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Abstract

The general theory of quaternion q-difference equations is essentially different from the traditional
q-difference equations in the complex space for the non-commutative algebraic structure of the
quaternionic algebra. In this talk, we will present some basic results such as the Wronskian,
Liouville formula and the general solution structure theorems of the higher-order linear quaternion
q-difference equations (short for QQDCEs) with constant and variable coefficients by applying the
quaternion characteristic polynomial and the quaternion determinant algorithm.

1 Introduction
In 1843, Hamilton initiated the quaternion space H to extend and develop the complex field C and
applied it to mechanics in three-dimensional space. With the large development of the quaternion
algebra, it demonstrates a great superiority over the real-valued vectors and has been widely applied
to depicting some complex phenomena in physics, space geometric analysis, especially in the aspects
of flight dynamics, molecular dynamics and three-dimensional rotations, etc. (see [1, 2]).

The unified form called dynamic equations on time scales were introduced to combine these
both continuous and discrete forms and the common features of the continuous and discrete dy-
namic equations have been extensively studied (see [5]). Recently, the quaternion differential and
difference equations have been widely studied in both theoretical aspects and application area, the
quaternionic dynamics described by these equations perfectly present the dynamical behavior of
the status of the objects comparing with the complex equations since the various shift transforms
such as the rotations in the quaternion space can be easily expressed and accurately calculated.
In 2020–2021, the authors established some basic results of quaternion dynamic equations on time
scales, and some real applications were provided (see [3, 4]).

In [6], Wang, Chen and Li established the general theory of the higher-order quaternion linear
difference equations via the complex adjoint matrix and the quaternion characteristic polynomial
and it is largely different from the general theory of the traditional difference equations since the
non-commutativity under the quaternion multiplication (i.e., ab ̸= ba for a, b ∈ H). In [7], the
general theory of the higher-order linear quaternion q-difference equations was established.
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2 Preliminaries
We assume that 0 < q < 1, qN := {qn : n ∈ N} ∪ {0}. For convenience, we introduce some
notations. The symbol N denotes the set of non-negative integers, C the complex numbers, Mm(H)
the m×m-order quaternionic matrices and Mm(C) the m×m-order complex matrices.

Next, some basic knowledge of the quaternion algebra is necessary. Let q̃, q̃ ′ ∈ H, if there exists
w ∈ H \ {0} such that q̃ ′ = wq̃w−1, then we say that q̃ is equivalent to q̃ ′, for convenience, we
denote it by q̃ ′ ∼ q̃. Let also q̃ = q̃0 + q̃1 i+ q̃2 j+ q̃3 k ∈ H, we define χ : H → R by χ(q̃) = q̃0 and
define the set [q̃] = {q̃ ′ ∈ H|q̃ ′ ∼ q̃}, then the following results hold:

(i) |q̃ ′| = |wq̃w−1| = |q̃|;

(ii) if q̃ ′ ∼ q̃, then χ(q̃ ′) = χ(q̃);

(iii) [q̃] ⊂
{
q̃ ′ ∈ H : χ(q̃ ′) = χ(q̃), |q̃ ′| = |q̃|

}
;

(iv) if q̃ ∼ q̃0 + i
√
q̃ 2
1 + q̃ 2

2 + q̃ 2
3 , then

[q̃ ] =
{
q̃0 + x1 i+ x2 j+ x3 k : x21 + x22 + x23 = q̃ 2

1 + q̃ 2
2 + q̃ 2

3

}
.

For any a ∈ C, we introduce the q-shifted factorial by

(a, q)n = 1, n = 0;

(a, q)n =

n−1∏
l=0

(1− aql), n ∈ N;

(a, q)∞ =

∞∏
l=0

(1− aql).

Moreover, we obtain

(a, q)∞ =
∞∑
n=0

(−1)nq
n(n−1)

2
an

(q; q)n

if lim
n→∞

(a; q)n exists.
Now, we will introduce the definition of the q-difference operator.

Definition 2.1 (see [7]). Let f : qN → H, the q-difference operator is defined by

Dqf(t) =


f(qt)− f(t)

qt− t
, t ̸= 0,

lim
n→∞

f(qn)− f(0)

qn
, t = 0.

The concept of integrable quaternion-valued functions on qN can be introduced naturally as
follows.

Definition 2.2 (see [7]). Let f : qN → H, t, s ∈ qN, f(t) = f (0)(t) + f (1)(t) i+ f (2)(t) j+ f (3)(t)k.
If f (l)(t) is integrable for l = 0, 1, 2, 3, then we say that f(t) is integrable, i.e.,

t∫
s

f(t) dqt =

t∫
s

f (0)(t) dqt+

t∫
s

f (1)(t) dqt i+

t∫
s

f (2)(t) dqt j+

t∫
s

f (3)(t) dqtk.
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Now, let b ∈ H, we define the quaternion q-exponential by

ebq :=

∞∑
l=0

bl

(q; q)l
, l ∈ N.

Consider the following initial value problem of the quaternion q-difference equation:

Dqx(t) = bx(t), x(t0) = x0, (2.1)

where b, x0 ∈ H.

Lemma 2.1 (see [7]). The solution of (2.1) with the q-exponential form can be given as

x(t) = ebt(1−q)
q x0 =

∞∑
l=0

(bt(1− q))l

(q; q)l
x0.

Based on Lemma 2.1, one can obtain the following functions immediately.

Definition 2.3 (see [7]). Let b ∈ H, t ∈ qN, we define the sine and cosine functions by
sinq(bt) :=

1

2 i

(
eibt(1−q)
q − e−ibt(1−q)

q

)
=

1

i

∞∑
l=0

(ibt(1− q))2l+1

(q; q)2l+1
,

cosq(bt) :=
1

2

(
eibt(1−q)
q + e−ibt(1−q)

q

)
=

∞∑
l=0

(ibt(1− q))2l

(q; q)2l
.

3 Existence and uniqueness of the solution for the higher-order
linear quaternion q-difference equations

Consider the higher-order linear quaternion q-difference equations as follows{
am(t)Dm

q x(t) + am−1(t)D
m−1
q x(t) + · · ·+ a1(t)Dqx(t) + a0(t)x(t) = B(t), t ∈ qN,

Dl
qx(t0) = vl,

(3.1)

where am, . . . , a1, a0, B : qN → H, vl ∈ H, 0 ≤ l ≤ m − 1. Let bl(t) = a−1
m (t)al(t), then (3.1) is

equivalent to the following q-difference equation{
Dm

q x(t) + bm−1(t)D
m−1
q x(t) + · · ·+ b1(t)Dqx(t) + b0(t)x(t) = B̃(t), t ∈ qN,

Dl
qx(t0) = vl,

(3.2)

where
B̃(t) = a−1

m (t)B(t).

Below, though applying the transforms x0(t) = x(t), x1(t) = Dqx(t), . . . , xm−1(t) = Dm−1
q x(t),

one has that (3.2) is equivalent to

Dqxl(t) = fl
(
t, x0(t), x1(t), . . . , xm−1(t)

)
=

{
xl+1(t), l = 0, 1, . . . ,m− 2,

f(t, x0(t), x1(t), . . . , xm−1(t)), l = m− 1,
(3.3)

where

f
(
t, x0(t), x1(t), . . . , xm−1(t)

)
=

m−1∑
l=0

(
− bl(t)D

l
qx(t)

)
+ B̃(t), xl(t0) = vl, 0 ≤ l ≤ m− 1.
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Definition 3.1 (see [7]). Let t ∈ qN, we define the set Dl(H) as

Dl(H) :=
{
xl( · ) ∈ H : |xl(t)− vl| < α

}
,

where {xl(t)}m−1
l=0 is continuous at t = t0 and bounded at t ̸= t0, i.e., lim

t→t0
xl(t) = xl(t0) = vl ∈ H

and there exists M > 0 such that |x(t)| ≤ M for all t ∈ qN, α > 0, l = 0, 1, . . . ,m − 1, |p| =√
p20 + p21 + p22 + p23 for p = p0 + p1 i+ p2 j+ p3 k ∈ H.

Next, we will establish the solutions of (3.3) with the initial value xl(t0) = vl.

Theorem 3.1 (see [7]). Let t ∈ qN, fl : qN×D0(H)×D1(H)×· · ·×Dm−1(H) → H, 0 ≤ l ≤ m− 1.
If fl(t, x0(t), x1(t), . . . , xm−1(t)) satisfies the following conditions:

(i) fl(t, x0(t), x1(t), . . . , xm−1(t)) is continuous at t = t0 and boundedat t ̸= t0.

(ii) fl(t, x0(t), x1(t), . . . , xm−1(t)) satisfies the Lipschitz condition, i.e., there exists a constant
K > 0 such that

∣∣∣fl(t, x0(t), x1(t), . . . , xm−1(t)
)
− fl

(
t, x̃0(t), x̃1(t), . . . , x̃m−1(t)

)∣∣∣ ≤ K
m−1∑
l=0

(
|xl(t)− x̃l(t)|

)
,

where xl( · ), x̃l( · ) ∈ Dl(H).

Then (3.3) with the initial value xl(t0) = vl has an unique solution on [t0 − h, t0 + h] ∩ qN, where
h = min{ 1

Km(1−q) ,
α
B},

B := max
0≤l≤m−1

sup
|xl(t)−vl|<α

∣∣fl(t, x0(t), x1(t), . . . , xm−1(t)
)∣∣, α > 0.

Theorem 3.2 (see [7]). Let t0 ∈ qN, h > 1−q, where h = min{ 1
Km(1−q) ,

α
B}. If (3.3) has an initial

value xl(t0) = vl, then (3.3) has an unique solution on qN.

4 Solving higher-order linear quaternion q-difference equations

In this section, we shall consider the following initial value problem:

DqW (t) = A(t)W (t), W (0) = W0, (4.1)

where W : qN → Hd, W0 ∈ Hd, d ∈ N, Hd is the d-dimensional quaternion space, A(t) =
(auv(t))

d
u,v=1 ∈ Hd, auv(t) is continuous at t = 0 and bounded at t ̸= 0.

Theorem 4.1 (see [7]). If I − (1 − q)qltA(qlt) is invertible for l ∈ N. Then the solution of (4.1)
can be represented by

W (t) =
∞∏
l=0

[
I − (1− q)qltA(qlt)

]−1
W0,

where t ∈ qN, A(t) is a d× d quaternion matrix and I is an identity matrix.
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