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Consider a functional differential equation
u'(t) = L(u)(t) + AF(u)(t) fora.e. t €R, (1)

where ¢ : C,(R) — L,(R) is a linear bounded operator, F' : C,(R) — L,(R) is a continuous
operator satisfying the Carathéodory conditions, and A € R is a parameter. By an w-periodic
solution to the equation (1) we understand a locally absolutely continuous w-periodic function
u : R — R that satisfies the equation (1) almost everywhere in R. We say that an w-periodic
solution u to (1) is positive if u(t) > 0 for t € R.

Notation 1.
Z is the set of integers, R is the set of all real numbers, R = [0, +o00].

Cy(R) is the Banach space of w-periodic continuous functions v : R — R with the norm
lvlle, = max{\v(t)] T te [070.)]}.

Co(Ry) ={v e Cy(R): v(t) € Ry fort € R}.
L, (R) is the Banach space of w-periodic locally Lebesgue integrable functions p : R — R with
the norm

Ipllz. = / ip(s)] ds.
0

Lo,(Ry) ={p € Lu(R) : p(t) € Ry for a.e. t € R}.
If A: Cy(R) = C,(R) is a linear bounded operator, by ||A|| we denote the norm of A.

Notation 2. Let ¢ € (0,1). Then K, C C,(Ry) is a set of functions such that cu(s) < u(t) for
s,t € R.

Definition 1. We say that an operator ¢ belongs to the set U if every function u € C,(R) that
is locally absolutely continuous and satisfies

u'(t) > L(u)(t) fora.e teR,

belongs to ..
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It can be easily seen that if ¢ € U, then the only w-periodic solution to the homogeneous
equation
u'(t) =L(u)(t) fora.e. teR (2)

is the trivial solution.
Now we formulate the assumptions laid on the nonlinear operator F.

(H.1) F transforms C,(R;) into L,(R4) and it is not the zero operator, i.e., there exists xy €
C,(R4) such that

w

/F(:CQ)(S) ds > 0.

0

(H.2) F issuper-linear with respect to K., i.e., there exists a Carathéodory function n : RxR; — R4
such that
F)(t) = n(t, |jv|c,) fora.e. teR, veK,

and
w

1
lim /77(573:) ds = +o0.

r——+00 I
0

(H.3) For every 0 # x € K. there exists ¢, > 0 such that for every ¢ € (0, 6,] we have
0F(x)(t) > F(v)(t) fora.e. t € R whenever v € K., ov(t)<dxz(t) for teR

and

(500/F(x)(8) ds > O/F(éox)(s) ds for some dg € (0, ).

Note that the assumptions (H.1) and (H.3) imply F(0)(¢t) =0 for a. e. t € R.

Notation 3. Let A € R. Then by S(\) we denote the set of all positive w-periodic solutions to (1)
for corresponding .

Theorem 1. Let ¢ € (0,1) be such that £ € US and F satisfies (H.1)-(H.3). Then there exists a
critical value A € (0,400] such that

(i) Eq. (1) has at least one positive w-periodic solution provided A € (0, \;),
(ii) Eq. (1) has no positive w-periodic solution provided X\ ¢ (0, ;).
Moreover,

lim sup {|ullc, : we S} =0,
A=A

c

lim inf tue SN\ = .
i inf {Jullc, : u € SO} = +oo

Because the w-periodic solutions to (1) belong to IC., the latter means that the solutions uni-
formly tends to +o0o as A tends to zero.
Suppose that the operator F' includes a linear part, i.e.,

F(v)(t) = F(v,v)(t) fora.e. teR, veCyR), (3)
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where F : C,y(R) x Cy(R) — Ly, (R) is a continuous operator satisfying the Carathéodory conditions
and it is linear and nondecreasing in the first variable. Therefore, instead of (1) we consider the
equation

W' (t) = 0(u)(t) + \F(u,u)(t) for a.e. t€R,

where ¢ and A are the same as in (1) and F is described above.

Theorem 2. Let ¢ € (0,1) be such that £ € U and F given by (3) satisfies (H.1)-(H.3). Let,
moreover, F(-,0) : Cy(R) — Ly(R) be a non-zero operator. Then, A\, < +o0o and the equation

W' (t) = 0(u)(t) + AeF(u,0)(t) fora. e. teR (4)
has a positive solution u., the set of solutions to (4) is one-dimensional (generated by u.), and
Ty €US  for A €]0, ],

where

Ty(v)(t) E £(v)(t) + AF(v,0)(t) for a. e. t€R, v e Cyu(R).
If F(-,0) : Cy(R) — Ly (R) is a zero operator, then A, = +0c.

Theorem 2 gives us a method how to calculate the precise value of A, in the cases where F'
includes a linear part. Indeed, define an operator A : C,(R) — C,(R) by

A(z)(t) = /G(t,s)f(m,O)(s) ds for teR, x € Cy,(R),

where G is Green’s function to the w-periodic problem for (2). Then
uc(t) = AeA(uc)(t) for t € R,

i.e.,, 1/A. is the first eigenvalue to A corresponding to the positive eigenfunction wu.. Therefore,
according to Krasnoselski’s theory and Gelfand’s formula,

Ae = lim ——.
nee /A

Corollaries

Consider a differential equation with deviating arguments

u(7(t))lao + aru(pa(t)) + agu(pa(t))u(ps(t))]
bo + blu(l/(t))

u'(t) = —g(t)u(o(t)) + Ap(t) fora.e. teR, (5)

where

-pg€Lu(Ry),p#0,9#0,

- 0,T, l;, vV are measurable w-periodic functions,

- a; >0, b; > 0 are constants.
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Corollary 1. Let
t

/ g(s)ds <

5(t)

where a(t) =o(t) —zw if o(t) € [t + (z — V)w, t + 2w) (2 € Z), and let

Ziexp<—eo/wg(s)ds>>zg. (7)

Then there exists a critical value Ao € (0,400) such that (5) has a positive w-periodic solution iff
A € (0,\.). Moreover,

Q|

for a. e. t €[0,w], (6)

li cueSAN)F =0, lim inf rueSA)f = .
i sup {Julle e SO} =0, T i {ulle, s we SO} = +oc

c

The condition (6) guarantees that the operator

Lv)(t) = —g(t)v(o(t)) fora.e. teR, veC,yR)

c:exp<_eo/g<s>ds),

and the condition (7) guarantees that the assumption (H.3) is fulfilled with F' defined by

belongs to the set U with

v(7())[ao + arv(pa (t)) + agv(pa(t))v(ps(t))]
bo + biv(v(t))

fora.e. t e R, v e C,(R).

Now consider a differential equation with deviating arguments

ul (7 (1) (a + u(u(t)™
(b+uk(v(1))) ’

u'(t) = —g(t)u(o(t)) + Ap(t)
where

- P9 € Lu(Ry), p#0,9#0,
- 0, T, i, v are measurable w-periodic functions,
-a>0,6>0,n>0,m>0,k>0.

Corollary 2. Let n+m > k, and let

t
/ g(s)ds <
®)

c

for a. e. t €[0,w],

where a(t) = o(t) — zw if o(t) € [t + (2 — Vw, t + 2w) (2 € Z). Then (8) has a positive w-periodic
solution for every A > 0. Moreover,

li : A= lim inf : A= .
A:}rfoosup{HuHc ue SN} =0, Jim, in {lullc: ve S} =+oo



