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Problems on the existence and asymptotic estimates of blow-up solutions occupy an important
place in the qualitative theory of ordinary differential equations and have been studied in sufficient
detail for a wide class of nonlinear nonautonomous ordinary differential equations (see [1–9] and
the references therein). However, for delay differential equations this problem remained practically
unstudied. Most probably, [10] is the first work done in this direction. Here theorems on the existen-
ce of blow-up solutions are proved for the equation that does not contain intermediate derivatives.
In the present paper, similar results are given for the equation of general type.

On a finite interval [0, b[ we investigate the delay differential equation

u(n)(t) = f
(
t, u(τ(t)), . . . , u(n−1)(τ(t))

)
(1)

with the initial conditions

u(i−1)(t) = ci(t) for a ≤ t ≤ 0 (i = 1, . . . , n). (2)

Here n is an arbitrary natural number, f : [0, b]×Rn
+ → R+ is a continuous function, R+ = [0,+∞[ ,

τ : [0, b] → R is a continuous function, satisfying the conditions

τ(t) < t for 0 ≤ t < b, τ(b) = b, (3)
a = min

{
τ(t) : 0 ≤ t ≤ b

}
,

and ci : [a, 0] → R+ (i = 1, . . . , n) are also continuous functions.

Definition 1. Let t0 ∈ [0, b[ and

t∗ = min
{
τ(t) : t0 ≤ t ≤ b

}
.

An n-times continuously differentiable function u : [t0, b[→ R+ is said to be a solution of equation
(1) in the interval [t0, b[ if

u(i−1)(t) ≥ 0 for t0 ≤ t < b (i = 1, . . . , n),

and there exist continuous functions u0i : [t∗, t0] → R+ (i = 1, . . . , n) such that in that interval
equality (1) is satisfied, where

u(i−1)(t) = u0i(t) for t∗ ≤ t ≤ t0 (i = 1, . . . , n).

A solution u of equation (1), defined in the interval [0, b[ and satisfying the initial conditions
(2), is said to be a solution of problem (1), (2).
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Definition 2. A solution u of equation (1) defined in some interval [t0, b[ is said to be blow-up if

lim
t→b

u(n−1)(t) = +∞.

A blow-up solution u : [t0, b[→ R+ is said to be strongly blow-up (weakly blow-up) if

lim
t→b

u(t) = +∞
(
lim
t→b

u(t) < +∞
)
.

Definition 3. A solution u : [t0, b[→ R+ of equation (1), having the finite limits lim
t→b

u(i−1)(t)

(i = 1, . . . , n), is said to be regular.
According to condition (3), there exists an increasing sequence of numbers ti ∈ ]0, b[ (i =

1, 2, . . . ) such that

τ(t) < 0 for 0 ≤ t < t1, τ(t1) = 0,

τ(t) < ti for ti ≤ t < ti+1, τ(ti+1) = ti (i = 1, 2, . . . ),

lim
i→+∞

ti = b.

From this fact it immediately follows
Lemma 1. For arbitrarily fixed continuous functions ci : [a, 0] → R+ (i = 1, 2, . . . , n), problem
(1), (2) in the interval [0, b[ has a unique solution u and for any natural number k the equality

u(t) = uk(t) for 0 ≤ t ≤ tk

is valid, where

u
(i−1)
1 (t) = ci(t) for a ≤ t ≤ 0 (i = 1, . . . , n), u1(t) =

n∑
i=1

ci(0)

(i− 1)!
ti−1

+
1

(n− 1)!

t∫
0

(t− s)n−1f
(
s, c1(τ(s)), . . . , cn(τ(s))

)
ds for 0 ≤ t ≤ t1,

u
(i−1)
k+1 (t) = ci(t) for a ≤ t ≤ 0 (i = 1, . . . , n), uk+1(t) =

n∑
i=1

ci(0)

(i− 1)!
ti−1

+
1

(n− 1)!

t∫
0

(t− s)n−1f
(
s, uk(τ(s)), . . . , u

(n−1)
k (τ(s))

)
ds for 0 ≤ t ≤ tk+1 (k = 1, 2, . . . ).

Theorem 1. Let along with (3) the condition

f(t, x1, . . . , xn) ≥ f0(t, x1, . . . , xn) for t0 ≤ t ≤ b, (x1, . . . , xn) ∈ Rn
+

be satisfied, where t0 ∈ ]0, b[ , and f0 : [0, b] × Rn
+ → R+ is a nondecreasing in the phase variables

continuous function such that the differential equation

v(n)(t) = f0
(
t, v(τ(t)), . . . , v(n−1)(τ(t))

)
in the interval [t0, b[ has a blow-up solution v. Then there exist numbers r > 0 and t∗ ∈ ]t0, b] such
that if

cn(0) > r, (4)
then the solution u of problem (1), (2) is blow-up as well and admits the estimates

u(i−1)(t) ≥ v(i−1)(t) for t∗ ≤ t < b (i = 1, . . . , n).
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Based on this comparison theorem, effective criteria for the existence of blow-up solutions of
problem (1), (2) are obtained. In particular, the following statement is true.

Corollary 1. Let the functions f and τ satisfy the inequalities

f(t, x1, . . . , xn) ≥ ℓ(b− t)µxλk for t0 ≤ t ≤ b, (x1, . . . , xn) ∈ Rn
+,

α(t− b) + b ≤ τ(t) < t for 0 ≤ t < b,

where k ∈ {1, . . . , n}, t0 ∈ ]0, b[ , ℓ > 0, µ ≥ 0, λ > 1, α > 1. Then for an arbitrary γ > 0 there
exists a positive number r = r(γ) such that if inequality (4) holds, then the solution u of problem
(1), (2) is strongly blow-up and admits the estimate

inf
{
(b− t)γu(t) : t0 ≤ t < b

}
> 0. (5)

An important particular case of (1) is the differential equation

u(n)(t) =
n−1∑
i=1

pi(t)
(
u(i−1)(α(t− b) + b)

)λi , (6)

where pi : R+ → R+ (i = 1, . . . , n) are continuous functions, λ > 1, α > 1.
For this equation we consider the Cauchy problem with the initial conditions (2), where a =

−(α− 1)b, and ci : [a, 0] → R+ (i = 1, . . . , n) are continuous functions.

Corollary 2. There exists ε > 0 such that if
n∑

i=1

ci(t) < ε for a ≤ t ≤ 0,

then the solution of problem (6), (2) is regular. And if

pk(t) ≥ ℓ(b− t)µ for 0 ≤ t ≤ b,

where k ∈ {1, . . . , n}, ℓ > 0, µ ≥ 0, then for an arbitrary γ > 0 there exists a positive number
r = r(γ) such that in the case where inequality (4) holds, the solution u of problem (6), (2) is
strongly blow-up and admits estimate (5).

The first part of the corollary can be easily obtained from Lemma 1, while the second part
follows from Corollary 1.

Example 1. Let n > 2, α > 1, λ > 2, ℓ0 = ((λ − 1)α
λ

1−α )
1

1−λ , b > 0, a = −(α − 1)b. We choose
positive numbers ρi (i = 1, . . . , n) so that the function, defined by the equality

u(t) =

n−1∑
i=1

(t− a)i−1

(i− 1)!
ρi + (−1)n−1ℓ0

n−1∏
i=1

(
n− i− 1

λ− 1

)−1
(b− t)n−1− 1

λ−1 for a ≤ t < b,

satisfies the conditions

u(i−1)(t) ≥ 0 for a ≤ t ≤ 0 (i = 1, . . . , n− 1).

Then the restriction of the function u to [0, b[ is a solution of the differential equation

u(n)(t) =
(
u(n−1)(α(t− b) + b)

)λ (7)
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with the initial functions

ci(t) = u(i−1)(t) for a ≤ t ≤ 0 (i = 1, . . . , n).

Moreover, it is clear that u(i−1) (i = 1, . . . , n− 1) have finite limits

u(i−1)(b− 0) (i = 1, . . . , n− 1),

and
lim
t→b

u(n−1)(t) = +∞.

Consequently, u is a weakly blow-up solution of equation (6).

On the other hand, by virtue of Corollary 2 equation (7) has infinite sets of strongly blow-up
and regular solutions.

The example constructed above shows that if the functions f and τ satisfy the conditions of
either Theorem 1 or one of its corollaries, then equation (7) can simultaneously have strongly
blow-up, weakly blow-up and regular solutions.

Example 2. Theorem 1 and its corollaries are specific for delay equations and they have no analogs
for equations without delay. To make sure of this, in the interval [0, b[ we consider the differential
equation

u(n)(t) = (u(n−1)(t))λ, (8)
where n ≥ 2, λ > 2. We choose positive numbers ρi (i = 1, . . . , n) so that the function, defined by
the equality

u0(t) =

n−1∑
i=1

ρi
(i− 1)!

ti−1 + (−1)n−1(λ−1)
1

1−λ

n−1∏
i=1

(
n−i− 1

λ− 1

)−1
(b− t)n−1− 1

1−λ for 0 ≤ t < b,

satisfies the conditions
u
(i−1)
0 (0) ≥ 0 (i = 1, . . . , n− 1).

Then every solution of equation (8), defined in the interval [0, b[ and blowing up at the point b,
has the form u(t) ≡ u0(t), and, consequently, it is weakly blow-up. On the other hand, no matter
how the number

r > u
(n−1)
0 (0)

is, equation (8) does not have a solution u : [0, b[→ R+, satisfying the inequalities

u(i−1)(0) ≥ 0 (i = 1, . . . , n− 1), u(n−1)(0) ≥ r.

Theorem 2. Let n ≥ 2,
τ(t) =

b(t− t0)

b− t0
for 0 ≤ t ≤ b,

and let the function f satisfy the inequality

f(t, x1, . . . , xn) ≥ ℓ(b− t)µω(xk) for t0 ≤ t ≤ b, (x1, . . . , xn) ∈ Rn
+,

where t0 ∈ ]0, b[ , k ∈ {1, . . . , n}, ℓ > 0, µ ≥ 0, and ω : R+ → R+ is a continuous function. Let,
moreover, there exist a number λ > 1 such that

x∫
0

ω(y) dy > xλ − 1 for x ≥ 0. (9)

Then for an arbitrary γ > 0 there exists a positive number r = r(γ) such that if inequality (4)
holds, then the solution u of problem (1), (2) is strongly blow-up and admits estimate (5).
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Example 3. Consider the differential equation

u(n)(t) = (b− y)µω
(
u
(b(t− t0)

b− t0

))
, (10)

where µ ≥ 0, t0 ∈ ]a, b[ , and ω : R+ → R+ is a continuous function which along with (9) satisfies
the condition

ω(xm) = 0 (m = 1, 2, . . . ). (11)

Here λ > 1, and xm ∈ R+ (m = 1, 2, . . . ) is an increasing sequence of numbers converging to +∞.
The example of such a function is constructed in [10, p. 44].

In view of (11), Theorem 1 and their corollaries leave open the question on the existence of
blow-up solutions of equation (10). On the other hand, by Theorem 2 this equation has an infinite
set of blow-up solutions.
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