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The study of weakly nonlinear boundary value problems for systems of ordinary differential
equations is a traditional direction for the Kyiv school of nonlinear oscillations [3, 11]. A special
critical case for such problems occurs when the equation defining the generating solution turns
into an identity [4, 11]. Necessary and sufficient conditions for the solvability of weakly nonlinear
boundary value problems in a special critical case are found in the work [4].

1 Statement of the problem
We study the problem of constructing a solution

z(t, ε) : z( · , ε) ∈ C1[a, b], z(t, · ) ∈ C[0, ε0]

to the boundary value problem [3,4, 11]

dz

dt
= A(t)z + f(t) + εZ(z, t, ε), ℓz( · , ε) = α+ εJ(z( · , ε), ε). (1.1)

We look for the solution of problem (1.1) in a small neighborhood of the solution of the generating
Noetherian (m ̸= n) boundary value problem

dz0
dt

= A(t)z0 + f(t), ℓz0( · ) = α, α ∈ Rm. (1.2)

Here A(t) is an (n×n)-dimensional matrix and f(t) is an n-dimensional column-vector, the elements
of which are real functions continuous on the segment [a, b], ℓz( · ) is a linear bounded vector
functional

ℓz( · ) : C[a, b] → Rm.

Nonlinearities Z(z, t, ε) and
J(z( · , ε), ε) : C[a, b] → Rm

of the boundary value problem (1.1) are assumed to be twice continuously differentiable with respect
to the unknown z in a small neighborhood of the generating solution and by a small parameter ε in
a small positive neighborhood of zero. In addition, we consider the vector function Z(z, t, ε) to be
continuous with respect to the independent variable t on the segment [a, b]. We study the critical
case (PQ∗ ̸= 0), and we assume that the condition

PQ∗
d

{
α− ℓK[f(s)]( · )

}
= 0 (1.3)
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is fulfilled. In this case, the generating problem has an (r = n− n1)-parametric family of solutions

z0(t, c0) = Xr(t)c0 +G[f(s);α](t), c0 ∈ Rr.

Here X(t) is a normal (X(a) = In) fundamental matrix of a homogeneous part of the generating
system (1.2), Q := ℓX( · ) is an (m× n)-dimensional matrix,

rankQ = n1, Xr(t) = X(t)PQr ,

PQr is an (n× r)-matrix formed from r linearly independent columns of an (n× n)-orthoprojector
matrix

PQ : Rn → N(Q),

PQ∗
d

is an (r × n)-matrix formed from r linearly independent columns of an orthoprojector

PQ∗ : Rm → N(Q∗),

and
G[f(s);α](t) = X(t)Q+

{
α− ℓK[f(s)]( · )

}
+K[f(s)](t)

is a generalized Green operator of the generating boundary value problem,

K[f(s)](t) = X(t)

t∫
a

X−1(s)f(s) ds

is Green’s operator of the Cauchy problem of the generating system, Q+ is the pseudo-inverse
Moore–Penrose matrix [3]. To find the necessary conditions for the existence of solutions

z(t, ε) = z0(t, c0) + x(t, ε)

of problem (1.1) in the critical case, the equation for the generating constants

F0(c0) := PQ∗
d

{
J(z0( · , c0), 0)− ℓK

[
Z(z0(s, c0), s, 0)

]
( · )

}
= 0

is traditionally used [3, 4, 8, 11]. Let us consider a less studied case when the equation for the
generating constants turns into the identity [2, 4, 11]:

F0(c0) ≡ 0, c0 ∈ Rr. (1.4)

The boundary value problem (1.1) under condition (1.4) according to I. G. Malkin’s classification
[11, p. 139] represents a special critical case, since the traditional scheme of analysis and construction
of solutions [3, 8] for such problems is not applicable. In articles [2, 5], the equation for generating
constants is constructed, which determines the necessary conditions for the existence of solutions
to problem (1.1) in the special critical case. The sufficient condition for the existence of solutions
to problem (1.1) in a special critical case is the simplicity of the roots of this equation [2, 5]. We
have found conditions for the existence of solutions to problem (1.1) in the special critical case in
the presence of multiple roots of such an equation [2, 5].
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2 Equations for generating functions
To find the necessary conditions for the existence of solutions z(t, ε) to problem (1.1) in a small
neighborhood of the solution of generating problem (1.2) in article [7], the following equation is
proposed:

F(c0(ε)) := PQ∗
d

{
J(z0( · , c0(ε)), ε)− ℓK

[
Z(z0(s, c0(ε)), s, ε)

]
( · )

}
= 0.

Consider the case when the equation for generating constants turns into an identity:

F0(c0) ≡ 0, F(c0(ε)) ̸≡ 0.

The solution of the nonlinear boundary value problem (1.1) in a particularly critical case is naturally
sought in the vicinity of the solution

z0(t, c0(ε)) = Xr(t)c0(ε) +G1(t, c0(ε))

of the modified generating boundary value problem

dz0(t, c0(ε))

dt
= A(t)z0(t, c0(ε)) + f(t) + εZ

(
z0(t, c0(ε)), t, 0

)
, (2.1)

ℓz0( · , c0(ε)) = α+ ε J
(
z0( · , c0(ε)), 0

)
;

here
G1(t, c0(ε)) := G

[
f(t) + εZ

(
z0(s, c0(ε)), s, 0

)
;α+ ε J

(
z0( · , c0(ε)), 0

)]
(t).

Under condition (1.3), the equality

z0(t, c0(0)) = z0(t, c0)

holds, therefore, in the special critical case (F0(c0) ≡ 0), for any value of c0 ∈ Rr, the generating
boundary value problem (2.1) is solvable. The necessary and sufficient condition for the solvability
of the boundary value problem (1.1) in the special critical case has the form

F (c(ε)) := PQ∗
d

{
J
(
z0( · , c0) + x( · , ε), ε

)
− ℓK

[
Z(z0(s, c0) + x(s, ε), s, ε)

]
( · )

}
= 0. (2.2)

Directing in equality (2.2)
z(t, ε) → z0(t, c0(ε))

with a fixed value of ε, we obtain the necessary condition for the solvability of boundary value
problem (1.1)

F0(c0(ε), ε) := PQ∗
d

{
J(z0( · , c0(ε)), ε)− ℓK

[
Z(z0(s, c0(ε)), s, ε)

]
( · )

}
= 0. (2.3)

In this way, the following lemma is proved.

Lemma. Suppose that for the boundary value problem (1.1) there is a special critical case and
condition (1.3) of the solvability of the generating problem is used. Let us also assume that in a
small neighborhood of the generating solution z0(t, c

∗
0(ε)) problem (1.1) has a solution

z(t, ε) : z( · , ε) ∈ C1[a, b], z(t, · ) ∈ C[0, ε0].

Then the vector c∗0(ε) ∈ Rr satisfies equation (2.3).
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Equation (2.3) defines the generating solutions z0(t, c
∗
0(ε)), in the small neighborhood of which

the sought solutions of boundary value problem (1.1) for the special critical case can be found.
By analogy with weakly nonlinear boundary value problems in critical case [3], equation (2.3) will
be called the equation for generating functions of the boundary value problem (1.1) in the special
critical case. In contrast to article [7], equation (2.3) is built on the basis of the auxiliary boundary
value problem (2.1), and not the original generating boundary value problem (1.2), which will be
obtained from this problem at ε = 0. To find the solution c∗0(ε) ∈ Rr of the nonlinear equation (2.3),
the Newton–Kantorovich method can be used [1, 6, 9]. The smoothness of the vector c∗0(ε) ∈ Rr

significantly affects the form of the sought solution of the boundary value problem (1.1).
The proposed scheme of studies of the nonlinear boundary value problem (1.1) for the special

critical case is a generalization of the results for boundary-value problems for systems of differential
equations [1, 3, 4, 8, 10–12].
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