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We consider the following differential equation

y" = aop(t)eo(y )1 (y). (1)

In this equation the constant «y is responsible for the sign of the equation, functions p : [a,w][—
10,400 (-0 < a < w < +00) and @; : Ay, —10,+0o0] (i € {0,1}) are continuous, Y; € {0, oo},
Ay, is the some one-sided neighborhood of Y;.

We also suppose that function ¢; is a regularly varying as y — Yj function of the index
o1 [7, pp. 10-15], function g is twice continuously differentiable on Ay, and satisfies the next
conditions

/o / . / . (PO(y/)‘P{)/(yl)
woy') #0 as y € Ay, lim ¢o(y') € {0, +o0}, lim ——2——~ —=1. 2
0( ) 0 VYo ( ) { } VYo (@6(?//))2 ( )
y' €Ay, y'€ Ay,

It follows from conditions (2) that the following statements are true

(v") ) - Yeey)
~ as y € Ay,, lim —/—-—===+o0. (3)
eo(y')  woly) Cysye woly)
y'€ Ay,

Also it follows from the above conditions (3) that the function ¢ and its first-order derivative
are rapidly varying functions as the argument tends to Yp [1].

So (1) is the second order differential equation that contains in the right-hand side the product
of a regularly varying function of unknown function and a rapidly varying function of the first
derivative of the unknown function.

In the previous works (see, for example [2]) we obtained results for the second order differential
equation containing a rapidly varying function of unknown function and a regularly varying function
of its first derivative.

For equation (1) we consider the following class of solutions.

Definition 1. The solution y of the equation (1), that is defined on the interval [ty,w|[C [a,w], is
called P, (Yp, Y1, \g)-solution (—oo < Ay < +00), if the following conditions take place

; . /t 2
v ol Ay, limy(0) =Y (1=0,1) lim W ()”

o y@
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In the work we establish the necessary and sufficient conditions for the existence of P,,(Yp, Y1, Ao)-
solutions of the equation (1) in case Ao = 1 and find asymptotic representations of such solutions
and its first order derivatives as ¢t T w.

According to the properties of such B, (Y, Y1, 1)-solutions (see, for example, [4]) we have that

/ 1!
lim y (t) = lim y'(t) ,
ttw y(t) ttw y'(t)

and
t)y'(t t = )
m M — ZEOO7 ﬂ-w(t) — as w +OO
tthw  y(t) t—w as w< 400,
So we have that each such P, (Y, Y1, 1)-solution and its first-order derivative are rapidly varying
functions as ¢t T w and this case of P, (Yp, Y1, Ag)-solutions is the most difficult.

Let the solution y of equation (1) is a P, (Yp, Y1, 1)-solution. Note that the function y(t(y)),
where t(y') is an inverse function to y/(t), is a regularly varying function of the index 1 as ¢y’ — Y}

(y/ S AYO)'
Indeed, the following statement is true
/ ANNY ! /YY) 2
A CIL100)) R U1 1%))
v y(t(y) v y(Ey)y" (1Y)
Definition 2. Let Y € {0,00}, Ay be some one-sided neighborhood of Y. A continuous-diffe-

rentiable function L : Ay —]0;+oo[ is called [6, pp. 2-3] a normalized slowly varying function as
z =Y (z € Ay) if the next statement is true

!
i VX W)
y—Y  L(y)
YyEAY

=0.

Definition 3. We say that a slowly varying as z — Y (z € Ay ) function 0 : Ay — |0; +o0o[ satisfies
the condition S as z — Y, if for any continuous differentiable normalized slowly varying as z — Y
(z € Ay) function L : Ay, —]0;4o00| the next relation is valid

0(zL(z)) =0(z)(1+o0(1)) as z—Y (z € Ay).

Definition 4. Let’s define that a slowly varying as z — Y (z € Ay) function Lg : Ay —]0; 4o00]
satisfies the condition S; as z — Y if for any finite segment [a;b] C ]0;+o00] the next inequality is

true IO\
limsup |In|z]| - ( (\2) _ 1)‘ < 400 for all A € [a;d].
z—Y L(Z>
zEAY
Note that

Yo L
1 L
Y, if /|s|012g06’12(8)ds::|:oo,
Y0
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¢M%ﬂ@ﬁﬂwﬂ%”®%,&:
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Yo )
o
Yy, if /|5|"12g0§12(5)ds:const,
it

0(z) = or(2)|2| 7, Zo= lim ®o(y), cpl(y'):/cpo(s)ds, Zi= lim @y(y),

1
y' =Yy y' =Yy
yIEAyo Bo yGAYO
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. a, if / P71 (1) dr = 400,
R G L .,
Ao w, if /p2—1f’1 (1)dr < 400
in the case ltle Iy(t) = Zp and sign Ip(t) = sign Py(y), let
( w
. 1
' b, if / — dr = +o00,
1 Py (1(7)
]1(t) = / 1 dr, A; = bw
@, (lo(7)))) 1
1 w, if — dr = const, b€ [a;w],
| 257 (n)
( w
I
. b, if /( O(T))dT::I:oo,
Io(7) L(7)
Bt = [ (P dr 2= ,
P Ii(7) " / (I()(T)) p ;
w, i T = const.
I (7)
\ b
Note 1. The following statements are true:
1)
o1
vy (2)
Po(z) = (01— 1) =F——==[1+0(1)] as z =Yy (2 € Ay,).
©o(2)
From this we have
sign(¢f(2)®o(2)) = sign(oy — 1) as z € Ay,.
2)
05(2)
Dy(z) = z‘I?’O(z) [14+0(1)] as z = Y] (2 € Ay).

From this we have
sign(®1(2)) = yy as z € Ay,.

3) The functions @ Land <I>f1 exist and are slowly varying functions as inverse to rapidly varying
functions as the arguments tend to Yy functions.

4) The function ¥} (@1_1) is a regularly varying function of the index 1 as the argument tends
to Yp.

Note 2. The function 6;(y(t(y'))) is a slowly varying function for ' — Yy (v € Ay,) as a
composition of regularly and slowly varying functions as ¥’ — Yy (v € Ay,).

Let’s consider the function 61 (y(I; !(2))), where I !(2) is the function inverse to the function
I1(t), and it can be proved that 6, (y(I7'(2))) is a slowly varying function as z — Z;.
Indeed,
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lim 2(01 (y(I7 ' (2)))) ~ lim 201 (I '(2) z/(Ifl(z»)
—71 0 (y(I;7(2))) =20 \ O1(y(I71(2)  L(I;(2))
~ lim <y(111(z))9’1(y(11(z)>) Yo '(2) YT YU (2)))
z=Zo 01(y(1; ' (2))) (w1 (171 (2)))))?
y oy (I '(2))) . 20y (171 (2))) )_0
yITH )Y (Y (I (=) () (1 7(2)))

Let the function <I>f1 satisfy the condition S, and we have that
y'(t) = @7 (L)1 +o(1)] as tTw.
The following theorem takes place.

Theorem 1. Let 01 € R\ {1}, the function 01 satisfy the condition S, and the functions 61 and
(1?1_1 . %(@1_1) satisfy the condition Sy. Then for the existence of P,(Yo, Y1, 1)-solutions of equation
(1) it is necessary, and if the following condition takes place

(o1 —2) - ydIo(t) - Ir(t) > 0 as t € [a;w], (4)

and there is a finite or infinite limit

| Ww(t)li (t) |
I (t)

In|h(t)]
then it is sufficient the fulfillment of the next conditions

Yoo > 0, ltiTm@fl(Ig(t)) = Yo, lim L(t) = 7, (5)
@ (P (Ia(1)))
lim L 22— 6
tTw Il(t)Ié(t) ( )
-1
0 .
Lt telb; lim —— =Y,
yo - 1i(t) <0 as t €]bwl, i (7)

LR -0 ()
e @ (@ (T2(0)) (1)

~1. 8)

Moreover, for each such solution the next asymptotic representations as t 1 w take place:

I5(t) 11 (1)
()4 (@7 (11(1)))

During the proof of Theorem 1, equation (1) is reduced by a special transformation to the equi-
valent system of quasilinear differential equations. The limit matrix of coefficients of this system
has real eigenvalues of different signs.

We obtain that for this system of differential equations all the conditions of Theorem 2.2 in
[5] take place. According to this theorem, the system has a one-parameter family of solutions
{z:}2_, : [z1, +oo[ = R? (21 > m0), that tends to zero as z — +oo.

Any solution of the family gives raise to such a solution y of equation (1) that, together with
its first derivative, admit the asymptotic images (9) as t 1 w. From these images and conditions
(5)—(8) it follows that these solutions are P, (Yp, Y7, 1)-solutions.

y'(t) =27 (L)L +o(1)], y(t) = L [1+o(1)]. (9)
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