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Let a > 0, and let fi : [a,+∞[× ]0,+∞[→ ]0,+∞[ (i = 1, 2) be continuous functions satisfying
the local Lipschitz condition in the second argument.

We consider the differential system

u′1 = f1(t, u2), u′2 = f2(t, u1). (1)

A solution to that system in an arbitrary interval I ⊂ [a,+∞[ is sought on the set of two-
dimensional continuously differentiable vector functions with positive components.

A solution (u1, u2) to system (1) defined on some infinite interval [t0,+∞[⊂ [a,+∞[ is said to
be proper. Obviously, the components of an arbitrary proper solution (u1, u2) to system (1) are
increasing functions and satisfy one of the following two conditions:

lim
t→+∞

ui(t) = +∞ (i = 1, 2);

lim
t→+∞

uk(t) < +∞ for some k ∈ {1, 2}.

In the first case the above mentioned solution is said to be rapidly growing, while in the
second case it is said to be slowly growing.

A solution (u1, u2) to system (1) defined on some finite interval [t0, t1[⊂ [a,+∞[ is said to be
blow-up if

lim
t→t1

(
u1(t) + u2(t)

)
= +∞.

By a solution to the system under consideration we mean a solution that is maximally extended
to the right. Thus every solution to that system is either proper or blow-up.

A particular case of system (1) is the second order differential equation

u′′ = f(t, u) (2)

with a continuous right-hand side f : [a,+∞[× ]0,+∞[→ ]0,+∞[ .
A solution to that equation in an arbitrary interval I ⊂ [a,+∞[ is sought on the set of twice

continuously differentiable functions, satisfying the inequalities

u(t) > 0, u′(t) ≥ 0,

and by a solution it is meant a maximally extended to the right solution.
According to the above definitions, a solution to equation (2) defined on some infinite interval

[t0,+∞[⊂ [a,+∞[ is said to be proper. A proper solution u to equation (2) is said to be rapidly
growing if

lim
t→+∞

u′(t) = +∞,
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and it is said to be slowly growing otherwise. As for the solution to equation (2) defined on some
finite interval [t0, t1[⊂ [a,+∞[, it is said to be blow-up if

lim
t→t1

u(t) = +∞.

R. Emden and R. H. Fowler have investigated in detail asymptotic properties of proper monotone
solutions to the frequently occurring in applications differential equation

u′′ = tσuλ.

The results obtained by them are reflected in the monograph by R. Bellman ([2], Ch. VII). The
theory of monotone solutions to the Emden–Fowler type differential equation with general coefficient

u′′ = p(t)uλ

was constructed by I. T. Kiguradze [8] (see, also [13], Ch. V). The asymptotic theory of nonoscilla-
tory and oscillatory solutions to two-dimensional differential systems was constructed by J. D. Mir-
zov [15].

The foundations of the asymptotic theory of monotone solutions to an arbitrary order differential
equations were laid back in the late sixties of the last century and it still remains relevant (see
[1, 3–7,9–14] and the references therein).

The results on the existence of rapidly growing solutions and on their asymptotic estimates
given in the present work are obtained based on the method proposed by I. T. Kiguradze and
G. G. Kvinikadze [14].

We investigate the case, where

f1(t, x) ≥ f1(s, y) for t ≥ s, x ≥ y, f2(t, x) ≥ f2(s, y) for t ≤ s, x ≥ y. (3)

Consequently, the function f1 is assumed to be nondecreasing in both arguments, while the function
f2 is assumed to be nonincreasing in first argument and nondecreasing in the second argument.

Everywhere below we use the following notation.

f0i(t, x) =

x∫
0

fi(t, y) dy for t ≥ a, x > y;

φ0 is a function defined from the equality

f01(t, φ0(t, x)) = x for t ≥ a, x > 0;

φ(t, x) = f1
(
t, φ0(t, f02(t, x))

)
t ≥ a, x > 0.

Theorem 1. Let conditions (3) be fulfilled and let the differential equation

v′ = φ(t, v) (4)

have no proper solution. Then any solution to the differential system (1) is blow-up.

Theorem 2. Let conditions (3) be fulfilled and let the differential equation (4) have a unique
solution, satisfying the limit condition

lim
t→+∞

v(t) = +∞. (5)
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Then for any t0 ∈ [a,+∞[ there exists a positive number γ such that if

c1 ≥ 0, c2 ≥ γ, (6)

then the solution (u1, u2) to the differential system (1), satisfying the initial conditions

u1(t0) = c1, u2(t0) = c2, (7)

is blow-up.

Theorem 3. Let along with (3) the condition

+∞∫
a

f2

(
t, x+

t∫
a

f1(s, x) ds

)
dt < +∞ for x > 0

hold. If, moreover, problem (4), (5) has a unique solution v, then the differential system (1) along
with two-parametric set of slowly growing solutions has a one-parametric set of rapidly growing
solutions whose first component for large t0 admits the estimate

u1(t) ≤ v(t) for t ≥ t0.

As an example, we consider the Emden–Fowler type differential system

u′1 = p1(t)u
λ1
2 , u′2 = p2(t)u

λ2
1 , (8)

where λ1 and λ2 are positive numbers such that

λ1λ2 > 1,

p1 : [a,+∞[→ ]0,+∞[ is a nondecreasing continuous function, and p2 : [a,+∞[→ ]0,+∞[ is a
nonincreasing continuous function.

System (8) can be obtained from system (1) in the case, where

f1(t, x) = p1(t)x
λ1 , f2(t, x) = p2(t)x

λ2 .

In that case the above defined functions f0i (i = 1, 2), φ0, φ have the form

f0i(t, x) =
1

1 + λ1
pi(t)x

1+λi (i = 1, 2),

φ0(t, x) =
(1 + λ1

p1(t)

) 1
1+λ1 x

1
1+λ1 ,

φ(t, x) =
(1 + λ1

1 + λ2

) λ1
1+λ2

(
p1(t)p

λ1
2 (t)

) 1
1+λ1 x

λ1+λ1λ2
1+λ1 .

Thus Theorems 1–3 yield the following statements.

Corollary 1. If
+∞∫
a

(
p1(t)p

λ1
2 (t)

) 1
1+λ1 dt = +∞,

then any solution to system (8) is blow-up.
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Corollary 2. If
+∞∫
a

(
p1(t)p

λ1
2 (t)

) 1
1+λ1 dt < +∞, (9)

then for any t0 ∈ [a,+∞[ there exists a positive number γ such that if inequalities (6) are satisfied,
then the solution to problem (8), (7) is blow-up.

Corollary 3. Let along with (9) the condition

+∞∫
a

p2(t)

( t∫
a

p1(s) ds

)λ2

dt < +∞

hold. Then the differential system (8) along with two-parametric set of slowly growing solutions
has a one-parametric set of rapidly growing solutions whose first component for large t0 admits the
estimate

u1(t) ≤ ℓ

( +∞∫
t

(
p1(s)p

λ1
2 (s)

) 1
1+λ1 ds

)− 1
λ

for t ≥ t0,

where
λ =

λ1λ2 − 1

1 + λ1
, ℓ = (1 + λ1)

− 1
1+λ1 (1 + λ2)

− λ1
1+λ1 (λ1λ2 − 1)−1.
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