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We consider a two-membered non-autonomous fourth-order differential equation of the form
y W = aopo(®)[1 + r(®)]e™ (o #0), (1)

where a9 € {—1,1}, po : [a,w][—]0,+00[ is a continuous or continuously differentiable function,
—00 < a<w< 400, r: [a,w][—] —1,400[ is a continuous function such that

li t) =0.

o
It is easy to see that in this equation the function e (o # 0) is a fast-variable function when
y — Yp = £oo (by Karamata). We can choose the intervals Ay, of the points Yy = foo as the
neighbourhood of Ay,
10, +o00[, if Yy = +o0,

A =
Yo | —00,0[, if Yy =—oc.

Definition 1. A solution y of the differential equation (1) is called a P, (Yp, \g)-solution where
—00 < Ao < 400, if it is defined on the interval [ty, w[C [a,w[ and satisfies the following conditions

y(t) € Ay, or t € [to,w], liTmy(t) =Yy = o0,
tTw

0, (3)(#)12
o k=123, lim— 2 0

limy™® (¢) = — _ W
my () or = oo, tw y(2)(t)y(4)(t)

= Xo.
ttw 0

From this definition, in particular, it follows that the number of

1, or Yy = +oo,
vy =
—1, or Yy =—00
determines the signs of any P, (Yp, Ag)-solution and its first derivative in any left neighbourhood
of w. In [1] for P,(Yp, Ao)-solutions at Ag € R\ {0, 3, 2,1} (non special case) the following two
theorems were obtained, but to formulate them we need to introduce additional auxiliary notations
(Ao —1)3 t, if w= 400,
KMN) =——"—, m(t)=
( 0) )\0(2)\0—1) w( ) t—w, if w< 4o,
¢

Jo(t) = / w3 (Fpo(r)dr,  Ji(t) = / Po(7) dr, Ji(t) = / Jia(r)dr (i = 2,3),
Ag A;

P Jo(7) 1
V() =~ tn (a0 = 2)KOo)Jo(0)), a(t) = afjit&) ,
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where the integration boundary A; is chosen to be equal to either w or constant a and is defined
in such a way that at this value of A; the integral tends either to 0 or to +o00. The following two
theorems were established for equation (1) in [1].

Theorem 1. Let \g € R\ {0, %, %, 1}. For the differential equation (1) to have P, (Y, \o)-solutions,
the following inequalities

aprpro(2A0 —1)(BXo —2) > 0, apr1K(Ao)m,(t) >0 at t €la,w], (2)
and the following conditions

apo K (o) Jo(t) <0 at t €]a,wl,

BEAOIAD () 1 _
lim T - lim g(t) = 1
e Jo(t) R AT o1 ) 3)

must be satisfied and each such solution admits at t T w the following asymptotic mappings

y(t) =~ (a0~ 2 VKO0 +0(1), 9 (0) = aoJu (B +o(1)] (k=1,23).

Theorem 2. Let Ao € R\ {0, 3, 2,1}, the function py be continuous and conditions (2), (3) be
satisfied. Let, in addition

lim(1 — ¢(t)|[Y (£)|1 =0 and ago > 0. (4)

tTw

Then the differential equation (1) has a two-parameter family P, (Yy, Xo) of solutions which satisfy
at t T w the asymptotic mappings

_ o ") = a o(1) " = o o(1)
YO =Y +o(l). ¥0)=ah(O]1+ o] v = a0kn)[L+ 2.
o(1) }

vty

" (t) = agJi(t) [1 +

In Theorem 2, the first of conditions (4) is rather rigid. In the present paper an attempt is
made to eliminate it.

Theorem 3. Let \p € R\ {0, %, %, 1}, the function po be continuously differentiable and conditions
(2), (3) be satisfied. Suppose, in addition, that the second condition in (4) is satisfied and there

exists a finite or equal to oo limit

lim 7, (t)q’ ().
tlTISTF()Q()

Then the differential equation (1) has a two-parameter family P, (Yy, No) of solutions which satisfy
at t T w the asymptotic mappings

W0 = Y1)+ o). (1) = a0ds(®]a) + ~20] v (1) = a0+ 2D ),
vor’
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Sketch of the proof

First, it is easy to prove that

lim 7, ()¢’ (t) = 0.
tlTrgﬂ()q() 0

In the same way as in the proof of Theorem 2 of [1], equation (1) by the transformation
y(t) =Y(1) + (), yM () = aoJai k()1 +yea(t)] (k=1,2,3) (6)
is reduced to a system of differential equations of the form

Y1 = aoJ3(t)[1 — q(t) + y2],

v jégg (Y3 — v2),
v = 0 = ).
oh = T [0+ (14 7O = s + R

We will consider this system on the set

1 .
0= [tl,W[XD, where D = {(ylay27y3>y4) ER% : ‘yl‘ < 57 (Z = 13"'74)}>

1
where |R(t,y1| <y} at |yi| <J for some 0 < § < 3
Further we will use the obtained system on the set €y = [t1, w[ xR}
In contrast to Theorem 2, let us make an additional transformation
yi(t) = 21(1), wa2(t) = 22(t) +q(t) — 1, ys(t) = 23(t), wa(t) = 24(t), (7)

the sense of which is to exclude the summand (1 — ¢(t)) from the first equation of the system and
as a result we obtain a system of differential equations of the form

Zi = ;;((?) {gl(t)'zQ}’
= {6 (t)( — ) — ma(d (D)},
et Q
4 = Wl(t) [3() (2 — 7)),
o= ml(t) {&a®[r(t) + (4 r()z1 — 2+ Bl 20)] ),
where
. 3N — 2 . 220 — 1 . A . 1
%Igfl(t) = /\00_ T ltlTrgéz(t) = /\00_ T ltlTrorJlés(t) w1 i 1 1151%154(75) “ 1

To asymptotically equalise the multipliers at ¢ T w in the right-hand side of the equations of the
system (8), we apply the following transformation to it:

A(t) =vi(t), =) = YO Toa(t), 2(t) = [Y(O) 2os(t),  za(t) = [Y ()] “Foa(t).  (9)
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As a result, we obtain a system of quasilinear differential equations for which all the conditions of
Theorem 2.2 of [2] are fulfilled. The limit matrix of coefficients at vq, va, v3, v4 of the obtained
quasilinear system has the form

0 3)\0—2<.u0 ) 0 0
A —1 \signo
200 — 1
0 0
C = A —1
= o ,
0 0 0
) Ao —1
o1 0 0 0

and has, taking into account the sign conditions (2), (3), a characteristic equation of the form

4 o 320 —2[|200 — 1| [Ao]

A =0.
+ Do — 1) 0

The characteristic equation has two pairs of complex-conjugate roots with real parts different
from zero. Then the system of differential equations has a two-parameter family of solutions
V1, V2, V3,04 : [to,w[— R (t2 € [to,w]), which tend to 0 at ¢ T w. To each such solution, taking into
account substitutions (6), (7), (9), corresponds a solution y : [t2,w] — R of the differential equation
(1) for which the asymptotic representations (5) take place at ¢ T w. It is also easy to check, taking
into account these asymptotic representations and the form of equation (1), that the solutions we
have constructed are P, (Yp, Ag)-solutions.
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