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1 Introduction. Basic definitions
For a positive integer n, by M,, we denote the class of linear differential systems
t=A(t)z, xeR", t>0, (1.1)

whose coefficient matrices A(-): [0, +00) — End R™ are piecewise continuous and bounded on the

time half-line ¢ > 0. By CM,, we denote a subclass of the class M,,, consisting of systems with

continuous coefficients on the half-line. We identify system (1.1) with its coefficient matrix and

write A € M,, or A € CM,,. The linear space of solutions of system (1.1) is denoted by X (A).
The following definition is well known.

Definition 1.1. A system in M,, is said to be exponentially dichotomous or called a system with
exponential dichotomy on the half-line if there exist positive constants c¢i, ¢o and vy, o and a
decomposition of the space R™ of initial data (at t = 0) into a direct sum of subspaces L_ and L
(the case of zero dimension of the subspaces not being excluded) such that the solutions z(-) of
the system satisfy the following two conditions:

(1) if £(0) € L_, then |lz(t)|| < cre™™*¢=9)||a(s)]|| for all t > s > 0;

(2) if 2(0) € Ly, then ||z()|| > coe”?=%)||z(s)| for all t > s > 0.

The study of this class of systems was initiated in Perron’s paper [13]. It was preceded by
fundamental works by Hadamard [10] and Bohl [8], who had developed the same key ideas that
later transformed to the concept of exponential dichotomy. The above definition was actually given
by Maisel’ [11], but it was Massera and Schéffer [12] who stated it explicitly for the first time.
Systems with exponential dichotomy, are one of the most comprehensively studied classes of linear
differential systems, with, in addition, has important application in related branches of the theory
of differential equations (see, e.g., [1]).

The efficiency of the notion of exponential dichotomy is in studying the asymptotics of solutions
of nonlinear systems that are exponentially dichotomous in the first approximation and in its
applications to dynamical systems has served as a reason for diverse generalizations of this notion
within the theory of linear differential systems itself and beyond, e.g. in the theory of evolution
operators and in the theory of linear extensions dynamical systems. We do not give any references
to papers dealing with such generalizations, because there are far too many of them. We only
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mention the papers [14] and [4,5], in which the generalizations of exponential dichotomy are closest
to the ones considered in the present paper.

We denote class of n-dimensional exponentially dichotomous system on the time half-line by
&n and the subclass of systems whose coefficient matrices are continuous of the half-line by C&,.
In Definition 1.1, the positive constant factors ¢; and co are the same for all solutions such that
x(0) € L_ and x(0) € L, respectively (or, in other words, estimates 1) ~ 2) are uniform with
respect to the constants ¢; and ¢ on L_ and L4 respectively). In exactly the same way, estimates
(1) and (2) are also uniform in the time variable; i.e., they hold for all ¢t > s starting from zero for
all x(0) € L_ and z(0) € L.

The question considered in the present paper is as follows. Is the condition that estimates (1)
and (2) be uniform with respect to the constant factors or the time variable a necessary condition
for the exponential dichotomy of system (1.1)7 If yes, how strongly may the known properties of
exponentially dichotomous systems change if these conditions are dropped?

In accordance with the preceding, let us introduce two more definitions.

Definition 1.2. A system in M,, is said to be weakly exponentially dichotomous on the half-line
if there exist positive constants 11 and 9 and a decomposition of the space R™ of initial data (at
t = 0) into a direct sum of subspaces L_ and L. (the case of zero dimension of the subspaces not
being excluded) such that the solutions z( - ) of the system satisfy the following two conditions:

(1) if 2(0) € L, then ||z(t)|| < e1(x)e 19 ||z (s)|| for all t > s > 0;
(2) if 2(0) € Ly, then |lz(t)|| = ca(z)e”2=)||z(s)| for all t > s > 0.

Here ¢;(z) and ca(x) are positive constants generally depending (as hinted in their notation)
on the choice of the solution z( - ).

Thus, the definition of weakly exponentially dichotomous systems differs from the definition of
exponentially dichotomous systems only in that the condition for the estimates to be uniform in
the respective constant factors is dropped.

Definition 1.3. A system in M,, is called almost exponentially dichotomous on the half-line if
there exist positive constants cq, co and vq, o and a decomposition of the space R™ of initial data
(at ¢ = 0) into a direct sum of subspaces L_ and Ly (the case of zero dimension of the subspaces
not being excluded) such that the solutions x( -) of the system satisfy the following two conditions:

(1) if £(0) € L_, then |lz(t)|| < cre =9 ||lz(s)|| for all £ > s > t,;
(2") if £(0) € Ly, then |Jz(t)|| > coe’2t=9)||x(s)| for all t > s > t,.

Here t, is a nonnegative number generally depending (as hinted in their notation) on the choice
of the solution z( - ).

Although conditions (1”) and (2”) imply the uniformity of the estimates in the constant factors
¢1 and ¢g, this is true not for all ¢ > s > 0 (as the case for exponentially dichotomous systems) but
only for t > s greater than some t,, which depends on the solution x( ).

The subspaces L_ and L, from Definitions 1.1-1.3 are called, respectively, stable and unstable
subspaces, and the numbers —v; and v» from Definitions 1.1-1.3 are called dichotomy exponents.

We denote the class of n-dimensional weakly exponentially dichotomous systems by W&, and the
class of n-dimensional almost exponentially dichotomous systems by AE,, with CWE,, and C AE,
being their respective subclasses consisting of systems whose coefficient matrices are continuous on
the half-line. We have the relations & = A& = WE&;. The class W&, was introduced in paper [6],
in which the authors used the constructions in [3] to prove that, in particular, for n > 2 one has
the proper inclusion &, C W¢&,. Inclusion A&, C WE, is obvious (that AE, # WE, if n > 2 is
stated below).
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2 Main results

Lemma. If the system is weakly exponentially dichotomous, then its stable subspaces L_ is uniquely
determined and coincides with subspace Z4 of initial (at t = 0) vectors of solutions vanishing at
infinity, and the subspaces Ly can be selected to be any subspaces complementing the subspace L_
to R™.

A linear subspace of the space X'(A) is called lineal. If L is a linear subspace of R"™, then by
L(A; -) we denote the lineal formed by solutions of the system A € M, with initial (at ¢ = 0)
vectors from the subspace L; herewith L(A;t) is a linear subspace of R", formed by the vectors
x(t) of those solutions z( - ), for which z(0) € L. The lineals L_(A; ) and L1 (A4; ) of the system
A € WE, are called stable and unstable lineals, respectively. For each ¢ > 0, the subspaces L_(A;t)
and Ly (A;t) disjoint, i.e. L_(A;t) N Ly(A;t) = {0}.

By A& and WE" we denote the subclasses of the classes AE,, and WE,,, respectively, consisting
of systems that have the dimension of their subspace L_ equal to m (0 < m < n), by CAET and
CWE we denote those subclasses of the classes A& and WE]", respectively, whose coefficients
are continuous. By lemma, classes WE™, m = 0,n, are pairwise disjoint (WE™ NWE™ = & if

n
my # ma); e, W&, = || WE. Since AEF = WET N AE,, it follows that the classes AE",
m=0
m = 0,n, are disjoint as well. Moreover, we have the obvious inclusions & C AE™ C WE™ and
CEM C CAE™ C CWE™ m = 0,n, where E™ is the subclass of &, consisting of systems that have
the dimension of their subspace L_ equal to m (0 < m < n), and C&" is a subclass of the class
&M, whose systems have continuous coefficients.
In [2] the following theorem was proved.

Theorem 2.1.

(1) For (n,m) = (1,0), (n,m) = (1,1) and (n,m) = (2,1), we have the relations £ = AE" =
wer.

n

(2) For the remaining pairs (n,m) of integer n € N and 0 < m < n, the proper inclusions E)"" C
AET C WE hold and, moreover, there are the proper inclusions CE" C CAE C CWE".

Since the definitions of the classes of weakly and almost dichotomous systems are quite close
to the definition of the class of exponentially dichotomous systems, then, despite the result of
Theorem 2.1, it seems plausible that the main properties of weakly exponentially dichotomous
systems differ slightly from the properties of exponentially dichotomous systems. The report shows
that this natural assumption is generally wrong.

Let us present the main properties of exponentially dichotomous systems.

(a) Recall that some property of points in a metric space is called rough in this space if the points
possessing it form an open set. It is well known (see, for example, [9, p. 260]) that in the
metric space (M, dist,) with metric dist, (A, B) = sup ||A(t) — B(t)|| of uniform convergence

t>0

on the half-line the property of a system to be exponentially dichotomous is rough, i.e. the
set &, is open in the space (M, dist, ). We also recall that the edge of a set in the topological
space is called the set-theoretic difference between this set and its interior.

(b) If the system A is exponentially dichotomous, then the conjugate to it system —A is also
exponentially dichotomous; moreover, if A € £ and —vy, vs are dichotomy exponents of the
system A, then —A € £~™ and —u», v; are dichotomy exponents of the system —A . The
above statement about systems, which are conjugate to exponentially dichotomous systems,
follows easily, for example, from [15, p. 14, Theorem 1.1]. In particular, the class &, of
exponentially dichotomous systems is invariant under conjugation.
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(c) For a system A € &,, n > 2, let us consider its a stable lineal L_(A; -) and an unstable
lineal L4 (A; -) (we assume that both of them are different from the zero lineal). As noted
above, for every t € R the subspaces L_(A;t) and Ly (A;t) are disjoint, so for every ¢t > 0
the inequality Z{L_(A;t),L+(A;t)} > 0 hold. It is well known (see, for example, [15, p. 10,
Lemma 1.1]) that

inf Z{L_(A;t), Li(A; 2.1
tlg[) { ( 7t)7 +( 7t)}>07 ( )
i.e. for stable and unstable lineals of exponentially dichotomous systems, the angles be-
tween their corresponding subspaces are separated from zero on a half-line. Note that some
strengthening of property (2.1) for exponentially dichotomous systems was established in [7].

Property (2.1) of finite-dimensional exponentially dichotomous systems is so important that
when generalizing [9, p. 233-234], [4, p. 131] the concept of exponential dichotomy on linear differ-
ential systems in a Banach space, in order to preserve the main features of the theory, this property
has to be included in the definition of exponentially dichotomous systems in Banach spaces as an
independent condition.

The listed above properties of the class of exponentially dichotomous systems: roughness, in-
variance under the conjugation operation, and separation of the angles between the stable and any
unstable lineals of solutions, do not hold for classes of weakly and almost exponentially dichotomous
systems, as the following theorems show.

Theorem 2.2. For any integer n > 2 in the metric space M, with the topology of uniform
convergence on the half-line, the interior of the set of weakly (almost) exponentially dichotomous
systems coincides with the set of exponentially dichotomous systems, i.e., int W&, = &, (respectively
int A&, = &) for anyn > 2.

Theorem 2.2 and some simple considerations imply the following corollary.

Corollary. In a metric space My, n = 2, with the topology of uniform convergence on the half-
line, the set W&, (the set AE,) is neither open nor closed, all its points is limit points, and its
edge ed W&, (ed AE, ) are exactly weakly (almost) exponentially dichotomous systems that are not
exponentially dichotomous.

This corollary, in particular, shows that the properties of a system to be weakly or almost
exponentially dichotomous are not rough.

Theorem 2.2 and the corollary remain valid if the space M, in them is replaced by its subspace
CM,, and the subsets W&, AE,, and &, by the subsets CWE,,, CAE,, and C&,, respectively.

The non-invariance of the classes W&, and AE,, if n > 2, under conjugation is stated by the
following theorem.

Theorem 2.3. For any n > 2 there exists a continuous n-dimensional a weakly (almost) expo-
nentially dichotomous system such that its conjugate system is not weakly (almost) exponentially
dichotomous.

In the general case, the non-separation from zero of the angle between the stable L_(-) and
some unstable L (-) lineals of a weakly (almost) exponentially dichotomous system is established
by the following theorem.

Theorem 2.4. For any integer n > 3 and 1 < m < n—1 in the class CAE]" there exists a system
such that the angle between its stable lineal L_(-) and some unstable lineal Ly (-) is not separated
from zero, i.e. tig%é(L_(t),L_’_(t)) =0.
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Note that the restrictions n > 3 and 1 < m < n — 1 in the statement of Theorem 2.4 are

essential: if m is equal to 0 or n, then one of the lineals L_(-) or L (-) is zero and the angle
Z(L_(t), Ly (t)) is undefined; if n = 2, then for m = 1 the system is exponentially dichotomous,
which means that Theorem 2.4 is not true for it.

References

1]
[2]

9]
[10]
11]
12]
13]
14]

[15]

D. V. Anosov, Geodesic flows on closed Riemannian manifolds of negative curvature. (Russian)
Trudy Mat. Inst. Steklov. 90 (1967), 209 pp.

E. A. Barabanov and E. B. Bekryaeva, Two generalized classes of exponentially dichotomous
linear differential systems on the time half-line without uniform estimates for the solution
norms. I. (Russian) Differ. Uravn. 56 (2020), no. 1, 16-30; translation in Differ. Equ. 56
(2020), no. 1, 14-28.

E. A. Barabanov and A. V. Konyukh, Uniform exponents of linear systems of differential
equations. (Russian) Differentsial’nye Uravneniya 30 (1994), no. 10, 1665-1676; translation in
Differential Equations 30 (1994), no. 10, 1536-1545 (1995).

L. Barreira and C. Valls, Stability of Nonautonomous Differential Equations. Lecture Notes in
Mathematics 1926. Springer, Berlin, 2008.

L. Barreira and C. Valls, Quadratic Lyapunov functions and nonuniform exponential di-
chotomies. J. Differential Equations 246 (2009), no. 3, 1235-1263.

E. B. Bekryaeva, On the uniformness of estimates for the norms of solutions of exponentially
dichotomous systems. (Russian) Differ. Uravn. 46 (2010), no. 5, 626-636; translation in Differ.
Equ. 46 (2010), no. 5, 628-638.

E. B. Bekryaeva, Some properties of the angles between lineals of solutions of exponentially
dichotomous systems. (Russian) Differ. Uravn. 54 (2018), no. 7, 860-865; translation in Differ.
Equ. 54 (2018), no. 7, 839-844.

P. Bohl, Uber Differentialungleichungen. (German) J. Reine Angew. Math. 144 (1914), 284—
313.

Yu. L. Daletskij and M. G. Krejn, Stability of Solutions of Differential Equations in Banach
Space. (Russian) Nauka, Moscow, 1970.

J. Hadamard, Sur 'tération et les solutions asymptotiques des équations différentielles.
(French) S. M. F. Bull. 29 (1901), 224-228.

A. D. Meisel, On the stability of solutions of systems of differential equations. (Russian) Tr.
Ural’skogo politekh. in-ta. Ser. matem. 51 (1954), 20-50.

J. L. Massera and J. J. Schéffer, Linear differential equations and functional analysis. I. Ann.
of Math. (2) 67 (1958), 517-573.

O. Perron, Die Stabilitdtsfrage bei Differentialgleichungen. (German) Math. Z. 32 (1930),
no. 1, 703-728.

Ja. B. Pesin, Characteristic Ljapunov exponents, and smooth ergodic theory. (Russian) Uspehi
Mat. Nauk 32 (1977), no. 4 (196), 55-112.

V. A. Pliss, Integral Sets of Periodic Systems of Differential Equations. (Russian) Izdat.
“Nauka”, Moscow, 1977.



