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In the rectangle €2 consider the boundary value problem

Ugy = f(xvy>umauy7u)> (1)
Z(u( : >y)) = (10(3/)7 h(ux(x, : )) = ¢($), (2)

where ¢ € CL([0,w2]; R™), ¥ € C([0,w1];R™), £: C([0,w1];R") — R™ and h : C([0,ws]; R?) — R"
are bounded linear operators that are commutative, i.e., the operators £ and h satisfy the equality

Loh(z)=hol(z) for zeC(R™).
By B!(z;7) denote the closed ball of radius r centered at z in space C*(£2;R"), i.e.,
Bl(z;r) = {C ceClQ): ||¢ - zllerq) < r}.

If f(z,y,v,w,z) is differentiable with respect to the phase variables, set:

of (x,y,v,w, z of(x,y,v,w, z

Fi(z,y,v,w,2) = il yav ), Fy(2,y,v,w,2) = i gw ),
of (x,y,v,w, z
FO(x7y7vvwvz) = f( %Z ) )

PJ[U](‘T?y) = F}'($7yvuﬂﬁ(may)?uy(xay)vu(may)) (] =0, 172)’

A vector function (]7 0, N) s called an admissible perturbation if f € (xR, R™) is locally Lip-
schitz continuous with respect to the first 2n phase variables, ¢ € C*([0,ws]; R™), ¢ € C([0,w1];R™).
Set: Fl(x Y, 0w, z2) = fv(x Y, v, w, z) and Fg(x Y, 0, W, z) = fw(ac Y, 0, W, 2).

Definition 1. Let ug be a solution of problem (1), (2), and » > 0. Problem (1), (2) is said to be
(ug, r)-well-posed if:

(i) wo(w,y) is the unique solution of the problem in the ball B! (ug;r);

(ii) There exist a positive constant dp and an increasing continuous function ¢ : [0, dg] — [0, 4+-00)
such that £(0) = 0 and for any § € (0, dp] and an arbitrary admissible perturbation (f,,)
satisfying the following conditions

| Fy(z,y, v,w, 2)|| + | Fa(z, y, v, w, 2)|| < 8 for (z,y,v,w,2) € Qx R™, (3)
I (@, y,v,w,2)| <8 for (z,y,v,w,2) € Qx R,
H&HC’l([O,wz]) + Hw“C([O,wl]) <9,
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the problem

uwy:f(ﬂﬁ,y,um,uy,U)+f(x,y,ug;,uy,U), (1)
((ul-9) = ¢) +3w),  hlua(z, ) = () + () (2)

has at least one solution in the ball B!(ug;r), and each such solution belongs to the ball
B (ug; £(9)).

Definition 2. Let ugp be a solution of problem (1),(2), and r > 0. Problem (1), (2) is said to be
strongly (ug, r)-well-posed if:

(i) Problem (1), (2) is (ug,r)-well-posed;

(ii) There exist positive numbers Mo and do such that for arbitrary § € (0,d9) an arbitrary
admissible perturbation (f, @, ) satisfying inequalities (3), (4), problem (1), (2) has at least
one solution in the ball B!(ug;r), and each such solution belongs to the ball B! (ug; Mg ).

Definition 3. Problem (1), (2) is called well-posed if it is (ug, r)-well-posed for every r > 0.

Definition 4. A solution ug of problem (1), (2) is called strongly isolated, if problem (1), (2) is
strongly (ug,r)-well-posed for some r > 0.

The concepts of strong well-posedness and a strongly isolated solution of a boundary value
problem for a nonlinear ordinary differential system were introduced in [1]. Definitions 2 and 4 are
adaptations of the idea of Definitions 3.1 and 3.2 from [1] to problem (1), (2).

The linear case of system (1), i.e. the system

Ugy = Pi(2,y)us + Pa(z,y)uy + Po(z, y)u + q(z,y) (5)

was studied in [2].
Along with problem (5),(2) consider its corresponding homogeneous problem

Uzy = Pr(z,y)us + Po(z, y)uy + Po(z, y)u, (50)
E(u( : 7y)) =0, h(u$<$, ) )) =0. (20>

Definition 5. Problem (5),(2) is called well-posed, if it is uniquely solvable for arbitrary ¢ €
CH([0,wa]; R™), ¢ € C([0,w1]; R™) and g € C(f2), and its solution u admits the estimate

ullcriq) < M(H@H(Jl([o,wz]) + [[¥lleow)) + H(JHC(Q)),
where M is a positive constant independent of ¢, ¥ and gq.

(ug, r)-well-posedness is equivalent to the

Remark 1. Notice that for the linear problem (5),(2)
(2), Definitions 1, 2 and 3 are equivalent to

strong well-posedness. Furthermore, for problem (5),
Definition 5.

Theorem 1. Let f be a continuously differentiable function with respect to the phase variables
v, w and z, and let problem (1), (2) be strongly (ug,r)-well-posed for some r > 0. Then problem
(50), (20) is well-posed, where Pj(z,y) = Pjluo)(z,y) (j =0,1,2).

Theorem 2. Let f be a continuously differentiable function with respect to the phase variables v,
w and z, and let there exist matriz functions Pj; € C(;R™™) (i =1,2; j =0,1,2) such that
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(Ao)
Pl](xvy) S F‘j(l’,y,v,w,Z) S P2_7($7y) fO?” (x,y,v,w,z) € Q x R3n (] = 071727);

(A1) for every x* € [0,w1] and arbitrary measurable matriz function Py : [0,ws] — R™*™ satisfying
the inequalities
Pll(x*ay) S Pl(y) S P21(‘T*ay) fOT’ ) € [07(")2]7

the homogeneous problem

has only the trivial solution;

(A2) for every y* € [0,wa] and arbitrary measurable matriz function Py : [0,wi] — R™™" satisfying
the inequalities
Pia(z,y") < Py(z) < Py(z,y") for x € [0,w1],

the homogeneous problem

has only the trivial solution;
(As) for arbitrary measurable matriz function P; : Q@ — R™ ™ (j = 0,1, 2) satisfying the inequalities
Pyj(z,y) < Pj(x,y) < Poj(w,y) for (z,y) €Q (j=0,1,2),
problem (59), (20) has only the trivial solution.

Then problem (1), (2) is strongly well-posed.

Remark 2. Conditions (A1) and (Az) of Theorem 2 are key and cannot be weakened. Violation
of either of conditions (A;) and (A2) may lead to additional compatibility conditions between the
boundary values (2) and the right-hand side of system (1).

Indeed, consider the problem

ny:P2uy+Q($ayvu)v (6)
u(O,y) = So(y)a ul“(l‘a 0) - Um(l',(JJQ) =0, (7)
where P, € R™ ™ is an arbitrary matrix, and ¢ € C1([0,ws]; R™) and ¢ € C(2 x R;R") satisfy the

equalities
80(0) = QD(WQ)a Q($,0,Z) :(J(LU,LUQ,Z)-
Let u be a solution of problem (6), (7). Set v(y) = u;(0,y) — P> u(0,y). Then v is a solution of
the problem

v =q(0,y,¢()), (8)
v(0) — v(w2) = 0. (9)

In other words the solvability of (8), (9) is necessary for the solvability of problem (6), (7). Problem
(8), (9) itself is ill-posed. It is solvable if and only if the following equality holds

w2

/q(O,t,cp(t)) dt = 0.

0
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Remark 3. The fulfillment of additional compatibility conditions is necessary for solvability of
problem (1), (2), but by no means sufficient. Indeed, consider the two-dimensional problem

Ulgy = u% —cosw,

10
Ugy = —ui’ + sin x, (10)
U1(07y) = 07 Ul(wl,y) = 07 (11)
u1z(7,0) = iz (2, w2),  u2:(x,0) = e (2, w2).
Let us show that problem (10), (11) has at most one solution. Indeed, let
’U,l(fE, y) ~ 171((1/‘, y))
) = d s =\~
ule) <uz(w,y)> and - u(z,9) <uz(w,y)
be arbitrary solutions of problem (10), (11). Then, in view of (10), we have
(ul(x)y)_ﬂl(xay))zy :U%(ﬂf,y>—7j§($’,y), (12)
(ua(e,y) — Ta(a,y) , = —(ul(a,y) — T )- (13)

Multiply (12) by us — ug, integrate over 2. After integrating by parts and taking into account
conditions (11), we arrive at the equality

—//(Ul(l‘,y)—ﬂl(m,y))x(w(m,y)—ﬂg(x,y))y dy dx
0 0
://(ug(%y)—ﬂg(x,y))(uz(:c,y)—az(x,y)) dy dz. (14)
0 0

Similarly, after multiplying (13) by u; — u; and integrating over €2, we get

w1 W2

_//(“2(1‘,9)—ﬂ2($,y))y(u1($,y)—ﬁl(ﬂc,y))m dy dz
0 0
:—//(“5’(%1/)—ﬁi’(%y))(m(:v,y)—ﬂl(x,y)) dydz. (15)
00

After subtracting (15) from (14) we arrive at the equality

w1 w2

[ [ 0) - ) () Tl dyds
0 0
+ [ [ )~ @) () — Ta(02) dyds =0,
0 0

The latter equality implies ug(x,y) = uk(x,y) (k = 1,2), i.e., u = u. In other words, problem
(10), (11) has at most one solution. Therefore, due to uniqueness, the only possible solution of
problem (10), (11) should be independent of y. Consequently,

1
CcOS2 T
u(zr) = ( L1 )
sins x
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is the only possible solution of problem (10),(11). It is clear that u is a weak solution but not
a classical one since u is not differentiable at points z = §m (m = 0,1,2,3,4). Thus problem
(10), (11) has no (classical) solution despite the fact that the right-hand side of system (10) and
the boundary values are analytic functions.

Consider the system
Ugy = f(a:,y,ux,uy,u) +Q(xay7u)‘ (16)

Theorem 3. Let [ satisfy all of the conditions of Theorem 2, and q(x,y,z) be an arbitrary
continuous function such that
la(z,y,2)|
lzll=toe  [I2]]

=0 (17)

uniformly on Q. Then problem (16), (2) has at least one solution.
For the quasi-linear system
Uzy = P1(z,y)uz + Po(@, y)uy + Polz, y)u + q(z,y,u) (18)
Theorem 2 immediately implies

Corollary 1. Let problem (5¢), (20) be well-posed, and let q(x,y,z) be an arbitrary continuous
function satisfying condition (17) uniformly on Q2. Then problem (18), (2) has at least one solution.

Let n =2m, u = (v,w), and v,w € R™. For the system

Vgy = Al(y)wx + Bl(x)wy + fl(xuya ’UJ) + a1 (.CU, Y,v, ’UJ),

(19)
Wyy = A2(y)va: + B2($)Uy + fQ(xu Y, U) +q2 (x, Y, v, ’LU)
consider the boundary conditions of Nicoletti type
w(0,y) =0, v(wi,y) =0, wy(xz,0)=0, v(x,ws)=0, (20)

and the periodic boundary conditions
v(0,y) =v(wi,y), w(0,y)=w(wi,y), vx(x,0)=0vz(z,w2), wg(x,0)=wy(z,ws). (21)

Here fi = (fir),—; € COAXR™R™) (i = 1,2), ¢; € C(Q x R R™) (i = 1,2), and 4; €
C([0,wa]; R™*™) and B; € C([0,w1]; R™*™) are symmetric matrix functions.
Corollary 2. Let A; € C([0,wq]; R™*™) Ay € C([0,ws];R™*™), By € C([0,w1];R™*™) and

By € C([0,w1]; R™*™) be positive semi-definite symmetric matriz functions, and let there exist
0 > 0 such that the following conditions hold:

flk(x7y7w17 B ,'Ll)m) Wi Z 5w1%f1($’3/7w) - w Z (5“’[1)”2 fOT' (xavalw . '7wm> S Q X Rmv (22)
for(zyy,v1,. oy om) v < —51),%f2(;v,y, v) v < —5||v||2 for (x,y,v1,...,0m) € A X R™, (23)

lim HC_h(.’L‘,y,’U,’U))H + H(D(JU,y,an)H

=0 wuniformly on S. 24
]l [fw]|—+o0 [[v]] + ]| @

Then problem (19), (20) has at least one solution.

Corollary 3. Let A; € C([0,ws]; R™*™), Ay € C([0,ws];R™*™), By € C([0,w1]; R™*™) and
By € C([0,w1]; R™*™) be positive definite symmetric matriz functions, and let there exist 6 > 0
such that conditions (22)—(24) hold. Then problem (19), (21) has at least one solution.
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Remark 4. In Theorem 2 it is assumed that the function f(z,y,v,w, z) has at most linear growth
with respect to the phase variables v, w and z. Corollaries 2 and 3 cover the case where the right-
hand side of system (19) has an arbitrary growth order in some phase variables. As an example,
consider the systems

Vay = Y2ws + (1 + 2*)w, + w + sinh(w) + sin(z? y?) ws,

(25)
2z vy — 2v — sinh(v?) + In(1 + 2%y* + 0% + w®)

Wyy = SIn

and
Uy = (1 4+ yHw, + (14 2*) 2w + sinh(w) + sin(z? y?) w%,

(26)
Wy = € vy + (1 + sin? z) v, — 20 — sinh(v®) + In(1 + 2%y* + 0% + w®).

System (25) satisfies all of the conditions of Corollary 2, and system (26) satisfies all of the
conditions of Corollary 3. Therefore, by Corollaries 2 and 3, problems (25), (20) and (26), (21) are
solvable.
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