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The differential equation
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where ag € {~1,1}, vy € R, p €]0;1[, p : [a,w[! —]0,4+00[ (0 < a < w < +0), @; : Ay, —
10, +oo[ (i = 0, 1,2, 3) are the continuous functions, Y; € {0, £oc}, Ay, is either the interval [y?, V;[?
or the interval ]Y;, 3Y], is considered.

We suppose also that every ¢;(z) is regularly varying as z — Y; (z € Ay;) of index o; and

3
> oi#F 1
i=0

According to properties of regularly varying functions (see, for example, the monograph [7]) it
is clear that for every defined on [ty,w[C [a,w][ solution y of the equation (1) such that

y @D : [to,w[— Ay, ltiTmy(i)(t) =Y; (i=0,1,2,3), (2)

the representations o;(y® (t)) = |y®(¢)|7T°() take place as t T w. Therefore the equation (1) is in
some sense similar to the well known differential equation of Emden—Fowler type.

The first results on the asymptotics of solutions of differential equations with regularly varying
nonlinearities have been obtained in the works by V. Mari¢, M. Tomi¢ [6], S. D. Taliaferro [8],
V. M. Evtukhov, L. O. Kirillova [4] and some other authors for the differential equations of the
second order of the type

y" = aop(t)p(y).

Any regularly varying function is a product of some power function and some slowly varying func-
tion. Therefore researches of equations with regularly varying nonlinearities have been connected
with the wish to extend to such equations the results, that have been received during the 20th
century for the equations with power nonlinearities, in particular, for the generalized equation of
FEmden—Fowler’s type, particular cases of which appear in a lot of sciences of nature.

We call the solution y of the equation (1), that satisfies (2), the P, (Y0, Y1, Y2, Y3\g)-solution
(—o0o0 < Ag < +00) if the next condition takes place

N CAG)
ttw y@(t) y"(t)

Hf w > 0, we will take a > 0.
2If Y; = +oo(Y; = —o0), we take yf > 0 (y? < 0), correspondingly.
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The improvement of mathematical models of physical phenomena contributed to the growth of
the number of results for equations of greater than the general form. In the works by V. M. Ev-
tukhov and A. V. Drozhzhyna (see, for example, [3]) the differential equation of general form

y™ = f(t,y,y,. ..,y D)

was investigated. Here f : [a,w][ XAy, X -+ X Ay, | — R is a continuous function, —co < a < w <
+o00, Ay, , is some one-sided neighbourhood of Y;_1, Y;_1 equals to zero or to oo, i =1,...,n.
The subject of the research is P,(Yp,...,Y,_1, Ag)-solutions of this equation, conditions of their
existence and also asymptotic as t T w representations of such solutions and their derivatives up
to the order n — 1. The class of P,(Yp,...,Y,—1,\o)-solutions was introduced in the works by
V. M. Evtukhov and it appeared to be an enough wide class of monotone solutions. It includes
regularly, slowly and rapidly varying as ¢ 1 w solutions and also some types of singular solutions.
Every of the mentioned above n + 2 types of B, (Yp,Y1,...,Y,_1, \o)-solutions of the differential
equation of the n-th order of general form is studied separately by the fulfillment of the condition
(RN)»x,- The kernel of the condition is the fact that onto any of such solutions the equation is in
some sense asymptotically near to the equation

y™ = aop(t) [ [ ej-1 (w91, (3)
j=1

where ap € {~1;1}, p : [a,w[—]0, 400 is a continuous function, ¢; 1 : Ay, ; —]0,+o0 is a
continuous regularly varying function of the order o;_; as y) — Yi1,j=1,...,n
In the equation (1) the nonlinearity is not near to the form (3) because of the type of the

function ;
Ny
o (| Sl O1).
i=0

It follows from the definition of P, (Ag)-solution that in cases Ao € R\ {0, 3,2} every P, (\o)-
solution of the equation (1) is regularly varying as t T w. In case of second order differential equation
for all P, (\g)-solutions of the equation of the type (1) the necessary and sufficient conditions of
existence and asymptotic representations as ¢t T w were found (see, for example, [1,2,4-6,8, 8]).

Let us introduce the subsidiary notations.

1 Ti:l f( 1) () t if w= 400,
=1- o, = n—j—1o;, =
o = o Hn = J ! v t—w if w< 400,

0:(z) = wi(2)|2|7%, agi=(n— i))\g_l —(n—i—1) (i=1,...,n),

n—2 n-—1 —
C = ap|\2_; —1]#n H ’ H ao;j * signyl_ 4,
k=0 j=k+1
t t
Ip(t) = /Cp(T)]Ww(T)|“" dr, Ii(t) = | agp(r)dr,
A0 AL
4 w ( w
a if /p(7)|7rw(7)70 dr = +o0, a if /p(T) dr = 400,
Al = a, Al = a,
w if /p(T)‘Ww(T)70 dtau < 400, w if /p(T) dr < +o0,
a g a
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1
; a if /|I1(7')]Wd7':+oo,
1
10 = [ hoh)ldr, B, - .,
1
B, w if /yfl(T)ywo dr < +c.

The following conclusions take place for the equation (1).

Theorem 1. The next conditions are necessary for the existence of P, (Yo, Y1, Ya, Y3Ag)-solutions
(Mo € R\{0,1,3,2}) of the equation (1):

. Ww(t)l(l)(t) 70 . 0 A30i+i1
| = 1 C P17t = v 4
TR a0, 1m0 Z W
Yyg a0 (A1 — Dmy(t) > 0 as t € [a,w], (5)
where yg =ap,1=0,...,3.

If the equation
3
Zak H aOZHaOl+)\ (I+ ) Ha0z+/\
k=0 i=k+1 =1 =1

has no roots with zero real part, then the conditions (4), (5) are sufficient for the existence of
P, (Yo, Y1,Ys,Y3)0)-solutions of the equation (1). For any such solution the next asymptotic repre-
sentations as t T w

=D ()0 exp (=] S22 In |y @ |[#) _

Y0lo(t)[1 + o(1)],

n—1 )
I 0;(yV) (1))
j=0
@ (¢ A = Dm ()it
(yn_l()) — [( n—1 ) W( )} [1 +0(1)]’
y=(t) nt
I1 ao;
j=it+1
where 1 = 0,...,2, take place.
By additional conditions on the functions ¢g, ¢1, . . ., @3 the asymptotic representations as t 1T w

of P,(Yo,Y1,Ys,Y3)\g)-solutions and their derivatives from the first to third order are found in
another form.

In order to formulate our following results, we present the next definition.

We call the slowly varying as z — Y (z € A) function # satisfies the condition S if for every
continuously differentiable function L : A — ]0; +o0[ such that

L/
lim 2L(z)

22X L)

=0,

the next representation takes place
0(zL(z)) =0(2)[1+o0(1)] as z =Y (z € A).

The next result follows from Theorem 1.
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Theorem 2. Let the functions Oy, . . ., 03 satisfy the condition S. Then for any P, (Yo, Y1, Y2, Y3)A0)-
solution (Ao € R\ {0,1, %, 2}) of the equation (1) the neat asymptotic representations as t T w

)23
a0j+1 1

3 n—1
_ L — Y0 -
v D@ esp (= | 3o mly 1) = [olo(t) TT 65 (0 lms() 57 | signyf[1 + (1)
i=0 j=0
(09, — D]~
n—1

[I ao,

j=it+l

y () =y V()

[1+o0(1)], i=0,...,n—2

take place.
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