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Consider a one-parameter family of two-dimensional linear differential systems
i=A,t)r, z€R? t>0 (1)

with the matrices

Aut) =

dp(p) diag[l, —1], 2k —2<t<2k—1,
(+y(p) +bg)d, 2k—1<t<2k,

where kK € N and J = (_01 é
and the functions di(-),v(-) : R — R will be indicated below.

It was proved in [2] that the upper Lyapunov exponent of system (1,) considered as a function
of the parameter u is positive on a set of positive Lebesgue measure for the case in which the
functions dj( - ) are independent of p, positive, and separated from zero uniformly in £ € N (i.e.,
di(p) = dr, = d > 0, k € N). Complex matrices of a special kind are substantially used in the
proof of this result. Another method for proving the theorem in [1] based on an application of the
Parseval equality for trigonometric sums can be found in [3].

Let o, € R, n € N be arbitrary numbers. Set

, and a real parameter u; the conditions on the numbers b, € R

dp(p) =d(p) >0, bogn-1 =ap, k€N, peR. (2)

Denote the Cauchy matrix of system (1,) by Xa,(t,s), t,s > 0. For each ¢ € R, the matrix of
clockwise rotation by the angle ¢ will be denoted by

Ulp) = ( cos ¢ sin<,0>'

—singp cosp
One can readily verify that if the matrix A,(-) is determined by conditions (2), then
X, (2571,0) = U(apsr — ax) X3, (2%,0) for any k € N.

Systems with coefficients chosen according to (2) have a number of properties that permit one
to construct one-parameter families with various asymptotic characteristics. In particular, if the
sequence {ay, }7° | converges, then the matrix A, () is the limit of a sequence of periodic matrices
uniformly with respect to ¢ > 0. V. M. Millionshchikov used such systems in [5-7] (see also [1])
to prove the existence of Lyapunov improper linear differential systems with limit-periodic and
quasiperiodic coefficients.

In the paper [4], it was proved under conditions (2) in which v(-) = 0 and in the case of
a continuous function d(-) that there exists a parameter value p € R such that system (1) is
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unstable. In the present talk we show that the upper Lyapunov exponent of system (1,) considered
as a function of the parameter p is positive on a set of positive Lebesgue measure for the case in
which the functions di(-) and 7(-) are differentiable and under the conditions

C:= inf (149/(n) > 20d ()", p e R, (3)
/d(u) dp > 219(1 + G, (@)
0

For any k£ € N and p € R we recursively define real numbers 7 = ni(u) > 1 and ¥, = ¢¥p(p) as
follows. Set

mp) = e y(n) =0,
& = &(p) =20 (p) + o + p+ (1), qe(p) =27 27 7 ()]

(here [-] denotes the integer part of number). Since n; > 1 and hence sh(2lnn) > 0, it follows
that there exist unique 1 < ng11 € R and ¢ = k(1) € [gr(1) — 2717, qp(p) + 27 17) such that

shin g1 = (sh(2Inny))| cos &,
ctg o = (ch(2lnmng)) ctg &y if sinéy #,
pr =& if sin&, = 0.

Finally, we set
T
Y1 (1) = () + 27 on () + 5 Bw),

where

Blp) =0 if &(u) € U [27n — 27 7, 2m + 27 17),
neZ

B(w) =1 for all others u € R.
In what follows, we will assume that conditions (2) and (3) hold.

Lemma 1. For anyn € N and p € R the functions n, and ¥y are differentiable on p and one has
the representation

XAH (2n -1, 0) = U(wn) <7]n 0

b ) Ut

Lemma 2. For any k € N an equality holds

Pr(m) — p(0) = (2" =27 ).

Besides of that for all p € R we have the estimation

P () > 0.

Lemma 3. For any k € N the inequality is true
™
/m |cos & (p)] dp > —2°k — 2 In(1 + C1).
0
Theorem. If conditions (2)—(4) are satisfied, then there exists a set J C R of positive Lebesgque

measure such that the upper Lyapunov exponent Aa2(A,) of system (1,) considered as a function of
the parameter p is positive for all p € J.
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