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Let [a,b] C R be a finite and closed interval non-degenerated in the point.
Consider the modified initial problem for a linear system of generalized ordinary differential
equations with singularities

dr = dA(t) -z + df(t) for t € [a,b], (1)
Jim (@7H(t) 2(1)) =0, (2)

where A = (a;1)_, is an n x n-matrix valued function and f = (f;)?_, is an n-vector valued

function, both of them have a locally bounded variation on [a, b[; ® = diag(p1, ..., ¢,) is a diagonal

n X n-matrix valued function, defined on [a, b[ and having an inverse ®~1(¢) for each t € [a, b[.
Along with system (1) consider the perturbed singular systems

dx = dAp(t) - x + df () for t € [a,b] (3)

(m = 1,2,...) under conditions (2), where A,, is an n X n-matrix valued function and f,, is an
n-vector valued function, both of them have a locally bounded variation on [a, b .

We are interested to established the necessary and sufficient conditions whether the unique
solvability of problem (1), (2) guarantees the unique solvability of problem (3), (2) and nearness of
its solution in the definite sense if matrix-functions A,, and A and vector-functions f,,, and f are
nearly among themselves.

We assume A(a) = An(a) = Opxn and f(a) = fi(a) = 0, (m = 1,2,...) without loss of
generality.

The same and related problems for ordinary differential systems with singularities Z—f = P(t)xz+
q(t), where P € Liye([a,b[, R™*™), q¢ € Lioc([a, b, R™), have been investigated in [7,9] (see, also, the
references therein).

The singularity of system (1) consists in the fact that both A and f need not to have bounded
variations on any interval containing the point %.

The solvability question of the generalized differential problem (1), (2) has been investigated
in [6]. The well-posedness of problem (1), (2) with singularity has been considered in [4]. To
our knowledge, the necessary and sufficient conditions for well-posedness of problem (1), (2) with
singularity has not been investigated up to now.

Some singular boundary problems for the generalized differential system (1) are investigated
in [1,2] (see, also, the references therein).
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To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see [1-6,8,10,11] and the references
therein).

In the paper, we give necessary and sufficient conditions for the so called strongly ®-well-
posedness of problem (1), (2).

Throughout the paper we use the following notation and definitions.

R =]—o00,+00[. Ry =]0, +00[. R™ "™ is the space of all real n x m matrices with the standard
norm.

R™ = R"*! is the space of all column n-vectors = = (z;)";.

If X = (zi)jjey, € R™™, then |X| = (lzal)j52, [X]5 = 5 (1X| F X).

Opnxm (or O) is the zero n x m-matrix, 0,, (or 0) is the zero n-vector.

I, is identity n X n-matrix.

If X € R™", then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X.

The inequalities between the matrices are understood componentwisely.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-
ponent is such.

b
If X :R — R™™ is a matrix-function, then \/(X) is the sum of total variations on [a, b] of its

a
b—

t
components; \/(X) = tlirl? V(X).
—b= @

X (t—) and X(t+) are, respectively, the left and the right limits of the matrix-function X :
[a,b] — R™ ™ at the point t.

BV ([¢,d],R™™) is the set of bounded variation matrix-functions on [c, d].

BVioe([a, b[; R™ ™) is the set of all locally bounded matrix-functions.

If X € BVoe([a, b[; R**™), then

(X ()2 (VX)) + X(2))-

1
2

(VX)) = X(@), [X®

81,82, S¢ : BVioe([a, b[; R) = BVe([a, b[; R) are the operators defined, respectively, by

s1(x)(a) = sa(x)(a) =0,  sc(z)(a) = z(a),
si(@)(t) = si(x)(a) + Y diz(r),  s2(x)(t) = sa(2)(a) + Y doa(7),

a<t<t a<t<t

2
Se(x)(t) = se(z)(a) + z(t) — x(a) — Zsj(x)(t) for a <t <b.

If g : [a,b] — R is a nondecreasing function and z : [a,b] — R, then

t
/x(T)dg(T)Z /w(T)dSc(g)(T)Jr Y a(m)dig(r) + Y x(7) dag(r)
s ]S,t[ s<T<t s<t<t

for s <t;s,t € |a,bl,
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where [ x(7)dsc(g)(7) is the Lebesgue—Stieltjes integral over the open interval |s, ¢[ with respect to
Js;t]

¢
the measure corresponding to the function s.(g). So [ z(7)dg(7) is the Kurzweil integral ( [10,11]).
S

t— t—5
We put [ z(7)dg(r) = lims_o4 [ z(7)dg(T).

S

IfG= (Qlk)iZﬂ :[a,b] = R>X™ and X = (Thj) g jeg * @, 0] — R™X™ then

I,m

j dG(r)- X(1) = <an j l”kj(T)dgik(T))
p k=17

,j=1

We introduce the operators A(X,Y), B(X,Y) and Z(X,Y) in the following way:

(a) if X € BVipe(L;R™ ™), det(I, + (—1)7d;j X (t))£0 for t € I (j = 1,2), and Y € BV o (I; R™*™),
then A(X,Y)(a) = Opxm,

AX YY) =Y (M) -Y(a) + Y diX(7)- (I, —diX(r) ' diY(r)

a<t<t
= Y X (1) (In + d2 X (7)) doY (7);
a<t<t
(b) if X € BVjpe(I;R™™) and Y : I — R™ ™ then B(X,Y)(a) = Onxm,

BX,Y)(t)=Xt)Y(t) — X(a)Y(a) — /dX(T) Y (7);

a

(c) if X € BVjpe(I;R™™), det(X (¢)) # 0, and Y : T — R"™ " then

Z(X,Y)(a) = Opsm, Z(X,Y)(t) = /d(X(T) + B(X,Y)(7)) X7 (7).

In addition, let V;(®, A, ) : BV (I;R™) — R (j = 1,2) be operators defined, respec-
tively, by

T

V1(<I>,A*,F)(t,r)—/<1>1(s)dV(A(A*,F))(s)~<I>(s) and

t
pu

Vo (P, Ay, F)(t,T) = /@1(3) dV(A(A., A)(s) - |F(s)] for a <t <7 <b.

t

A vector-function z : I — R" is said to be a solution of system (1) if x € BV,.(I,R™) and

z(t) = z(a) + /dA(T) cx(1)+ f(t) — f(a) for tel.
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We assume that det(I, + (—1)7d;jA(t)) #0fort €I (j = 1,2).

The above inequalities guarantee the unique solvability of the Cauchy problem for the corre-
sponding nonsingular systems, i.e., for the case when A € BV ([a,c];R"*") and f € BV(][a, c|;R")
for every c € I.

Let a matrix-function Ay = (awi)?—; € BViee(I; R™*™) be such that det(I,,+(—1)d;A.(t)) # 0
fortel (j=1,2). ’

Then a matrix-function Cy : I x I — R™ ™ is said to be the Cauchy matrix of the homogeneous
system dz = dA,(t) - z, if, for each interval J C I and 7 € J, the restriction of the matrix-function
Cu(-,7) : I — R™™ on J is the fundamental matrix of the system, satisfying the condition
Cy(t,7) = I,. Therefore, C, is the Cauchy matrix of the system if and only if the restriction of C,
on J x J is the Cauchy matrix of the system in the regular case. Let X, (1) = Ci(-, 7).

Definition 1. Problem (1),(2) is said to be weakly ®-well-posed with respect to the matrix-
function A, if it has the unique solution zy and for every sequences of A,, and f,, (m =1,2,...)
such that

det (I, + (—=1)7djAp(t)) #0 for t €I (j=1,2), (4)

for each sufficiently large m, and the conditions

Jim [Vi(@, Ae, Ay — A)(8,0-)| =0, (5)
mgquoo“]b(q)aA*,fm_f)(t7b_)H =Y (6)
lim (@75 (E) (fm () = F(5) = @71 (0=) (fm(b=) = F(0=))[| =0 (7)

m—-+00

hold uniformly on I, problem (3), (2) has the unique solution z,, for each sufficiently large m and

lim H<I>_1(t) (Zm(t) — zo(t))|| = 0 uniformly on I. (8)

m——+00

Definition 2. Problem (1),(2) is said to be strongly ®-well-posed with respect to the matrix-
function A, if it has the unique solution zy and for every sequences of matrix-and vector-functions
Ay, and f,, (m = 1,2,...) such that condition (4) holds for every sufficiently large m and the
conditions (6) and

im Vi@, A fon = £)(800)] = 0

hold uniformly on I, problem (3), (2) has the unique solution z,, for each sufficiently large m and
condition (8) holds.

Remark 1. If problem (1), (2) is strongly well-posed, then it is weakly well-posed, as well, because

Vi@, v fro = DED| < (87O nt) = (1) = 8T (fl7) — 1))
+ Ve (@, A frn — )t 7T)|] for a<t<T <D

Definition 3. We say that the sequence (A, fm) (m =1,2,...) belongs to the set Sa, (A, f; P, b),
i.e.,

(A, fin)) ) € Sa (A, f1 @), 9)

if problem (3), (2) has the unique solution z,, for each sufficiently large m and condition (8) holds.

Let I1(6) = [b— 9, b[ for every 6 > 0.
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Theorem 1. Let there exist nonnegative constant n X n matrices By and B such that
r(B) <1, (10)

the estimates |Cy(t,7)| < ®(t)Be® (1) forb— 6 <t <7 < b and

< H(t)B for t € I1(9)

h—
[ 1csaviai - 4 - o

fulfilled for some § > 0. Let, moreover,

lim H / OL(t) Cu(t, 7) dA(A., £)(7)

t—b—

=0.

t

Then problem (1), (2) is weakly ®-well-posed with respect to A.

Theorem 2. Let there exist a constant matriz B = (bj)},_; € R™ such that conditions (10)
and

(=1 djaiu(t)], > =1 for tel (j=1,25i=1,...,n)
hold, and the estimates

hi(t)
i(T)

ci(t,7) < by

for b—o0<t<7<b (i=1,...,n);

>

b—
‘/Ci(t,T)hi(T) d[aii(T)]”‘ S bn‘ hl(t) f07’ t e I((S) (Z = 1,.. .,n),

t
b—

‘ / ci(t, )i (1) AV (A(asis, air,) ) (1)

t

szkhz(t) fOT teI(d) (Z;ﬁk, i,k:l,...,n)

fulfilled for some by > 0 and 6 > 0. Let, moreover,

b—
. C’i(th) .
1 d wiis Ji = =1,...,n),
dim [ AV A )0 =0 (=1, )
t
where a.;i(t) = [ay(t)]% (0 = 1,...,n), and ¢; is the Cauchy function of the equation dr =

x dayii(t). Then problem (1), (2) is weakly ®-well-posed with respect to the matriz-function A.(t) =
diag(as11(t), ..., Genn(t)).

Theorem 3. Let conditions of Theorem 1 be fulfilled and let there exist a sequence of mon-
degenerated matriz-functions Hy, € BViee([a, b[; R™*™) (m =1,2,...) such that

Jim @~ (t)H,, () ®(t) — L || = 0, (11)

mlirﬂm [Vi(®, Ay, A, — A)(t,0—)|| = 0, (12)

oim Vo (@, A, fr, = F)(8,0-)[| =0, (13)

lim ([~ ()(fm(t) = f(1)) = @7 (b=)(fr,(b=) — F (b)) =0 (14)

m—r+00

hold uniformly on I, where A, (t) = Z(Hp,, Ap)(t) and [} (t) = B(Hp, fm)(t). Then inclusion
(A%, FEN2 € Sa. (A, f;®) holds.
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Theorem 3 has the following form for H,,(t) = I, (m =1,2,...).

Corollary 1. Let conditions of Theorem 1 be fulfilled and conditions (5)—(7) hold uniformly on I.
Then inclusion (9) holds.

Theorem 4. Let conditions of Theorem 1 be fulfilled and let, moreover,
IBoll l|(In — B)~'|| < 1 (15)

and
b_

70 [avias) o

t

lim sup < +o00.

t—b—

Then inclusion (9) holds if and only if there exist the sequence of matrix functions H,, €
BVioe([; R™*™) (m =1,2,...) such that

lim sup H [ 6 aviaa, 406 - o

< 400 for a <t <T<Db,

D =0 (16)

and conditions (11)—(14) hold uniformly on I, where the matriz- and vector functions A%, and f},
(m=1,2,...) are defined as in Theorem 3.

t—b—

b
lim sup (H(Ifl(t)(f;(t) RO+ ch—l(t) [avias) 156 - 56

Theorem 4'. Let conditions of Theorem 4 be fulfilled. Then inclusion (9) holds if and only if
conditions (13), (14) and
lim || (£)(Xm(t) — Xo(1)]| = 0

m——+00

hold uniformly on I, where Xy, X,, are the fundamental matrices of systems (1), (3), respectively,
and £2,(t) = B(Xo X!, fu)(t) (m=1,2,...).

Remark 2. In Theorem 4, condition (15) is essential and it cannot be neglected, i.e., if the
condition is violated, then the conclusion of the theorem is not true, in general. Below we present
an example.

Let I =1[0,1],n=1,b=1,B=0,By=1,®(t) = 1—t; A(t) = Apn(t) = Ac(t) =In(1—t) (m =
1,2,...);

t
ft) =0, fn(t)=— ;/ (=1 (m=1,2,...).
0

Then Cyi(t,7) = 1—t(1 — 7)Y 2(t) = 0, 2p(t) = (1 — t)smM (m = 1,2,...). So, all
conditions of Theorem 4 are fulfilled, except of (15), but condition (8) is not fulfilled uniformly
on I.

References

[1] M. T. Ashordia, On boundary value problems for systems of linear generalized ordinary dif-
ferential equations with singularities. (Russian) Differ. Uravn. 42 (2006), no. 3, 291-301;
translation in Differ. Fqu. 42 (2006), no. 3, 307-319.



REPORTS OF QUALITDE, Volume 2, 2023 9

2]

[7]

M. T. Ashordia, On some boundary value problems for linear generalized differential systems
with singularities. (Russian) Differ. Uravn. 46 (2010), no. 2, 163-177; translation in Differ.
FEqu. 46 (2010), no. 2, 167-181.

M. Ashordia, The initial problem for linear systems of generalized ordinary differential equa-
tions, linear impulsive and ordinary differential systems. Numerical solvability. Mem. Differ.
Equ. Math. Phys. 78 (2019), 1-162.

M. Ashordia, On the well-posedness of the Cauchy problem with weight for systems of linear
generalized ordinary differential equations with singularities. Georgian Math. J. 29 (2022),
no. 5, 641-659.

M. Ashordia and N. Kharshiladze, On the solvability of the modified Cauchy problem for linear
systems of impulsive differential equations with singularities. Miskolc Math. Notes 21 (2020),
no. 1, 69-79.

M. Ashordia, I. Gabisonia and M. Talakhadze, On the solvability of the modified Cauchy
problem for linear systems of generalized ordinary differential equations with singularities.
Georgian Math. J. 28 (2021), no. 1, 29-47.

V. A. Chechik, Investigation of systems of ordinary differential equations with a singularity.
(Russian) Trudy Moskov. Mat. Obshch. 8 (1959), 155-198.

J. Groh, A nonlinear Volterra-Stieltjes integral equation and a Gronwall inequality in one
dimension. Illinois J. Math. 24 (1980), no. 2, 244-263.

I. T. Kiguradze, Some Singular Boundary Value Problems for Ordinary Differential Equations.
(Russian) Izdat. Tbilis. Univ., Thilisi, 1975.

J. Kurzweil, Generalized ordinary differential equations and continuous dependence on a pa-
rameter. (Russian) Czechoslovak Math. J. 7(82) (1957), 418-449.

S. Schwabik, M. Tvrdy and O. Vejvoda, Differential and Integral Equations. Boundary Value
Problems and Adjoints. D. Reidel Publishing Co., Dordrecht—Boston, Mass.—London, 1979.



