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The Critical Case of the Matrix Differential Equations’ Systems

V. V. Karapetrov
Odessa 1. I. Mechnikov National University, Odessa, Ukraine

This paper considers a system of M linear matrix differential equations with coefficients, de-
picted in the form of absolutely and uniformly convergent Fourier series with slowly variable in a
certain sense coefficients and with the frequency (class F'). This system is close to the block-diagonal
system with slowly changing coefficients. We are looking for a transformation with coefficients of a
similar type which brings this system to purely block-diagonal form. Regarding the coefficients of
this transformation, chews a quasi-linear system of matrix differential equations, which decays on
M independent subsystems, each of which has the form of some auxiliary nonlinear systems. We
obtained conditions of existence of the desired transformation for this auxiliary system in a critical
case.

1 Basic notation and definitions

Let
G(eo):{(t;s): teR, e [0;e), 506R*}.

Definition 1.1. Let’s say that the function p(t;e) belongs to the class S(m;ep) if the following
conditions are true

(1) p: Gle) > C:
(2) pt;e) € C™(G(eo)) for t;
®) k
THEE) _ chpyitze) (0 <k <m),

where

m
def
Ipllsmsee) = Y sup [pr(t;e)| < +oo.
k=0 G(eo)

Definition 1.2. Let’s say that the function f(¢;e;0(¢;¢)) belongs to the class F(m;egp;6) (m €
N U {0}), if this function can be represented in the following form:

+o00
fte50(te) = > faltse) explinf(t;e)),

where
(1) falt;e) € S(m;e0) (n € Z);
(2)
def =
1l panszeey = > Ifnllsomies) < 005

n=—oo
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3)

t
oltie) = [ e(ric)dr, ¢ €, p e Slmizo) inf ltie) = 0 >0,
€0
0

Definition 1.3. Let’s say that the matrix A(¢;€) = (a;(t;€)); ,_1 v belongs to the class Sy(m;eo)
(m e NU{0}), in case aj, € S(m;e0) (j,k =1, N).
Let’s define the norm

def
HA(t; 5)HSg(m;so) - 1?3\'}( Z Hajk t € HS (m;e0)
Definition 1.4. Let’s say that the matrix B(t;e;0) = (bji(t;e _
F>(m;e0;0) (m € NU{0}), in case bji(t;e;0) € F(m;e0;0) (j,k=1,N).
Let’s define the norm

))] w—1v belongs to the class

def

1Bt 5 0) o) mﬁz 1045 0) L o

Note that in case By € Fy(m;ep;0), Ba € Fy(m;eo;0), the following conditions are true:
(1) Bi+ By, B1By € Fg(m; 80;9),
(2) HBl + BQHFQ(m;Eo;G) < HBl‘|F2(m;ao;9) + ||B2”F2(m;60;9)7

(3) HBlBQHFQ(m;Eo;G) < 2m||Bl||F2(m;eo;9) : HBQHF2(m;€o;0)-

2 Statement of the problem

The following system of linear matrix equations is considered

M
dX; 3 —
W = A](t,g)X] + ,LLkZl Bjk(t,E,G)Xk, ] = 1,]\4'7 (21)

where X; are unknown square matrices of the order IV, belonging to some closed bounded region
D c CNXN_ CN*N js the space of complex-valued matrices of dimension (N x N). Also, let
Aj(t,e) € Sa(mseon), Byj(t,e,0) € Fa(m;eo:0), € (0,1) be real parameter.

We are looking for the transformation

X] = ij + Zij(t7579(t7€)7ﬂ)Yk7 J=1M, (22)
k=1
iy

in which Qjx(t,e,0(t,€), 1) (j,k = 1, M) are unknown square matrices of dimension N x N that
belong to the class Fy(mi;e1;0) (m1 < mo; €1 < £9) which brings system (2.1) to the form
dy;
7; = Vj(ta £,0, n)Yj, (2.3)

where Vj(t,e,0, 1) € Fa(my;eo; ).



114 V. V. Karapetrov

Using transformation (2.2) with respect to unknown functions Q;x(t,e,0, ) (7 = 1, M) we will
get the system

dQ;
dt]k = A;(t.e)Qjk — QirAx(te) + u(Bj;(t,&,0)Qjk — QjxBrx(t, €, 0))
M M
+ ﬂBjk(t’ g, 9) + u Z Bjs(t7 £, H)st - Mij Z Bks(ta g, H)st, jv k= 1a Mv ] 7é k. (24>
s=1 s=1
s#£7j, s#k s#k

So, system (2.1) turns into

M
dY;
EI Vit 0,1)Y; = (quj(t,E,H) FA(e) + ZBjS(t,s,o)Qsj)Yj, j=T,M.  (25)
dt 2

s#j

The following lemma takes place.

Lemma 2.1. Let the matrices Aj(t,e) (j =1, M) in system (2.4) be such that there are matrices
Lj(t,e) (j =1, M), for which the following conditions are true:

(1) Ly(t,e) € Sao(mse) (j =1, M);
(2) |det(L;(t,e))| > ag >0 (j =T, M);

(3)
LiH(t,e)Aj(t,e)Ly(t,e) = Dj(t,e) (5 =1, M),
in which Nj(t,e) (j = 1,M) — lower triangular matrices of the Nth order of the class
Sa(m;ep).
Then using the transformation
Qjk = Lj(t, o)Ly (te) (j,k=1,M, j#k), (2:6)
system (2.4) is reduced to the next system
dYig 1 dL; _ dLy
TZ = Nj(t, &)Yk — Vi Oy (te) = L7} (th Yji = YLy (t,€) I

+ u(L;*(t,€) Byj(t,e,0) Ly(t,€)Yik — YirLy, ' (t,€) Br(t, €, 0) Li(t, €))

M
+ ,ML;l(t, €)Bji(t,e,0)Li(t,e) + p Z L;l(t, €)Bjs(t,e,0)Ls(t, €)Yy

s, s
M
— WYk Y L' Bis(t,e,0)Ls(t,6) Yk, jik =T, M (j #k). (2.7)
ke

3 Main results

Lemma 3.1. Let the following system of matriz differential equations be given:

M
ay;
Tlt] = Dji(t,e)Qjr — QjrDja(t, €) + nFj(t,e,0) + p E Pjsi(t,e,0)YPjsa(t, €, 0)
s=1

M
- NY} Zstl(t7579)Y:§Rj32(t7570) - EHjl(ta‘E)Y} - 5}/jHj2(t7€)7 ] = 17Ma (31)
s=1
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where Dji(t,e) = (dj1 (t,€))g =1 Djo(t,e) = (dj2 (t,€)) o p=Tw — lower triangular matrices of
the class Sy(m;eg), Fj(t,e,0), jsl(t e,0), Pje(t,e,0), ]sl(t ,0), Rjs(t,e,0) is in the class
Fy(m;e0;0), Hji(t,e), ng(t e) are in the class Sa(m — 1;e0),p € (0,1) is a real parameter. And
let the conditions be fulfilled:

(1%
k1 -
Gl(Ig)) ‘daﬁ (t,e) —dap(t,e) —mcp(t,e)} > bo > 0,

Gl(nf)‘d E) — daﬁ(t ) —iny(t, 5)}2b0>0 VYneZ, j,k=1,N, j#k.
=

At €) — dE(t,€) = iwp(t,e), win(t,e) R,
G%?f) lwjk(t,e) —np(t,e)| >bp >0 VneZ, jk=1,N.
€0

Then there exist constants p1 € (05 po),e2 € (0; o) such that for all p € [0; uz) and for all
e € (0,e2), system (3.1) has a partial solution of the class Fo(m — 1;2;0).

Condition (2°) shows that in this case we are dealing with critical by chance, as opposed to
work [8], in which it is assumed that

Re (5(t,¢) — di3(t,e)| 2y >0 (j=1,M, k=1,N).
The next theorem takes place.

Theorem 3.1. Let system (2.4) satisfy the conditions of Lemma 3.1, and let system (2.7), obtained
by transformation (2.6), for each k = 1, M satisfy all the conditions of Lemma 3.1. Then there
exist pg € (0;1), ea(p) € (0;e0) such that for all p € (0;5e4) and for all € € (0;e4(p)) there exists
the transformation of the form (2.2), in which the coefficients Q;i(t,€,0(t,<), ) belong to the class
Fo(m —1;e4(p); 0), that brings system (2.1) to the form (2.3), in which Vj(t,e,0, 1) are determined
by formulas (2.5).

For matrix systems of this type, such a result was not obtained before. In previous works [9] a
matrix differential equation was considered:

dX

- = A(t,e)X — XB(t,e) + P(t;e0;0) + pu®(t; e0;0; X), (3.2)
where X is an unknown square matrix of order IV, that belongs to some closed limited area D C
CN*N | where CV*¥ is the space of complex-valued matrices of dimention N x N, A(t;¢), B(t,¢) €

Sa(m;eg), P(t;e0;60) € Fa(m;eo;0). Tt is also assumed that ®(t;ep;0; X) is a matrix-function that
belongs to the class Fa(m;ep; @) with respect to m,ep, 0 and is continuous over X in D. p is a real
parameter.

For equation (3.2) in the critical case, the issue of the presence of partial class solutions was
studied F(mq;e1;60) (m1 < m;e1 < ep).

The results of the works [1-7,10] were used for obtaining our results.
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