f, ε, δ)

mesBδ
, (4)

and the measures of asymptotic stability of the same types are defined respectively by formulas

µλ0(f) = lim
ε→+0

lim
δ→+0

mes(Mσ(f, 0, δ) ∩Mλ(f, ε, δ))

mesBδ
, µκ0(f) = lim

δ→+0

mesMκ(f, 0, δ)

mesBδ
, (5)

where κ = π, σ, Mκ(f, ε, δ) ≡ 1 −Mκ(f, ε, δ) and Mκ(f, ε, δ) – the set of initial values x(0) of all
solutions x ∈ Sδ(f) satisfying the corresponding requirement (2).

The concepts introduced in Definition 3 are correct.

Theorem 5. For any system (1), all the sets in formulas (4) and (5) are measurable, and the
limits as ε → +0 exist and can be replaced in the formulas for stability measures (including the
Lyapunov asymptotic) and instability, respectively, by the exact lower and upper bounds at ε > 0.
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There is a logical connection between total radial properties and their measures.

Theorem 6. If system (1) has a total radial property of some type: stability, asymptotic stability or
complete instability, – then its measure of stability, asymptotic stability or, respectively, instability
of this type is equal to 1.

For some properties, the statement of Theorem 6 can even be slightly strengthened.

Theorem 7. If system (1) has a total radial property of some type: stability or asymptotic stability,
– then in the corresponding formula for stability measures (4) or, respectively, asymptotic stability
measures (5) of this type, the lower limit as δ → +0 coincides with the upper limit and is equal
to 1.

Definition 4. We say that system (1) has Perron or upper-limit partial extreme instability if for
any δ > 0 there exists a solution x ∈ Sδ(f) satisfying the corresponding requirement

lim
t→+∞

|x(t)| = +∞, lim
t→+∞

|x(t)| = +∞ (6)

(which is assumed to hold, in particular, if the solution is not defined on the entire ray R+).

Remark 2. The property given in Definition 4 is a type of extreme instability [1, 9]:

– reinforced by the fact that the limit (6) in it is infinite;

– weakened by the fact that requirement (6) is not necessarily satisfied here for all solutions
x ∈ Sδ(f) but at least for one of them.

Definition 5 ([6]). If we assume in Definition 1 that not all solutions x ∈ Sδ(f) satisfy requirement
(2) in points 1–3, but almost all (i.e. with initial values x(0) from the ball Bδ(f) minus a subset
of measure zero), then the result will be the definition of the following properties of a system (1):
almost stability, almost asymptotic stability and almost complete instability of the corresponding
type.

The satisfiability of Theorem 6 assumptions for a system (1), does not ensure for it not only
stability, asymptotic stability or, respectively, complete instability, but even almost stability, almost
asymptotic stability or almost complete instability (in particular [10], for two-dimensional systems).

Theorem 8. For any natural n > 1 there exists a system (1) with zero linear approximation (along
the zero solution) which simultaneously:

– has total radial asymptotic stability of all three types;

– has both Perron and upper-limit partial extreme instability;

– does not have almost stability of any type.

Theorem 9. For any natural n > 1 there exists a system (1) with zero linear approximation (along
the zero solution) which simultaneously:

– has total radial complete instability of all three types;

– has both Perron and upper-limit partial extreme instability;

– does not have almost complete instability of any type.
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Theorem 10. For any natural n > 1 there exists a system (1) with zero linear approximation
(along the zero solution) which simultaneously has:

– total radial asymptotic stability of all three types;

– both Perron and upper-limit partial extreme instability;

– both Perron and upper-limit almost asymptotic stability.

Remark 3. It does not seem possible to strengthen Theorem 10 by adding Lyapunov asymptotic
almost stability to its formulation, since the presence of this stability implies the presence of Lya-
punov stability in a system (see [3, Theorem 3]), which can not be implemented in a simultaneous
combination with Perron partial extreme instability.

Theorems 1–7 are proven by I. N. Sergeev.
Theorems 8–10 are proven by A. A. Bondarev. His research was supported by the Theoretical

Physics and Mathematics Advancement Foundation “BASIS” (project # 22-8-10-3-1).
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