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Let us consider the system of differential equations with turning point:

εY ′(x, ε)−A(x, ε)Y (x, ε) = H(x), (0.1)

where
A(x, ε) = A0(x) + εA1(x)

is a known matrix, where

A0(x) =

 0 0 0
0 0 1

−b(x) −a(x) 0

 , A1 =

0 1 0
0 0 0
0 0 0

 ,

when ε → 0, x ∈ [−l, 0], Y (x, ε) ≡ Yk(x, ε) = colomn(y1(x, ε), y2(x, ε), y3(x, ε)) is an unknown
vector function, H(x) = colomn(0, 0, h(x)) is a given vector function.

Needs of modern physics, mathematics, biology and their applied fields require us solving prob-
lems of a more complex nature, i.e. research behavior of the function in asymptotic models, which
are reduced to problems (0.1).

Let us investigate the problem of constructing uniform asymptotics of solutions of a singularly
perturbed system (0.1) for which the conditions are fulfilled:

S1. A0(x), H(x) ∈ C∞[−l, 0].

S2. a(x) = xã(x), ã(x) < 0, b(x) ̸= 0.

This case has the following feature: the turning point is unstable [1] and the construction of
asymptotics requires a separate technique, since the results of previous studies cannot be simply
extended to this case.

Conducted research in [1] showed that for construction of uniform asymptotic under conditions
S2, i.e. when ã(x) < 0, b(x) > 0 when x ∈ [−l, 0], the second form must be used the Airy equation,
the solutions of which are the so-called Airy–Langer functions: Ai(t) and Bi(t).

U ′′(t)− tU(t) = 0.

That is, in this case, the model operator for a homogeneous system is the Airy model operator. And
to construct the asymptotics of the solution of a heterogeneous system, we will use an essentially
special function ν(t)

U ′′(t)− tU(t) = π−1.

Some aspects of problem (0.1) we studied in [3]. In [4], a developed algorithm for construct-
ing uniform asymptotics of solutions to systems of singularly perturbed differential equations is
proposed. In [2] constructive conditions for the existence of the asymptotics of the solution of the
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system of singularly perturbed differential equations of the fourth order with a differential turning
point are established, and the algorithm for constructing the corresponding solution is proposed.

The characteristic equation that corresponds to the SP system (0.1) is as follows:

|A0(x)− λE| =

∣∣∣∣∣∣
−λ 0 0
0 −λ 1

−b(x) −a(x) −λ

∣∣∣∣∣∣ = −λ3 − xã(x)λ = 0.

The roots of this equation are

λ1 = 0, λ2,3= ±
√
xã(x) .

The purpose of this work is to construct a uniform asymptotic solution with an unstable turning
point of the first kind.

1 Regularization of singularly perturbed systems
of differential equations

In order to save all essential singular functions, that appear in the solution of system (0.1) due to
the special point ε = 0, a regularizing variable is introduced t = ε−p · φ(x), where exponent p and
regularizing function φ(x) are to be determined.

Instead of Yk(x, ε) function, Ỹk(x, t, ε) transformation function will be studied, also the trans-
formation will be performed in such a way that the following identity is true

Ỹ (x, t, ε)
∣∣
t=ε−pφ(x)

≡ Y (x, ε),

which is the necessary condition for suggested method.
The vector equation (0.1) can be written as

L̃εỸk(x, t, ε) ≡ µφ′ ∂ỹ(x, t, ε)

∂t
+ µ3 ∂ỹ(x, t, ε)

∂x
−A(x, ε)Ỹk(x, t, ε) = H(x). (1.1)

Asymptotic forms of solutions for equation (1.1) are constructed in the form of the series

Ỹk(x, t, ε) =
2∑

i=1

Di(x, t, ε) + f(x, ε)ν(t) + εγg(x, ε)ν ′(t) + ω(x, ε),

2∑
i=1

Di(x, t, ε) =

εs1αk1(x, ε)

εs2αk2(x, ε)

εs3αk3(x, ε)

Ui(t) + εγ

εk1βk1(x, ε)

εk2βk2(x, ε)

εk3βk3(x, ε)

Ui
′(t),

where U1(t), U2(t) are the Airy–Langer functions [1] and αik(x, ε), βik(x, ε), fk(x, ε), gk(x, ε),
ωk(x, ε), k = 1, 2, 3 are analytic functions with reference to a small parameter and are infinitely
differentiable functions of variable x ∈ [−l; 0] which are still to be determined.

For convenience, we introduce the notation U1(t) ≡ Ai(t), U2(t) ≡ Bi(t).
First of all, the analysis how transformation operator L̃ε operates on vector function Dk(x, t, ε)

will be performed, and then the obtained result will be utilized in the homogeneous transformation
equation (0.1). Then, after equating corresponding coefficients of essential singular functions Uk(t),
k = 1, 2 and their derivatives two following vector equations are obtained:

U ′
i(t) : ε

1−pαik(x, ε)φ
′(x)− εγ [A0(x) + εA1]βik(x, ε) = −ε1+γβ′

ik(x, ε), (1.2)
Ui(t) : −ε1+γ−2pβik(x, ε)φ(x)φ

′(x)− [A0(x) + εA1]αik(x, ε) = −εα′
ik(x, ε). (1.3)
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2 Construction of formal solutions of a homogeneous
transformation system

The unknown coefficients of the vector equations (1.2) and (1.3) are sought as following vector
function series (i = 1, 2):

αik(x, ε) =

+∞∑
r=0

µrαikr(x), βik(x, ε) =

+∞∑
r=0

µrβikr(x).

To determine vector function components

αikr = colomn
(
αi1r(x), αi2r(x), αi3r(x)

)
and

βikr(x) = colomn
(
βi1r(x), βi2r(x), βi3r(x)

)
,

the following recurrent systems of equations are obtained:

Φ(x)Zk0(x) = 0, r = 0, 1, 2,

Φ(x)Zkr(x) = FZk(r−3)(x), r ≥ 3.

At the moment, the regularizing function has not yet been defined; therefore, it will be defined
as a solution of the problem

φ(x)φ′2(x) = −a(x) ≡ −xã, φ(0) = 0,

which is the following function

φ(x) =

(
3

2

x∫
0

√
−xã(x) dx

) 2
3

.

The regularizing function of such kind has been considered in [1, 5].
Due to such a choice of the regularizing variable φ(x) there is a nontrivial solution of the

homogeneous system Φ(x)Zkr(x) = 0, r = 0, 1, 2, that is

Zk0(x) = colomn
(
0,

1

φ′(x)
βi30(x),−φ(x)φ′(x)βi20(x), 0, βi20(x), βi30(x)

)
,

where βikr(x) (i = 1, 2; k = 2, 3) are arbitrary up to some point and sufficiently smooth function
at x ∈ [−l; 0].

Solving systems of recurrent equations at the third step, i.e., when r = 3, and taking into
account that the functions are arbitrary, βis0(x) = β0

is0 · β̂is0(x) (i = 1, 2; s = 2, 3), where β0
is0(x)

are arbitrary constants, β̂is0(x) is a partial and sufficiently smooth for all x ∈ [−l; 0] solutions of
homogeneous equations. This definition of vector functions Zik0(x) implies that there are following
solutions of inhomogeneous systems of the algebraic equations (1.2) and (1.3):

Zk3(x) = colomn(zi13, zi23, zi33, zi43, zi53, zi63),

zi13 =
1

φ′(x)
βi20(x), zi23 =

−β′
i20(x) + βi33(x)

φ′(x)
,

zi33 =
−β′

i30(x)− a(x)βi23(x)− b(x)(φ(x))−1(φ′(x))−2βi30
φ′(x)

,

zi43 = (φ(x))−1(φ′(x))−2βi20(x), zi53 = βi21(x), zi63 = βi31(x),
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where βi21(x) and βi31(x) are arbitrary up to some point and sufficiently smooth functions for all
x ∈ [−l; 0].

Thus, gradual solving of systems of equations (1.2) and (1.3) gives two formal solutions of the
transformation vector equation (0.1)

Dik(x, ε
− 2

3φ(x), ε) =

∞∑
r=0

εr
[
αikr(x)Ui(ε

− 2
3φ(x)) + ε

1
3βikr(x, ε)U

′
i(ε

− 2
3φ(x))

]
. (2.1)

The third formal solution of the homogeneous vector equation (0.1) is then constructed as a
series

ω(x, ε) ≡
∞∑
r=0

εrωr(x) ≡ colomn
( ∞∑

r=0

εrω1r(x),
∞∑
r=0

εrω2r(x),
∞∑
r=0

εrω3r(x)
)
.

3 Construction of formal partial solutions
Similarly to the previous steps, in order to construct asymptotic forms of partial solutions of the
inhomogeneous transformation vector equation (0.1), let us analyze how transformation operator
operates on an element from the space of non-resonant solutions:

L̃ε

(
fk(x, ε)ν(t) + µgk(x, ε)ν

′(t) + ωk(x, ε)
)

= µfk(x, ε)φ
′(x)ν(t) + gk(x, ε)φ

′(x)φ(x)ν(t)−A(x, ε)fk(x, ε)ν(t)− µA(x, ε)gk(x, ε)ν
′(t)

+ µ3f ′
k(x)ν(t) + µ4g′k(x)ν

′(t) + µ2φ′(x)gk(x)π
−1 + µ3ω′(x)−A(x, ε)ωk(x) = H(x).

In order to have smooth solutions of the systems, the asymptotic forms of the solutions are
constructed as series

fk(x, ε) =
+∞∑
r=−2

µrfr(x), gk(x, ε) =
+∞∑
r=−2

µrgr(x), ω(x, ε) =
+∞∑
r=0

µrωr(x).

Therefore, the partial solution of the transformation vector equation (0.1) is then defined as
the series

Ỹ part.
k (x, t, ε) =

∞∑
r=−2

µr
[
fkr(x)ν(t) + µgkr(x)ν

′(t)
]
+

∞∑
r=0

µrωkr(x). (3.1)

4 Conclusions
Therefore, we constructed a uniform asymptotic solution for a system of singularly perturbed
differential equations with an unstable turning point (0.1) in the form (2.1) and (3.1).
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